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Abstract

The distribution of gross income net of taxes and transfers – or equivalently consumption
– is generally considered a reasonable approximation of the distribution of well-being in
the society. One typically observes differing trends in the distribution of gross incomes
across countries or within the same country over time. Where do these inequalities origi-
nate from? Considering a simple model with no taxation and where individuals belonging
to the same society have identical preferences but different productivities, we investigate
the impact on the distribution of gross income of changes in the way productivities are
distributed. We also look for those changes in the common preference ordering that
result in more equally distributed incomes when the allocation of productivities is fixed.
Finally, we want to know how preferences have to be adjusted for less dispersed talents
to always imply more evenly distributed incomes.
Journal of Economic Literature Classification Number: D31, D63.
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1. Introductory Remarks

1.1. Motivation

Income, well-being, ability and preferences Most economic decisions ultimately involve
comparisons of distributions of well-being among the members of the same society or across
different societies. In practice such comparisons are currently made by reference to the incomes
possessed by the agents in the economy. For instance the assessment of alternative policies
– e.g. tax reforms and development programs – is typically based on the comparisons of the
distributions of income they generate. Similarly, international studies aiming at evaluating the
economic impact of development programs involve comparisons of income distributions across
countries or over time. In this paper we are interested in the personal traits that shape the
distribution of labour income – or equivalently gross income – in the economy in the absence
of government interventions.
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Two examples It is convenient at this stage to introduce two examples which provide a good
illustration of the questions that may arise.

Example 1.1. The Preference for Leisure: US versus EU. There is evidence that
the US does better than the EU countries if economic performance is measured by GNP per
head (see for instance OECD (2006)). Obviously, the ranking of countries on the basis of
a summary statistic like mean income pays no attention to the way income is distributed
among the society’s members. The extent to which the ranking of countries is affected by
the recourse to indices that are more concerned with distributional justice is certainly worth
exploring. Actually, OECD (2006) reports figures on the equally distributed equivalent incomes
(EDEI) à la Atkinson-Kolm-Sen that incorporate information about inequality. Surprisingly,
the implied ranking of the countries proves to be quite similar to that based on GNP per
head. The recourse to criteria like first and second degree stochastic dominance enables one
to check how robust the above conclusions are with respect to the chosen indices. Again
there is evidence that the US still ranks above European countries (see McCaig and Yatchew
(2007)). If we assimilate individual well-being with labour income and assume that the impact
of taxation is negligible, then we come to the conclusion that the US performs better than
the EU countries in terms of well-being. The first explanation that comes to mind is that
on average individuals in the US work more than those in Europe (see, e.g., Osberg (2002)),
which means that, other things equal, they prefer consumption to leisure.

Example 1.2. Innate Abilities, Education and Productivities. A major concern
in the context of globalisation is the role played by education as a means of improving the
productivity and competitiveness of the economy (the efficiency dimension). But education
is also generally considered to be a key factor contributing to the attenuation of the inequal-
ities of opportunities arising from the fact that talents are not evenly distributed and that
individuals face different social circumstances (the equity dimension). For more on the latter
point, see Heckman (2008)’s distinction between the role played by cognitive skills (educa-
tion) and non-cognitive skills (IQ, family circumstances). To what extent do the distribution
of talents (innate abilities) and differences in tastes affect the returns to educational policies?
Would the redistribution of labour income through progressive taxation be the most effective
means of reducing income differences? Or are the latter more likely to be decreased by the
implementation of more progressive educational policies?

These two examples stress two different – but not mutually exclusive – origins of the differ-
ences one observes between income distributions. The first example emphasises the role played
by individuals’ tastes and the fact that these tastes may vary across societies in the determina-
tion of the distribution of labour income. The second example is concerned with individuals’
productivities and more specifically with the way the distribution of talents among individuals
affects the returns to education. Certainly, if individuals were identical in all respects, then
there would be little interest in questions of income inequality.

1.2. The Approach Developed in the Paper

Stylized economy In this paper we take the view that: (i) a society’s welfare depends on the
distribution of its members’ well-being, (ii) an individual’s well-being is positively associated
with her labour income, and (iii) an individual’s income is determined by her talents and tastes.
Throughout the paper we consider a stylised economy where each individual is completely
identified by her preference ordering and her productivity. There are two commodities in
the economy: consumption, which is equal to labour income in the absence of taxation, and
leisure. The individual’s labour – or gross – income is equal to her labour time multiplied
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by her productivity. The individual’s preference ordering captures her tastes and values, and
her productivity indicates her contribution to total output in efficiency units. In this paper
we assume that all members of the same society have identical preferences. This assumption
reflects the fact that they have the same cultural, social and historical background so that their
tastes and values are sufficiently close to justify the assumption of identical preferences. On
the other hand, the members of a given society differ in terms of productivity, which reflects
the fact that they have different skills. 1 A society can then be completely characterised
by a preference ordering and the distribution of productivities among its members. We are
interested in the comparisons of the distributions of individual well-being for a given society or
across societies with different cultures from the inequality point of view. What attribute is to
be used when we seek to approximate the distribution of individual well-being: consumption,
utility or consumption and leisure? How do we compare these distributions in order to reach
conclusions about the way inequality has increased or decreased?

Appraising individual well-being It is common practice to measure an individual’s well-
being by means of her labour income preferably after taxation. The traditional justification
for this way of proceeding is the view that the income – or expenditure – of an individual
constitutes a good proxy for her well-being because it measures her opportunities. According
to this approach the distribution of consumption vectors reflects the tastes of the agents and
there is no reason to go against their choices when evaluating their well-being. If an individual
prefers to spend more time at work in order to consume more, then it is her choice and we
have to respect it. This way of arguing is valid as long as the individuals have the same
opportunities, in which case inequalities in consumption result from the fact that individuals
have different preferences over consumption and leisure. The difficulty is precisely that – other
such things as prices and exogenous incomes equal – the opportunities faced by agents are
determined by their talents and the latter may be unequally distributed within the population.
Then the observation that two individuals have different consumption levels may arise from
the fact that they have different preferences and/or different talents. This heterogeneity in
tastes and productivities may be at the origin of the unequal nature of the distribution of
consumption one observes.

Another possibility is to use the utility derived from consumption and leisure as a measure
of individual well-being. This way of proceeding may be considered a more comprehensive
approach since in a market economy the level of utility attained by an individual reflects both
her preferences and talents. The immediate difficulty is that this requires that we choose a
particular – admittedly up to some transformation – representation of the individual’s pref-
erence ordering. This raises a number of difficulties, the most important of which is the fact
that these utility levels are not observable. Furthermore, even if they were observable, the
question of whether comparisons of utility levels and/or differences between individuals are
meaningful would arise. Assuming that a consensus prevails concerning the measurability and
comparability issues, one still has to choose for every individual a particular representation
of her preferences. For instance, in the case of Cobb-Douglas preferences one has to decide
which is the relevant representation: is it the Cobb-Douglas utility function or the square of
the Cobb-Douglas utility function or its logarithm? The choice of particular representations
of the individuals’ preferences has important implications for comparisons of distributions of
well-being in different situations. Indeed, there is no guarantee that the results carry over
when one selects alternative admissible representations of individuals’ preference orderings.
1 On some occasions one might be interested in the way productivity is determined (see, e.g., Example 1.2,
where productivity is the result of innate talent and education), but most of the time we assume that the
distribution of productivities is given exogenously.
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The same problem arises in the optimal taxation model à la Mirrlees (1971), where the choice
of a cardinal representation of the preference ordering has implications for the shape of the
tax schedule. While it may be considered an appropriate approach from a theoretical point
of view, it raises difficulties from an empirical point of view because the agent’s actual utility
function – assuming it exists – cannot be observed. This practical difficulty may be seen as an
additional argument in favour of the choice of consumption as an approximation of individual
well-being.

A third approach, which avoids the difficulties discussed above, would be to adopt a pa-
ternalistic approach and appeal to bidimensional stochastic dominance criteria in order to
compare the joint distributions of consumption and leisure arising in different circumstances
(see for instance McCaig and Yatchew (2007)). For a utilitarian ethical observer, a joint dis-
tribution of consumption and leisure is no worse than another joint distribution if the sum
of the utilities generated by the first distribution is not smaller than the sum of the utilities
generated by the second distribution for all utility functions in a given class. By choosing
a sufficiently large class of utility functions, one would ensure that the true unknown utility
function of each individual – and by a way of consequence her preferences – will be reflected in
the evaluation process. Admittedly many more utility functions than the correct one will be
used which will render the criterion extremely demanding. Furthermore, the stochastic domi-
nance approach builds on the utilitarian model which has been attacked on various fronts. In
fact it can be shown that the rankings of situations implied by the utilitarian rule are identical
to those resulting from the application of ethically more acceptable principles provided that
the utility functions retained are sufficiently concave (see Gravel and Moyes (2013)).

The preceding discussion suggests that there is no definite argument in favour of one par-
ticular approach for measuring individual well-being. However, in the absence of convincing
arguments for assimilating an individual’s well-being with her utility – were it the utility she
actually experiences or that she is assumed to derive – we will follow the first route and as-
sume that her consumption provides a reasonable approximation of an individual’s well-being.
We note that in our simple model, where all individuals belonging to the same society have
identical preferences and where there is no taxation, the optimal consumption level chosen
by the agent is totally informative about her tastes and values. In addition, in contrast to
utility – whatever its meaning – consumption is an observable variable, something that has
an obvious advantage from a practical point of view.

Comparisons of distributions of individual well-being Rather than building on particular
inequality indices in order to compare distributions of well-being within and across societies we
prefer the dominance approach. We are indeed searching for robust results and the dominance
approach avoids much of the arbitrariness due to the choice of a specific inequality index.
But this has a cost: it is not always possible to decide whether one distribution is more
or less unequal than another. We adopt the standard approach which consists in appealing
to the relative and absolute Lorenz quasi-orderings for comparing distributions of individual
well-being (see Kolm (1969), Atkinson (1970), Sen (1997), Shorrocks (1983) or Moyes (1999)
among others).

Appraising modifications in the distributions of productivities and preferences In our
stylised world, welfare improvements in the distribution of individual well-being as well as
inequality reductions can only originate in changes in the distribution of productivities and/or
preferences. We have therefore to decide: (i) what the modifications of the distributions of
productivities and preferences are when we investigate the effects on well-being inequality, and
(ii) how we measure these changes. Other things being equal, the conventional wisdom suggests
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that a lower dispersion of productivities in a society leads to a reduction of the inequality in the
distribution of individual well-being. As we will show in this paper, these expectations are not
always verified and particular restrictions have to be placed on preferences – or equivalently on
the representations of these preferences – in order for the inequality of well-being to decrease
as a result of more concentrated productivities. Actually, these restrictions can be relaxed to
some extent if the reduction in the dispersion of talents goes hand in hand with either a more
or a less efficient allocation of these talents among the population.

1.3. The Questions Addressed in the Paper

The preceding discussion emphasises the fact that the information available in order to make
comparisons of well-being is limited. The distributions of talents and utilities are unobservable
and the way consumption and labour time are distributed among the population is the only
thing that one can observe. In this research, we take a theoretical approach and we do not
constrain ourselves with the informational requirements the practitioner typically faces. This
does not mean that we are not aware of these constraints but rather that we want to uncover
the origins of the differences in individuals’ consumption in a stylised world. To this aim we
consider a very simple representation of the economy where productivities and preferences
are the only factors that shape the distributions of consumption and utility. We adopt a
comparative static framework and investigate the implications of particular changes in both
individuals’ tastes and productivities for the distribution of consumption among individuals.
This means that we do not consider all possible modifications but rather focus on those that we
feel are important and at the same time allow us to derive unambiguous conclusions regarding
the direction of the inequality changes. More precisely, we address the following series of
questions:

• Is it always the case that less dispersed talents among the population give rise to lower
consumption inequality?

• If it were not the case, then is it possible to identify those restrictions that have to
be placed on the utility function that would guarantee that consumption inequality
decreases when the talents are more concentrated in the population?

• Assuming that individuals’ talents are given, which modifications of preferences would
lead to more equally distributed consumption levels between individuals?

• How do the distribution of talents and changes in the preferences interact when deter-
mining the distribution of consumption?

The above questions focus on the relationship between the dispersion of talents and the inequal-
ity in consumption. Similar questions can be formulated concerning the way the distribution
of consumption improves according to welfare criteria such as the utilitarian principle or more
general welfarist rules when the allocation of talents changes: this is the purpose of another
paper (see Ebert and Moyes (2013)). It is expected that the responses to these questions
will depend to a large extent on the criteria one appeals to for comparing the distributions
of talents and the distributions of consumption. While we certainly do not claim to provide
definite answers to the above questions, we nevertheless hope that our approach will identify
unambiguous distributional effects in some particular cases of interest.
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1.4. Related Literature

At first sight the topic addressed here is not new and an examination of the literature suggests
that there are a number of papers investigating the distributional properties of alternative
institutions for allocating resources among a society’s members. A first strand of literature is
concerned with the implication for social welfare of the distribution of the market equilibrium
incomes in an economy without production. Chipman and Moore (1973) look for the conditions
under which one can conclude that potential welfare has improved as the result of an increase
in real national income, where the latter is measured in terms of the prices prevailing in each
of the two years under comparison. Here a potential welfare improvement is taken to mean
that those who are better off in the period when real national income is higher can compensate
those who are made worse off. It is shown that these conditions would be realised if and only
if all agents have the same preferences and these preferences are homothetic. Imposing the
further restriction that the increase in real national income is accompanied by an unchanged
distribution of income – in the sense that the income shares of the agents are not modified –
Chipman and Moore (1980) found that identical and homothetic preferences are sufficient for
an increase in real national income to imply a welfare improvement.

Foster, Majumdar, and Mitra (1990) want to know when do Lorenz-type comparisons of
expenditure distributions have anything to say about the associated levels of social welfare. They
first examine the case of an exchange economy, where prices are endogenously set according
to relative supply and demand as the initial allocation varies. The question is whether the
social welfare levels of equilibrium allocations might be reflected in Lorenz comparisons of
equilibrium income distributions. They find that apart from certain notable special cases
– two agent economies or quasi-homothetic preferences – the distributions of income at the
competitive equilibria provide no information about social welfare. On the other hand, if one
considers the general market economy common to analyses of real national income (see, e.g.,
Sen (1976)), where each agent’s bundle can be supported as a utility-maximising point given
market prices, then it is possible to derive conclusions about welfare changes starting with the
distributions of incomes evaluated at the current market prices. More precisely, it is shown
that social welfare at the equilibrium is greater than the social welfare generated by another
allocation whenever the actual equilibrium income distribution generalised Lorenz dominates
the distribution of income arising from the second allocation and evaluated at the current
prices. Madden (1996) considers production economies and investigates when Pareto efficient
allocations and competitive equilibria are undominated for particular ethical quasi-orderings
like Suppes-Sen dominance and generalised Lorenz dominance. For instance, it is proven that
the Pareto-optimal competitive equilibria of a productive economy typically fail to satisfy the
minimal equity demand of generalised Lorenz optimality. Even worse, an artisan economy
– similar to that retained in this paper – is shown to have competitive equilibria that are
Suppes-Sen dominated even though they are Pareto efficient.

While the above papers are interested in the properties of the equilibrium allocation under
different institutional arrangements and the inferences that can be made for social welfare,
they do not try to relate particular modifications of the economic circumstances – like the
distribution of endowments between the agents or their preferences – with the resulting changes
in the equilibrium allocations. Notable exceptions are the papers by Brett and Weymark
(2008) and Simula (2007) in the field of optimal taxation that seek to identify the impact
on the optimal allocation of taxes of changes in the distribution of productivities when agents
have identical quasilinear preferences. The complexity of the optimal taxation model does not
permit the implications of such transformations like increased dispersion of productivities to
be investigated as it is done in this paper. It is however possible to give indications about the
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effect of the increase in one agent’s productivity on the optimal solution. Brett and Weymark
(2008) sign the directions of change in everyone’s optimal consumptions and optimal marginal
tax rates in response to such a change for quasilinear-in-leisure preferences, while Simula
(2007) performs a similar exercise for quasilinear-in-consumption preferences.

1.5. Organization of the Paper

We introduce in Section 2 the model that we will use throughout the paper. It is an oversim-
plified economy where each agent decides in isolation the amount of her time she will devote
to labour, which given her productivity or talent determines her consumption. No trade is
allowed and an agent can only consume what she produces. Since there is no taxation, con-
sumption equals gross income, that is the number of hours worked times productivity plus
possibly an exogenous income. Section 3 is devoted to the presentation of the criteria for ap-
praising changes in the allocation of individual talents. We make a distinction between those
modifications of the distribution of talents that reduce dispersion and those that improve ef-
ficiency. Section 4 contains our main results concerning the identification of the properties
of the consumption function that ensure that consumption inequality decreases as a result
of less dispersed talents. We adopt the standard practice that consists in using the relative
Lorenz criterion for making inequality comparisons. The relative inequality approach has been
challenged by some authors (see in particular Kolm (1976)) and alternatives to the relative
Lorenz quasi-ordering have been proposed. We provide in Section 5 the counterparts of the
characterisation results of the previous section when consumption inequality is evaluated by
means of the absolute Lorenz quasi-ordering. We identify in Section 6 the properties of the
utility functions that constitute the counterparts of the consumption elasticities conditions in
the particular case where preferences are linear in working time. Section 7 concludes the paper
summarising our main findings, pointing at limitations and suggesting avenues for further re-
search. Finally, Section 8 contains the proofs of our main results, while Appendix A provides
the list of the utility functions used in our examples and figures.

2. Notation and Preliminary Definitions

2.1. The Stylized Economy

We consider an artisan economy with n individuals (n = 2) and two commodities: consumption
c and labour time ` with 0 5 ` 5 T , where T represents the maximum amount of leisure
available. Thus, T − ` is leisure. All the individuals belonging to the same society have
identical preferences over the consumption-labour space represented by an ordinal direct utility
function u(c, `) which is assumed to be (i) twice differentiable, (ii) increasing in consumption
and decreasing in labour time, and (iii) stricly quasi-concave with respect to the consumption-
labour time bundle. Gross income z is determined by productivity or equivalently talent w > 0,
labour time `, and exogenous income m = 0 according to the formula z = g(`;w,m) = w`+m.
Upon substitution into the direct utility function, we obtain the personalised utility function
U(c, z;w,m) : = u(c, (z −m)/w). It follows from the properties of the direct utility function
that U(c, z;w,m) is (i) twice differentiable, (ii) increasing in consumption and decreasing
in gross income, and (iii) stricly quasi-concave with respect to the consumption-gross income
bundle. As it is common practice in the literature, we further impose that U(c, z;w,m) verifies
the Spence-Mirrlees condition according to which

(2.1) MRS(c, z;w,m) : = −Uz(c, z;w,m)
Uc(c, z;w,m) is decreasing in w,
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on the appropriate domain. We find it convenient for later use to indicate by U the set of
direct utility functions such that the above properties are satisfied and we further note that
U is closed under increasing and twice differentiable transformations.

2.2. The Market Equilibria

The optimisation program of an individual endowed with productivity w and receiving exoge-
nous income m is:

P (U,w,m) (c, z) max U(c, z;w,m) s.t. 0 < c 5 z and z −m
w

5 T.

Given the personalised utility function U(c, z;w,m), we denote as W (U) the range of produc-
tivities w > 0 such that the optimization problem above has a unique interior solution and
the Spence-Mirrlees condition is verified. We indicate by C(w,m) and Z(w,m) the solution
of problem P (U,w,m): the consumption and labour income of an individual depend on her
productivity w and her exogenous income m. It follows from our assumptions that the con-
sumption function C(w,m) and the gross income function Z(w,m) are increasing in w and
m (see, e.g., Ebert and Moyes (2007, Lemma 1)). We also note that, since utility is increas-
ing in consumption and since there is no taxation, we necessarily have C(w,m) = Z(w,m).
One can immediately derive the labour supply function L(w,m) = (Z(w,m)−m)/w, which
is not necessarily monotonic with respect to productivity. While the members of the same
society have similar tastes and values, they may differ in their productivities and we let
w : = (w1, . . . , wn) ∈ Rn

++ stand for a typical allocation of productivities where by assumption
w1 5 w2 · · · 5 wn. Given U ∈ U , we indicate by W(U) the set of productivity allocations
w : = (w1, . . . , wn) such that wi ∈ W (U), for all i = 1, 2, . . . , n. The distribution of con-
sumption solution to the optimisation program P (U,w,m) for the n individuals is denoted as
C(w,m) : = (C (w1,m) , . . . , C (wn,m)). Assuming that individuals have different exogenous
incomes – inherited wealth from their parents for instance – would open the route to the ex-
ploration of the impact on the distribution of consumption of changes in the joint distribution
of talents and wealth. For the time being we assume throughout that m = 0 and without risk
of confusion we denote as C(w) : = C(w, 0) the distribution of consumption at the agents’
equilibria. We have represented in Figures 2.1A and 2.1B the equilibrium allocations for three
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different levels of productivity but the same preferences in the labour-consumption space and
in the gross income-consumption space, respectively. It can be seen that for these preferences
labour supply is not monotonically increasing with productivity.

3. Appraising Modifications of the Distribution of Talents

One may conceive of different types of modifications in the allocation of productivity that
affect the distribution of individual well-being. Here we focus on two particular aspects of the
distribution of productivities that we expect might play an important role in explaining the
shape of the distribution of consumption: dispersion and efficiency. Other things equal, it is
clear that, if all agents in the economy have the same productivity, then there is no room for
consumption inequality. Therefore, it is the fact that agents differ in their productivities that
explains why inequalities in consumption arise in our stylised world. Taking this a step further,
we reasonably expect that, the more concentrated – or equivalently the less dispersed – are
agents’ productivities, the more equal the distribution of consumption. In order to measure
the concentration of productivities we appeal to the dispersive quasi-ordering that originated
in the statistical literature (see, e.g., Shaked and Shanthikumar (1994, Section 2.B)). Before
we turn to the precise definition of the dispersive quasi-ordering, it is convenient to introduce
a further piece of notation. Given a vector u ∈ Rn, we denote as u( ) : = (u(1), . . . , u(n)) its
non-decreasing rearrangement defined by u(1) 5 u(2) 5 · · · 5 u(n). Then we have:

Definition 3.1. Given two distributions of productivity w∗,w◦ ∈ Rn
++, we will say that w∗

is weakly less dispersed than w◦, which we write w∗ ≥LD w◦, if and only if

(3.1)
w∗(j)
w∗(i)

5
w◦(j)
w◦(i)

, ∀ i = 1, 2, . . . , j − 1, ∀ j = 2, 3, . . . , n.

The asymmetric and symmetric components of ≥LD are defined in the usual way and indicated
by >LD and ∼LD, respectively. While it is open to debate, we feel that the dispersive quasi-
ordering is more suited for comparing the degree of concentration of productivity levels than
more standard inequality measures.

For reasons that will become clear later, it is useful to consider those modifications of the
allocation of productivities that increase or decrease the productive efficiency of the economy.
The following criterion, that allows us to compare distributions of productivities from the
efficiency point of view, is quite natural. 2

Definition 3.2. Given two distributions of productivity w∗,w◦ ∈ Rn
++, we will say that w∗

is weakly more efficiently distributed than w◦, which we write w∗ ≥ME w◦, if and only if

(3.2) w∗(i) = w◦(i), ∀ i = 1, 2, . . . , n.

Equivalently, we will say that w◦ is less efficiently distributed than w∗, something we write
w◦ ≥LE w∗.
2 At some point one would be tempted to make inferences about the economy overall productivity and the way
individual productivity is allocated among the agents. While it is natural to consider that overall productivity
increases when the distribution of individual productivity becomes more efficient, things are more intricate
when one is interested in those changes that leave overall productivity constant. Such modifications of the
distribution of individual productivities are particularly important for the evaluation of social welfare (for
more on this, see ?).
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We define the asymmetric and symmetric components of ≥ME in the usual way, which we
indicate by >ME and ∼ME, respectively. 3 On some occasion we will be willing to investi-
gate the joint impact on the distribution of consumption of less dispersed and more or less
efficiently allocated productivities. Our first additional criterion combines considerations for
more efficiency and less dispersion.

Definition 3.3. Given two distributions of productivity w∗,w◦ ∈ Rn
++, we will say that w∗

is more efficiently distributed and less dispersed than w◦, which we write w∗ ≥MELD w◦, if
and only if

(3.3) w∗ ≥ME w◦ and w∗ ≥LD w◦.

For our second additional criterion, less dispersion goes hand in hand with less efficiently
allocated productivities.

Definition 3.4. Given two distributions of productivity w∗,w◦ ∈ Rn
++, we will say that w∗

is less efficiently distributed and less dispersed than w◦, which we write w∗ ≥LELD w◦, if and
only if

(3.4) w∗ ≥LE w◦ and w∗ ≥LD w◦.

We define and denote the asymmetric and symmetric components of ≥MELD and ≥LELD in
the usual way.

4. Relative Inequality and Comparisons of Distributions of Well-Being

We are interested in the comparisons of the distributions of the agents’ consumptions at the
market equilibria of two different artisan economies. We consider successively three cases:
(i) both economies have the same preferences but different distributions of individual pro-
ductivities, (ii) the economies have different preferences but the distributions of individual
productivities are identical, and (iii) the economies differ both in terms of their preferences
and distributions of productivities. We first have to make precise how we compare the distri-
butions of consumption from an inequality point of view.

4.1. The Measurement of Relative Inequality

As we indicated in the Introduction, we want to obtain results that do not depend on a
particular inequality index but hold rather for a large spectrum of value judgements. Focusing
on relative inequality in this section, we therefore follow the standard practice and appeal
to the relative Lorenz quasi-ordering in order to make comparisons of inequality within the
same society or across different societies. The ordinate of the relative Lorenz curve of the
consumption distribution c : = (c1, . . . , cn) at p = k/n is given by

(4.1) RL

(
k

n
; c
)

: = 1
n

k∑
j=1

c(j)

µ(c) , ∀ k = 1, 2, . . . , n,

where µ(c) is the arithmetic mean of distribution c. A consumption distribution is then
considered as less unequal than another if its relative Lorenz curve lies nowhere below that of
the latter, which we formally state as follows:
3 The reader will rightly notice that our definition of a (weakly) more efficient distribution of productivities
is actually nothing else than first order stochastic dominance or equivalently quantile dominance.
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Definition 4.1. Given two consumption distributions c∗, c◦ ∈ Rn
++, we will say that c∗

relative Lorenz dominates c◦, which we write c∗ ≥RL c◦, if and only if

(4.2) RL

(
k

n
; c∗

)
= RL

(
k

n
; c◦

)
, ∀ k = 1, 2, . . . , (n− 1).

Recourse to the relative Lorenz criterion ensures that a distribution cannot be considered bet-
ter than another if it is ranked below the latter by at least one reasonable (relative) inequality
index. In other words, all inequality indices that are deemed relevant must agree on the rank-
ing of the pair of distributions under comparison for one distribution to dominate another
according to the relative Lorenz quasi-ordering. The class of inequality indices consistent with
the relative Lorenz quasi-ordering is quite large and contains most of the inequality measures
currently used such as the Gini index, the Atkinson-Kolm-Sen (AKS) family of indices as
well as the generalised entropy family. All these indices have the property that a progressive
transfer – the operation consisting of transferring part of the consumption of a rich individual
to a poorer one – reduces inequality. Another important property – to which we will return to
in the next section – is the fact that equiproportionate additions leave inequality unchanged.
For more details the reader is referred to the surveys by Foster (1985) or Moyes (1999) and
the references therein.

4.2. Identical Preferences and Different Distributions of Productivities

What is the impact on consumption inequality of a change in the dispersion of productivities
when the agents have the same given preferences? At first sight one might expect that in
such a situation less dispersed productivities would lead automatically to a reduction of con-
sumption inequality. However, contrary to what intuition suggests, consumption inequality
does not necessarily decrease as a result of more concentrated productivities. A reduction in
the dispersion of individual productivities may actually generate an unambiguous increase in
consumption inequality even in the case of well-behaved preferences.

Example 4.1. Let n = 2 and choose w◦ = (1.80, 3.24) and w∗ = (1.50, 2.50). We have
w∗1 < w◦1, w∗2 < w◦2 and w◦2/w◦1 = 1.800 > 1.666 = w∗2/w

∗
1, hence w∗ >LELD w◦. Choosing the

utility function u2(c, `) = c− e`, we obtain at the market equilibrium, c◦ = (1.058, 3.808) and
c∗ = (0.608, 2.290). 4 This implies that

c◦2 /c
◦
1 = 3.599 < 3.766 = c∗2 /c

∗
1,

and, appealing to Lemma 8.3, we conclude that C(w◦) >RL C(w∗).

This example demonstrates that the standard properties of the utility function – and beyond
that the properties of the preference ordering – do not guarantee that less dispersed productiv-
ities will always result in more equally distributed consumptions. However, the reader might
not be totally convinced because the transformation of the initial distribution of productiv-
ities is rather particular as the reduction in dispersion is accompanied by a decrease in the
productivities of both agents.

Example 4.2. Leave the preferences as defined in the previous example but choose now w◦ =
(0.50, 2.00) and w∗ = (0.60, 2.39). We observe that w∗1 > w◦1, w∗2 > w◦2 and w◦2/w◦1 = 4.00 >

4 We insist on the fact that all the utility functions considered in our examples verify the properties imposed
in Section 2.1.
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3.98 = w∗2/w
∗
1, hence w∗ >MELD w◦. At the market equilibrium, we have c◦ = (1.000, 2.732)

and c∗ = (1.130, 3.148), which implies

c◦2 /c
◦
1 = 2.732 < 2.785 = c∗2 /c

∗
1,

thus C(w◦) >RL C(w∗).

Our second example eliminates any doubts that less dispersed productivities may lead to more
unequally distributed consumptions. Put together, these two examples make it clear that the
standard properties of the utility function – and beyond that the properties of the preference
ordering – do not guarantee that a reduction in the dispersion of productivity endowments
always results in more equally distributed consumption levels. This suggests that, for this
to be the case, additional restrictions have to be imposed on the agents’ common preference
ordering. However, the direct identification these additional properties of the preference or-
dering is a difficult task and we follow a different route and derive the conditions that the
consumption function needs to satisfy for inequality to decrease as a result of less dispersed
productivities. There is no loss of generality in proceeding in this way since, in our model with
two commodities, the consumption function uniquely represents the preference ordering. We
come back to this issue in Section 6 where we identify the properties of the utility functions
that guarantee that consumption inequality decreases in the special case where preferences
are linear in working time.

The elasticity of the consumption function with respect to productivity will prove to be the
key factor for signing the impact on consumption inequality of changes in the distribution of
productivities. To simplify notation and for latter use we denote as η(C,w) : = C ′(w)w/C(w)
the elasticity of the consumption function. Our first result identifies those consumption func-
tions with the property that consumption is more equally distributed among the agents as
productivity becomes more concentrated.

Proposition 4.1. Let u ∈ U and n = 2. The following two statements are equivalent:

(a) For all w∗,w◦ ∈W(U); w∗ ≥LD w◦ implies C (w∗) ≥RL C (w◦).
(b) η(C,w) is constant in w, for all w ∈ W (U).

Proposition 4.1 indicates the precise condition that the consumption function has to fulfill for
our expectations to be verified. This condition, which requires that the consumption elasticity
with respect to productivity be constant, is particularly restrictive. It is actually equivalent
to requiring that

(4.3) C(λw∗)
C(w∗) = C(λw◦)

C(w◦) , ∀ λ = 1, ∀ w∗, w◦, λw∗, λw◦ ∈ W (U),

a functional equation whose solution (Aczel, 1966, Chapter 3) is

(4.4) C(w) = βwη (β > 0, η > 0), ∀ w ∈ W (U).

For sure the meaning of the requirement of a constant consumption elasticity might look
rather abstruse at first sight. The equivalent condition (4.3) is helpful in this respect by
making more explicit how demanding condition (b) of Proposition 4.1 is. According to the
former, a proportional change in an agent’s productivity must imply a proportional change in
her consumption but not necessarily of the same extent. 5

5 The only case where consumption increases or decreases in the same proportion as productivity is when
η(C,w) = 1 or in other words when consumption is proportional to productivity.
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So far we have not made use of information about the fact that productivities might be more
efficiently distributed in one society than in another. Here we are interested in the impact on
consumption inequality of a change in the dispersion of productivities but now accompanied
by unambiguous increases or decreases in those productivities. To what extent does the intro-
duction of additional information about efficiency in the distribution of productivities affect
the preceding result? Imposing further restrictions in addition to the fact that productivities
are less dispersed will result in weaker conditions that have to be satisfied by the consumption
functions. A direct implication is that the class of consumption functions we are looking for
is likely to enlarge. But even if this were the case, what this class looks like is still an open
question. The following result provides the answer for the case where less dispersion goes hand
in hand with more efficiently distributed productivities.

Proposition 4.2. Let u ∈ U and n = 2. The following two statements are equivalent:
(a) For all w∗,w◦ ∈W(U); w∗ ≥MELD w◦ implies C (w∗) ≥RL C (w◦).
(b) η(C,w) is non-increasing in w, for all w ∈ W (U).

Proposition 4.2 indicates exactly how the class of consumption functions expands when one
imposes the additional requirement that productivities are more efficiently distributed. Con-
dition (b) of Proposition 4.2 is reminiscent of the concept of increasing average progression
encountered in the taxation literature (see, e.g., Jakobsson (1976), Le Breton, Moyes, and
Trannoy (1996), Lambert (2001)). We note that for a differentiable consumption function this
condition can be stated equivalently as

(4.5) C(λw∗)
C(w∗) 5

C(λw◦)
C(w◦) , ∀ w

∗, w◦ ∈ W (U), ∀ λ = 1,

according to which the increase in an agent’s consumption caused by a proportional increase
in her productivity must be less than proportional to the latter. If now we want consumption
inequality to decrease when productivities are less dispersed but also less efficiently distributed,
then we obtain the following result that does not come as a surprise.

Proposition 4.3. Let u ∈ U and n = 2. The following two statements are equivalent:
(a) For all w∗,w◦ ∈W(U); w∗ ≥LELD w◦ implies C (w∗) ≥RL C (w◦).
(b) η(C,w) is non-decreasing in w, for all w ∈ W (U).

The non-decreasingness of the consumption function elasticity guarantees that consumption
inequality will always decrease as the agents’ productivities become less dispersed and at the
same time less efficiently distributed.

It is tempting to relate the conditions identified in Proposition 4.2 (resp. Proposition
4.3 to the concavity (resp. convexity) of the consumption function. Actually, the concavity
of the consumption function and the requirement that its elasticity be non-increasing are
independent properties. Computing the derivative of the consumption elasticity, condition (b)
of Propositions 4.2 reduces to

(4.6) η(C ′, w) 5 η(C,w)− 1, ∀ w ∈ W (U).

In the absence of additional restrictions, there is no logical relationship between the concavity
of the consumption function and the fact it has a non-increasing elasticity. 6 Similarly,
6 For instance, if one imposes the further restriction that 0 5 η(C,w) < 1, then condition (4.6) implies that
the consumption function is concave.
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convexity of the consumption function does not guarantee that its elasticity is non-decreasing.
An example is provided by the utility function u2(c, `) : = c−e`: we have C(w) = w lnw which
is convex but η(C,w) is decreasing. Thus, under convex consumption, less dispersed and less
efficiently allocated productivities would not necessarily result in a decrease in consumption
inequality. Thus the convexity or concavity of the consumption function is no impediment for
its elasticity to increase or decrease, and conversely.

Propositions 4.1, 4.2 and 4.3 make clear that the efficiency dimension of the transformation
of the distribution of productivity plays a crucial role in the determination of the class of the
consumption functions that ensure that consumption inequality decreases when productivities
are less dispersed. Conditions (b) of Propositions 4.1, 4.2 and 4.3 constrain the underlying

Table 4.1: Propositions 4.1, 4.2 and 4.3 in a glance

C (w∗) ≥RL C (w◦)

w∗ ≥J w◦ Consumption Function Utility Function

w∗ ≥LD w◦ C(w) = βwη (β, η > 0) u1(c, `) = c− `2

2
u14(c, `) = −(`+ 3)e−

c−3
`+3−1

w∗ ≥MELD w◦ ηw(C,w) 5 0 u2(c, `) = c− e` (w > 1 )

u15(c, `) = −(`+ 3)e−
c−2
`+3−1 (w > 1

3 )

w∗ ≥LELD w◦ ηw(C,w) = 0 u3(c, `) = ln c− 1
c
− `

u16(c, `) = −(`+ 3)e−
c−4
`+3−1

preference orderings and this raises immediately two questions. Do there exist preference
orderings that generate consumption functions satisfying these conditions? If so, what do
these orderings look like or how can one be sure that they are compatible with the conditions
identified in Propositions 4.1, 4.2 and 4.3? As far as the first question is concerned, a look
at Table 4.1 should convince the reader that the conditions the consumption function needs
to satisfy for inequality to decrease when productivities are more concentrated are not totally
unrealistic. There exist non-pathological utility functions – and therefore preferences – that
generate such consumption patterns. It is also worthnoting that these elasticity conditions are
compatible with a large class of preference orderings comprising among other things separable
preferences and quasilinear preferences. The question of whether these conditions are plausible
or likely to be met in practice is something that remains to be investigated but that lies outside
the scope of this paper. 7

4.3. Different Preferences and Identical Distributions of Productivities

We consider now the impact on consumption inequality of a modification of the preference
ordering which as before we assimilate with a modification of the consumption function.

7 Leaving aside the fact that productivities are difficult to observe, the major problem is that the consumption
patterns we witness are determined jointly by the tax system and the distribution of productivities. This
will make it difficult for the econometrician to separate those changes in the distribution of consumption
arising from modifications in the allocation of productivities from those resulting from modifications of the
tax system.
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Example 4.3. Given n = 2, choose w̃ = (1.50, 2.50) and let

u◦(c, `) = u3(c, `) = ln c− 1
c
− ` and

u∗(c, `) = u6(c, `) = −e−c − `.

At the market equilibrium, we obtain c̃◦ = (2.186, 3.265) and c̃∗ = (0.405, 0.916), which implies

c̃◦2/c̃
◦
1 = 1.493 < 2.261 = c̃∗2/c̃

∗
1,

thus C(w̃◦) >RL C(w̃∗).

The substitution of the utility function u∗ for the utility function u◦ has resulted in an unam-
biguous increase in consumption inequality for a specific allocation of productivities. Actually
it is possible to find a distribution of productivities, where the opposite conclusion is obtained.

Example 4.4. Choosing now ŵ = (3.50, 5.00), the market equilibria allocations for u◦ = u3

and u∗ = u6 become respectively ĉ◦ = (4.311, 5.854) and ĉ∗ = (1.252, 1.609). This implies

ĉ◦2/ĉ
◦
1 = 1.357 > 1.284 = ĉ∗2/ĉ

∗
1,

thus C(ŵ◦) >RL C(ŵ∗).

The two above examples demonstrate that anything can happen in the absence of some ap-
propriate condition that must be satisfied by the utility functions u∗ and u◦. Our next result
identifies the condition that has to verified for consumption inequality to decrease whatever
the allocation of productivities among the agents.

Proposition 4.4. Let u∗ and u◦ ∈ U and n = 2. The following two statements are equivalent:

(a) For all w ∈W(U∗) ∩W(U◦); C∗ (w) ≥RL C◦ (w).
(b) η(C∗, w) 5 η(C◦, w), for all w ∈ W (U∗) ∩W (U◦).

Proposition 4.4 indicates the way the consumption function has to be adjusted in order that
consumption inequality is reduced for any arbitrary allocation of productivity. Condition (b)
in Proposition 4.4 is reminiscent of the concept of a more progressive tax schedule encountered
in the taxation literature (see, e.g., Jakobsson (1976), Le Breton et al. (1996), ?). It can be
stated equivalently as

(4.7) C∗(λw)
C∗(w) 5

C◦(λw)
C◦(w) , ∀ w ∈ W (U∗) ∩W (U◦), ∀ λ = 1.

This means that the relative increase in consumption caused by a proportional increase in
productivity is smaller under C∗ than under C◦. Here again it is possible to provide pairs
of utility functions such that the corresponding consumption functions satisfy condition (b)
of Proposition 4.4: two such pairs are presented in Table 4.2. Here again we note that these
elasticity conditions do not impose stringent constraints on the underlying preference orderings
which comprise non-separable preferences as well as separable preferences. In particular,
preferences linear in either consumption or labour are equally admissible.

15



U. Ebert and P. Moyes/Talents, Preferences and Income Inequality

Table 4.2: Proposition 4.4 in a glance

C∗ (w) ≥RL C◦ (w)

Consumption Functions Utility Functions u∗(c, `) and u◦(c, `)

η(C∗, w) 5 η(C◦, w) u1(c, `) = c− `2

2 ; u5(c, `) = 2
√
c− `

u3(c, `) = ln c− 1
c
− `; U9(c, `) = c− 5

2

[
` e

−1
` −

∫ +∞

1

e−t`

t
dt

]

4.4. Different Preferences and Different Distributions of Productivities

Finally we turn to the general case where both preferences and the distributions of productiv-
ities are allowed to differ. Suppose that productivities become less dispersed: what changes in
preferences guarantee that consumption inequality is reduced as a result? Or, what transfor-
mations of the distribution of productivity ensure that the inequality reducing impact of the
change in the preferences is preserved? Our first example might suggest that there is no guar-
antee in the absence of a suitable adjustment of preferences that less dispersed productivities
give rise to more equally distributed consumption levels.

Example 4.5. Choose w̃◦ = (1.50, 3.00), w̃∗ = (1.35, 2.60), and

u◦(c, `) = u3(c, `) = ln c− 1
c
− ` and

u∗(c, `) = u6(c, `) = −e−c − `.

Observe that w̃∗1 < w̃◦1, w̃∗2 < w̃◦2 and w̃◦2/w̃◦1 = 2.000 > 1.925 = w̃∗2/w̃
∗
1, hence w∗ >LELD w◦.

At the market equilibrium, we have c̃◦ = (2.186, 3.791) and c̃∗ = (0.300, 0.955), which implies

c̃◦2/c̃
◦
1 = 1.734 < 3.183 = c̃∗2/c̃

∗
1,

thus C(w̃◦) >RL C(w̃∗).

On the other hand, our second example suggests that the choice of the initial distribution of
productivities and the way it is made more concentrated are important.

Example 4.6. Choose ŵ◦ = (3.50, 4.50), ŵ∗ = (4.30, 5.40), and let u◦ and u∗ as defined in
the previous example. Observe that ŵ∗1 > ŵ◦1, ŵ∗2 > ŵ◦2 and ŵ◦2/ŵ◦1 = 1.285 > 1.255 = ŵ∗2/ŵ

∗
1,

hence w∗ >MELD w◦. At the market equilibrium, we have ĉ◦ = (4.311, 5.342) and ĉ∗ =
(1.458, 1.686), which implies

ĉ◦2/ĉ
◦
1 = 1.239 > 1.156 = ĉ∗2/ĉ

∗
1,

thus C(ŵ∗) >RL C(ŵ◦).

Taken together these two examples seem to indicate that, in the absence of appropriate re-
strictions on the way the distribution of productivity and the preferences are altered simul-
taneously, almost anything can occur. Clearly, the results of Sections 4.2 and 4.3 provide
clues about the restrictions that will guarantee that consumption inequality will decrease in
particular cases. For instance, it is a direct consequence of Propositions 4.2 and 4.4 that, for
C∗(w∗) ≥RL C◦(w◦) whenever w∗ ≥MELD w◦, it is sufficient that

η(C∗, w) 5 η(C◦, w), ∀ w > 0, and(4.8)

η(C∗, w) is non-increasing in w, ∀ w > 0.(4.9)

16



U. Ebert and P. Moyes/Talents, Preferences and Income Inequality

Indeed, assuming that w∗ ≥MELD w◦ and invoking Proposition 4.2 and condition (4.9),
we conclude that C∗(w∗) ≥RL C∗(w◦). Condition (4.8) and Proposition 4.4 ensure that
C∗(w◦) ≥RL C◦(w◦), and transitivity of the relative Lorenz quasi-ordering makes the argu-
ment complete. Similarly, Propositions 4.2 and 4.4 ensure that, if condition (4.8) holds and

(4.10) η(C◦, w) is non-decreasing in w, ∀ w > 0,

then C∗(w∗) ≥RL C◦(w◦) whenever w∗ ≥LELD w◦.
However, while these conditions are sufficient for consumption inequality to decrease, they

are far from being necessary. A glance at Example 4.6 suggests that there might be no need for
less dispersed and more efficiently distributed productivities to imply more equal consumption
levels that the elasticity of the dominated consumption function C◦ is non-decreasing. The
elasticity of C◦ is not monotonically non-decreasing and that this does not prevent C∗(w∗) from
relative Lorenz dominating C◦(w◦). This suggests that conditions (4.9) and (4.10) might be
unnecessary and that it should be possible to propose weaker restrictions that still guarantee
that consumption inequality decreases when productivities become more concentrated and
preferences change. The next result provides the answer in the absence of any information
about the direction of the change in efficiency implied by the increase in the concentration of
productivities.

Proposition 4.5. Let u∗ and u◦ ∈ U and n = 2. The following two statements are equivalent:
(a) For all w ∈W(U∗) ∩W(U◦); w∗ ≥LD w◦ implies C∗ (w∗) ≥RL C◦ (w◦).
(b) η(C∗, w) 5 η(H,w) 5 η(C◦, w), for all w ∈ W (U∗) ∩ W (U◦) and some differentiable

function H with constant elasticity.

Proposition 4.5 confirms that for consumption inequality to decrease as a result of less dis-
persed productivities, it is necessary that the elasticity of C∗ is not greater than the elasticity
of C◦ everywhere. But it also underlines the fact that this is not sufficient: upper and lower
bounds are respectively imposed on the elasticities of C∗ and C◦, and these bounds are equal
and constant over the admissible range of productivities. Condition (b) of Proposition 4.5
actually imposes the condition that the curves representing the elasticities of the consumption
functions can be separated by an horizontal line. A look at Figure 4.2, where we have repre-
sented the elasticities of a sample of utility functions, will convince the reader of how stringent
this condition is. On the other hand, Proposition 4.5 also confirms that it is not necessary
that C∗ or C◦ verify conditions (4.9) or (4.10) for consumption inequality to decrease.

So far we have not made use of the fact that the productivities might be more efficiently
distributed in one society than in another. We are interested here in the impact on consump-
tion inequality of a change in the dispersion of productivities accompanied by an increase in
efficiency.

Proposition 4.6. Let u∗ and u◦ ∈ U and n = 2. The following two statements are equivalent:
(a) For all w ∈W(U∗) ∩W(U◦); w∗ ≥MELD w◦ implies C∗ (w∗) ≥RL C◦ (w◦).
(b) η(C∗, w) 5 η(H,w) 5 η(C◦, w), for all w ∈ W (U∗) ∩ W (U◦) and some differentiable

function H with non-increasing elasticity.

The additional requirement that productivities are more efficiently distributed in addition to
the fact that they are less dispersed allows us to relax the conditions that need to be fulfilled
by the consumption functions C∗ and C◦. There are still upper and lower bounds imposed
on the elasticities of C∗ and C◦, but now these bounds are not constant but decline with the
level of productivity. If it happens that productivities are less efficiently distributed while at
the same time they are more concentrated, then we obtain the following result.
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Proposition 4.7. Let u∗ and u◦ ∈ U and n = 2. The following two statements are equivalent:

(a) For all w ∈W(U∗) ∩W(U◦); w∗ ≥LELD w◦ implies C∗ (w∗) ≥RL C◦ (w◦).
(b) η(C∗, w) 5 η(H,w) 5 η(C◦, w), for all w ∈ W (U∗) ∩ W (U◦) and some differentiable

function H with non-decreasing elasticity.

The necessary and sufficient conditions identified in Propositions 4.5, 4.6 and 4.7 impose
constraints on the preference orderings of the two economies under comparison. While it is
a difficult exercise to uncover the precise meaning of these restrictions for the shape of the
preference orderings, it is easy to convince oneself of the existence of preferences that generate
consumption functions satisfying these requirements (see Section 6 below). We provide in
Table 4.3 instances of pairs of utility functions that fulfill each of these conditions. The

Table 4.3: Propositions 4.5, 4.6 and 4.7 in a glance

C∗ (w∗) ≥RL C◦ (w◦)

w∗ ≥J w◦ Consumption Function Utility Functions u∗(c, `) and u◦(c, `)

w∗ ≥LD w◦ η(C∗, w) 5 η(H,w) 5 η(C◦, w) u4(c, `) = ln c− `; u5(c, `) = 2
√
c− `

H(w) = βwη (β, η > 0) u3(c, `) = ln c− 1
c
− `; u2(c, `) = c− e` (w > 1)

w∗ ≥MELD w◦ η(C∗, w) 5 η(H,w) 5 η(C◦, w) u4(c, `) = ln c− `; u5(c, `) = 2
√
c− `

ηw(H,w) 5 0 u4(c, `) = ln c− `; u2(c, `) = c− e` (w > 1)

w∗ ≥LELD w◦ η(C∗, w) 5 η(H,w) 5 η(C◦, w) u4(c, `) = ln c− `; u5(c, `) = 2
√
c− `

ηw(H,w) = 0 u3(c, `) = ln c− 1
c
− `; u2(c, `) = c− e` (w > 1)

elasticities of the consumption functions generated by the utility functions of Table 4.3 – as
well as some other utility functions used throughout the paper – are depicted in Figure 4.2.
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5. Absolute Inequality and Comparisons of Distributions of Well-Being

The inequality criterion The concept of relative inequality has been challenged by certain
authors (see in particular Kolm (1976)) and this has given rise to different alternatives to
the relative Lorenz quasi-ordering in the literature (see among others Bossert and Pfingsten
(1990), Krtscha (1994), Del Rio and Ruiz-Castillo (2000)). Here we follow Kolm (1976)’s
original suggestion and take the view that it is the absolute rather than the relative differ-
ences in consumption levels that matter. There are admittedly other possibilities and it is in
principle possible to adapt the results in this section to conform with these alternative views.
The analogue to the relative Lorenz quasi-ordering when one subscribes to Kolm (1976)’s pro-
posal is the so-called absolute Lorenz criterion. While the standard relative Lorenz criterion
compares the cumulated consumption shares of the agents, the absolute Lorenz criterion is
concerned with the cumulated consumption shortfalls from mean consumption of the agents
in the economy (see Moyes (1987)). More precisely, the ordinate of the absolute Lorenz curve
of the consumption distribution c : = (c1, . . . , cn) at p = k/n is given by

(5.1) AL

(
k

n
; c
)

: = 1
n

k∑
j=1

[
c(j) − µ(c)

]
, ∀ k = 1, 2, . . . , n.

It represents the amount of consumption needed on average in order to make sure that all
individuals get a consumption level equal to the average consumption in the economy. The
absolute Lorenz quasi-ordering is based on the comparison of the absolute Lorenz curves and
it is formally defined as follows.

Definition 5.1. Given two consumption distributions c∗, c◦ ∈ Rn
++, we will say that c∗

absolute Lorenz dominates c◦, which we write c∗ ≥AL c◦, if and only if

(5.2) AL

(
k

n
; c∗

)
= AL

(
k

n
; c◦

)
, ∀ k = 1, 2, . . . , (n− 1).

Less dispersed productivities and consumption inequality As in Section 4 we would like to
know in what circumstances less dispersed productivities give rise to less unequally distributed
consumption levels when the preference ordering is given. More generally, we are interested
in those adjustments of the preferences that guarantee that a reduction in the dispersion of
productivities translates into a reduction in consumption inequality. Since the conditions we
obtain are to a large extent straightforward adaptations of the conditions derived in Section
4, we avoid presenting a long list of propositions and rather summarise the main results by
means of a few tables. It has been shown in Section 4 that the elasticity of the consumption
function is the key factor for appraising the impact on relative inequality of changes in the
distribution of productivities. The derivative of the consumption function with respect to the
logarithm of productivity will play a similar role when the focus is on absolute inequality. To
simplify notation and for latter use we denote as ξ(C,w) : = C ′(w)w the derivative of the
consumption function with respect to the logarithm of productivity. Table 5.1 sets out the
properties that the consumption function must satisfy for consumption absolute inequality to
decline as a result of less dispersed productivities when the preference ordering is fixed. When
the consumption function is linear in the logarithm of productivity, consumption inequality is
guaranteed to decrease as productivities become less dispersed. This particular consumption
function is the solution of the functional equation

(5.3) C(λw∗)− C(w∗) = C(λw◦)− C(w◦), ∀ w∗, w◦ ∈ W (U), ∀ λ = 1,
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Table 5.1: Identical Preferences and Different Distributions of Productivities
C (w∗) ≥AL C (w◦)

w∗ ≥J w◦ Consumption Function Utility Function

w∗ ≥LD w◦ C(w) = α+ β lnw (α ∈ R, β > 0) u6(c, `) = −ec − ` (w > 1)

u11(c, `) = −e c
2 − ` (w > 2 )

w∗ ≥MELD w◦
ξw(C,w) 5 0 u10(c, `) = c− c2

8 − ` ( 0 < c 5 4, w > 1 )

w∗ ≥LELD w◦ ξw(C,w) = 0 u3(c, `) = ln c− 1
c
− `

u13(c, `) = − 1
4 e
√
c − `

(see Aczel (1966, Chapter 3)), which indicates that the (absolute) differences in consumption
are not affected by proportional increases in productivity. Taking the derivative of (5.3), we
obtain equivalently

(5.4) ξ(C, λw) = ξ(C,w), ∀ w ∈ W (U), ∀ λ = 1,

hence the derivative of C(w) with respect to the logarithm of w is constant. The necessary
and sufficient conditions for consumption inequality to decrease, whatever the distribution of
productivities, when preferences change are summarised in Table 5.2.

Table 5.2: Different Preferences and Identical Distributions of Productivities
C∗(w) ≥AL C◦(w)

Consumption Functions Utility Functions u∗(c, `) and u◦(c, `)

ξ(C∗, w) 5 ξ(C◦, w) u7(c, `) = −e−c − e` (w > 1 ); u6(c, `) = −ec − ` (w > 1 )

u4(c, `) = ln c− `; u5(c, `) = 2
√
c− `

Taken together, Tables 5.1 and 5.2 make it clear that the derivative of the consumption function
with respect to the logarithm of productivity is the key variable that determines the direction
of the change in consumption inequality when preferences or the distribution of productivity
are modified. The general case where changes affect simultaneously the preferences and the
distributions of productivity is easily dealt with and we skip the presentation of the necessary
and sufficient conditions for inequality reduction in consumption which are mutatis mutandis
similar to those obtained in the previous section. The derivatives of the logarithm of the
consumption functions generated by the utility functions in Tables 5.1 and 5.2 – as well
as some other utility functions used throughout the paper – are depicted in Figure 5.1. It
should be noted that the conditions that guarantee that consumption inequality decreases
under appropriate transformations of the distribution of productivities are not independent.
Suppose that ξ(C,w) is non-increasing, which upon using the fact that C(w) is increasing and
positive, is equivalent to

(5.5) η(C ′, w) 5 −1, ∀ w ∈ W (U).

Then clearly (5.5) implies (4.6) and η(C,w) is non-increasing in w. By the same token, if
η(C,w) is non-decreasing in w, then so is ξ(C,w).
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6. Quasilinear Preferences

So far we have identified the properties of the consumption function that guarantee that in-
equality in consumption decreases as a result of particular transformations of the distribution
of productivities. We have also specified the changes in the consumption function that im-
ply more equal consumption when individual productivities are fixed and when they are less
dispersed. We have also provided evidence by means of examples that there exist preference
orderings that generate consumption functions with the desired properties in our artisan econ-
omy. However, neither our theoretical results, nor our examples are informative about what
the underlying preference orderings must look like and how they have to be altered. While
the consumption function uniquely represents the preference ordering in our model, it may be
impossible in practice to derive an explicit representation of this ordering. A first difficulty
originates in the fact that it is not always possible to obtain the expenditure function in a
closed form starting from the demand system. A second problem is that, even if one succeeded
in deriving the expenditure function and in recovering the indirect utility function, then it is
difficult to interpret the indifference curves in the prices-income space and relate these with
the standard indifference curves (see however Blackorby, Primont, and Russell (1978)).

Here we restrict our attention to quasilinear preferences and we look for the implications
for the shape of these preferences of the conditions we derived in Sections 4 and 5. Although
they are routinely used in many areas, quasilinear preferences are admittedly quite restrictive
and one may therefore be skeptical about their use here. However, a close inspection of our
examples suggests that quasilinear preferences are sufficiently flexible for accommodating all
of the possible situations that we are interested in. There is then no loss of generality – at
least as far as the questions addressed in this paper are concerned – in restricting attention to
such preferences. Furthermore it is always possible in this case to solve explicitly the artisan’s
optimisation problem and to derive the explicit form of the consumption function. In the
particular case where the utility function is linear in labour time, the consumption function
has the property that it does not depend on exogenous income. Suppose that preferences can
be represented by u(c, `) = v(c) − `, where the consumption utility function v is increasing
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and strictly concave. Maximising u(c, `) under the budget constraint c = w`+m and setting
m = 0, we get the necessary and sufficient first order condition v′(c) = 1/w, from which we
derive the consumption function

(6.1) c = v′
−1
( 1
w

)
= : C(w).

We consider successively the cases where we are interested in reductions of relative and absolute
consumption inequality.

Relative inequality Using (6.1), the consumption elasticity can be rewritten as

(6.2) η(C,w) = 1
η(C−1, c) =

1
v′(c)

−v
′′(c) c
v′(c)2

= −1
v′′(c) c
v′(c)

= − v′(c)
v′′(c) c.

Differentiating (6.2), we obtain

(6.3) ηw(C,w) ≡ ∂η(C,w)
∂w

= −
v′′(c) c

[
v′′(c) dc

dw

]
− v′(c)

[
(v′′′(c) c+ v′′(c)) dc

dw

]
[v′′(c) c]2 .

Using the fact that consumption increases with productivity, we finally deduce that

(6.4) ηw(C,w)


<
=
>

 0 iff v′′(c) c
v′(c) −

v′′′(c) c
v′′(c)


>
=
<

 1.

Conditions (6.4) are reminiscent of the notions of decreasing, constant and increasing relative
risk aversion where the difference between relative risk aversion and relative prudence plays a
crucial role. Table 6.1 provides a summary indicating the connections between the properties
of the utility function and those of the corresponding consumption function. Suppose next

Table 6.1: Consumption relative inequality and the properties of the utility function

Consumption Function Consumption Utility
Elasticity Function

A. Changes in the distribution of talents

w∗ ≥LELD w◦ =⇒ C (w∗) ≥RL C (w◦) ηw(C,w) = 0 v′′′(c) c
v′′(c) −

v′′(c) c
v′(c) 5 1

w∗ ≥MELD w◦ =⇒ C (w∗) ≥RL C (w◦) ηw(C,w) 5 0 v′′′(c) c
v′′(c) −

v′′(c) c
v′(c) = 1

B. Changes in preferences

C∗ (w) ≥RL C◦ (w) η(C∗, w) = η(C◦, w) −v
∗′′(c) c
v∗′(c) 5 −v

◦′′(c) c
v◦′(c)

C◦ (w) ≥RL C∗ (w) η(C∗, w) 5 η(C◦, w) −v
∗′′(c) c
v∗′(c) = −v

◦′′(c) c
v◦′(c)

that there exists a differentiable and increasing function H(w) with positive values such that

(6.5) ηw(C∗, w) 5 ηw(H,w) 5 ηw(C◦, w), ∀ w ∈ W (U∗) ∩W (U◦).
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Let c = H(w) and consider the function v : W (U∗) ∩W (U◦) −→ R defined by

(6.6) v(c) =
∫ c

0

1
H−1(s) ds.

We note that v(c) is increasing since v′(c) = 1/H−1(c) > 0 and since w > 0 by assumption.
Furthermore

(6.7) v′′(c) = − 1
[H−1(c)]2 H ′(w) < 0,

since H(w) is increasing. Finally, maximising u(c, `) = v(c) − ` under the budget constraint
c = w`, we get the first order condition

(6.8) v′(c) = 1
w

= H−1(c),

which proves that H(w) is the consumption function generated by the utility function u(c, `) =
v(c)−`. Then one can immediately derive the restrictions on the consumption utility function
corresponding to the conditions that the elasticity of H is non-decreasing or non-increasing.

Absolute inequality Using (6.1), the derivative of the consumption function in the logarithm
can be rewritten as

(6.9) ξ(C,w) = C−1(c) c
ξ(C−1, c) =

1
v′(c)

− v
′′(c)
v′(c)2

= −1
v′′(c)
v′(c)

= − v
′(c)
v′′(c) .

Upon differentiation we obtain

(6.10) ξw(C,w) ≡ ∂ξ(C,w)
∂w

= −
v′′(c) v′′(c) dc

dw
− v′(c) v′′′(c) dc

dw
[v′′(c) c]2 = 0.

Since consumption increases with productivity, we deduce that

(6.11) ξw(C,w)


<
=
>

 0 iff v′′(c)
v′(c) −

v′′′(c)
v′′(c)


>
=
<

 0.

For the derivative of the consumption function in the logarithm to be decreasing, constant and
increasing with productivity it is necessary and sufficient that the consumption utility function
exhibit decreasing, constant and increasing relative risk aversion, respectively. This amounts
to imposing the restriction that the difference between absolute risk aversion and absolute
prudence is non-positive (see, e.g., Eeckhoudt, Gollier, and Schlesinger (1996)). In Table 6.2
we present the properties of the utility functions that guarantee that absolute inequality in
consumption decreases when productivities are less dispersed and when tastes vary. Suppose
next that there exists a differentiable and increasing function H(w) with positive values such
that

(6.12) ξw(C∗, w) 5 ξw(H,w) 5 ξw(C◦, w), ∀ w ∈ W (U∗) ∩W (U◦).

Here again consider the function v : W (U∗) ∩W (U◦) −→ R defined by (6.6): it is increasing
and concave. By construction H(w) solves the optimisation problem of an agent with utility
function u(c, `) = v(c) − ` and talent w. Then one immediately derives the restrictions on
the consumption utility function corresponding to the conditions that the derivative in the
logarithm of H is non-decreasing or non-increasing.
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Table 6.2: Consumption absolute inequality and the properties of the utility function

Consumption Derivative Consumption Utility
in the Logarithm Function

A. Changes in the distribution of talents

w∗ ≥LELD w◦ =⇒ C (w∗) ≥AL C (w◦) ξw(C,w) = 0 v′′′(c)
v′′(c) −

v′′(c) c
v′(c) 5 0

w∗ ≥MELD w◦ =⇒ C (w∗) ≥AL C (w◦) ξw(C,w) 5 0 v′′′(c)
v′′(c) −

v′′(c) c
v′(c) = 0

B. Changes in preferences

C∗ (w) ≥AL C◦ (w) ξ(C∗, w) = ξ(C◦, w) −v
∗′′(c)
v∗′(c) 5 −v

◦′′(c)
v◦′(c)

C◦ (w) ≥AL C∗ (w) ξ(C∗, w) 5 ξ(C◦, w) −v
∗′′(c)
v∗′(c) = −v

◦′′(c)
v◦′(c)

7. Concluding Remarks

For an artisan economy, where all agents have the same preferences and no exogenous income,
we have sought to establish the properties of the consumption function that secure a reduction
in inequality under different scenarios. It has been shown that the elasticity of the consumption
function is the key variable for determining the impact on relative inequality of changes in
both the productivity endowments and the preferences. The derivative of the consumption
function in the logarithm proved to play a similar role when the focus is on absolute inequality.
While there is in principle a one-to-one relationship between the consumption function and
the preference ordering, it is in most cases impossible to recover the direct utility function
starting with the consumption function. Here we took an intermediate path by restricting our
attention to the case where preferences are linear in labour time. This enabled us to identify
the properties of the corresponding utility functions that ensure that the elasticity and the
derivative in the logarithm of the consumption function have the desired properties. More
precisely, it has been shown that the degree of relative risk aversion of the consumption utility
function is determining in the case of relative inequality, while absolute risk aversion is the
key parameter when one is interested in absolute inequality.

We are aware of the fact that our model is very crude as a description of the real world
and among the different limitations we see in our stylised economy some appear – at least to
the authors of the paper – to be more important than others. First, we insist on the fact that
the assumption of no exogenous income is important in the derivation of our results. Things
become more intricate when one drops this restriction: for a number of utility functions, the
condition of a monotonic consumption elasticity obtained under the assumption thatm = 0 no
longer holds when this is not the case. In practice agents differ not only in terms of their talents
but also with respect to their non-labour incomes and this heterogeneity is likely to be reflected
in the way consumption is distributed among the agents at the market equilibrium. This calls
for a multidimensional approach in order to control for changes in the joint distribution of
talents and non-labour incomes. 8 It is probably more difficult to account for the heterogeneity
8 For quasilinear-in-labour preferences, consumption is independent of exogenous income, which implies that
the way non-labour income is allocated among the population in the artisan economy has no impact on
consumption inequality. When preferences are quasilinear-in-consumption, this is no longer true and the
monotonicity properties of the elasticity of consumption with respect to productivity may well depend on
the amount of non-labour income. Choosing for instance u2(c, `) = c − ec, we get C(w,m) = m + w lnw
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in agents’ preferences even though this is no doubt a key question to be addressed in future
work.

By definition, the artisan economy that we considered has the property that the agents
cannot improve their situations by transferring parts of their endowments. Certainly the
assumption that the agents behave in complete isolation is a strong requirement. Substituting
a more general production economy for our artisan economy might well invalidate our results.
So one way to go might be to consider a model where the agents do not put all their effort in
the private production but contribute to the overall production in proportion to their talents
and to investigate what this would imply for inequality in consumption.

A third limitation arises in the fact that no taxation is allowed for in our model mainly
– we must admit – for convenience. The introduction of taxation is mostly important when
one is willing to estimate the agents common consumption function from microdata and test
whether the different conditions we have identified are met or not. 9 We have shown elsewhere
(see Ebert and Moyes (2007)) that it is extremely difficult to sign the redistributive impact of
income taxation when the agents can adjust their labour time to income tax changes. Bringing
together these two models leaves little room for definite results even though we recognise that
we have not made attempts in this direction.

8. Proofs of the Results

8.1. Improvements in Relative Inequality

The following result (see Marshall, Olkin, and Proschan (1967, Theorem 2.4)), which we
provide a proof of for completeness, will be used repeatedly in subsequent proofs.

Lemma 8.1. Let n = 2 and x,y ∈ Rn
++ such that x1 5 x2 5 · · · 5 xn and y1 5 y2 5 · · · 5 yn.

Then x1/y1 = x2/y2 = · · · = xn/yn implies that x ≥RL y.

Proof. By definition for x ≥RL y we need have

(8.1)
∑k
j=1 xj∑k

i=1 xi +∑n
i=k+1 xi

=

∑k
j=1 yj∑k

i=1 yi +∑n
i=k+1 yi

, ∀ k = 1, 2, . . . , n− 1.

This can be equivalently rewritten as

(8.2)
∑k
i=1 yi +∑n

i=k+1 yi∑k
j=1 yj

=
∑k
i=1 xi +∑n

i=k+1 xi∑k
j=1 xj

, ∀ k = 1, 2, . . . , n− 1,

which simplifies to

(8.3)
∑n
i=k+1 yi∑k
j=1 yj

=
∑n
i=k+1 xi∑k
j=1 xj

, ∀ k = 1, 2, . . . , n− 1.

Upon developing we obtain

(8.4) yk+1∑k
j=1 yj

+ · · ·+ yn∑k
j=1 yj

=
xk+1∑k
j=1 xj

+ · · ·+ xn∑k
j=1 xj

, ∀ k = 1, 2, . . . , n− 1.

and one can check that η(C,w) = w (1 + lnw)/(m+ w lnw) is increasing on (1,+∞) when m = 0 and
decreasing otherwise.

9 Indeed, the consumption patterns we observe are determined in part by the agents’ preferences and in part
by the constraints they face which comprise among other things the tax schedule.
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For the inequalities (8.4) to be verified it is sufficient that

(8.5)
∑k
j=1 xj

xh
=

∑k
j=1 yj

yh
, ∀ h = k + 1, k + 2, . . . , n, ∀ k = 1, 2, . . . , n− 1.

Again a sufficient condition for (8.5) to hold is that xj/xh = yj/yh, for all j = 1, 2, . . . , k,
all h = k + 1, . . . , n and all k = 1, 2, . . . , n − 1, which follows from our assumption that
xi/yi = xi+1/yi+1, for all i = 1, 2, . . . , n− 1.

While all our results involve conditions based on the elasticity of the consumption function,
we will dispense with differentiability in the proofs noting that

(8.6) η(C,w◦)


>
=
<

 η(C,w∗), ∀ w◦ < w∗ (w◦, w∗ ∈ W (U)),

is actually equivalent to

(8.7) C(λw◦)
C(w◦)


>
=
<

 C(λw∗)
C(w∗) , ∀ λ = 1, ∀ w◦ < w∗ (w◦, w∗, λw◦, λw∗ ∈ W (U)),

in the case of a differentiable consumption function. Finally, the next result borrowed from
Aczel (1966, Chapter 3) will prove useful later on.

Lemma 8.2. The only solution to the functional equation

(8.8) C(λw∗)
C(w∗) = C(λw◦)

C(w◦) , ∀ w
◦ < w∗, ∀ λ = 1,

is given by

(8.9) C(w) = βwη (β > 0, η > 0), ∀ w > 0.

Proof of Proposition 4.1. Since it is obvious that a constant elasticity is sufficient for
condition (a) to hold, we only prove the necessity part of the proposition. Suppose that C is
not isoelastic or equivalently in virtue of Lemma 8.2 that condition (8.8) is violated, in which
case there are two possibilities to be considered.
Case 1: C(λw◦)/C(w◦) < C(λw∗)/C(w∗), for some w◦ < w∗ and some λ = 1. Choose w◦ :
= (w◦, . . . , w◦, w∗), w∗ : = (λw◦, . . . , λw◦, λw∗), and let C(w◦) : = (C(w◦), . . . , C(w◦), C(w∗))
and C(w∗) : = (C(λw◦), . . . , C(λw◦), C(λw∗)). Then w∗ ≥LD w◦, but

(8.10) k C(λw◦)
(n− 1)C(λw◦) + C(λw∗) <

kC(w◦)
(n− 1)C(w◦) + C(w∗) ,

for all k = 1, 2, . . . , n− 1, hence ¬ [C(w∗) ≥RL C(w◦)].
Case 2: C(λw◦)/C(w◦) > C(λw∗)/C(w∗), for some w◦ < w∗ and some λ = 1. Choosing now
w◦ : = (λw◦, . . . , λw◦, λw∗) and w∗ : = (w◦, . . . , w◦, w∗), we have w∗ ≥LD w◦. Letting C(w◦) :
= (C(λw◦), . . . , C(λw◦), C(λw∗)) and C(w∗) : = (C(w◦), . . . , C(w◦), C(w∗)), we obtain

(8.11) k C(w◦)
(n− 1)C(w◦) + C(w∗) <

kC(λw◦)
(n− 1)C(λw◦) + C(λw∗) ,
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for all k = 1, 2, . . . , n− 1, and we conclude that ¬ [C(w∗) ≥RL C(w◦)].

Proof of Proposition 4.2.
(b) =⇒ (a). Consider two distributions of productivities w◦ : = (w◦1, . . . , w◦n) and w∗ : =
(w∗1, . . . , w∗n). We have to show that, if

(8.12) C(λw◦)
C(w◦) =

C(λw∗)
C(w∗) , ∀ w

◦ < w∗, ∀ λ = 1,

then w∗ ≥LD w◦ and w∗ ≥ME w◦ imply that C(w∗) ≥RL C(w◦). We have

C(w∗i )
C(w◦i )

= C((w∗i /w◦i )w◦i )
C(w◦i )

=
C((w∗i /w◦i )w◦i+1)

C(w◦i+1)
[invoking (8.12) since w∗ ≥ME w◦]

=
C((w∗i+1/w

◦
i+1)w◦i+1)

C(w◦i+1)
[since w∗ ≥LD w◦ and C is non-decreasing]

= C(w∗i+1)
C(w◦i+1)

, ∀ i = 1, 2, . . . , n− 1,

(8.13)

and thanks to Lemma 8.1, we conclude that C(w∗) ≥RL C(w◦).
(a) =⇒ (b). The proof is analogous to that of Case 1 in Proposition 4.1 and it is omitted.

Proof of Proposition 4.3.
(b) =⇒ (a). Consider two distributions of productivities w◦ : = (w◦1, . . . , w◦n) and w∗ : =
(w∗1, . . . , w∗n). We have to show that, if

(8.14) C(λw◦)
C(w◦) 5

C(λw∗)
C(w∗) , ∀ w

◦ < w∗, ∀ λ = 1,

then w∗ ≥LD w◦ and w∗ ≥LE w◦ imply that C(w∗) ≥RL C(w◦). We have

C(w◦i )
C(w∗i )

= C((w◦i /w∗i )w∗i )
C(w∗i )

5
C((w◦i /w∗i )w∗i+1)

C(w∗i+1)
[invoking (8.14) since w∗ ≥LE w◦]

5
C((w◦i+1/w

∗
i+1)w∗i+1)

C(w∗i+1)
[since w∗ ≥LD w◦ and C is non-decreasing]

= C(w◦i+1)
C(w∗i+1)

, ∀ i = 1, 2, . . . , n− 1,

(8.15)

and we deduce from Lemma 8.1 that C(w∗) ≥RL C(w◦).
(a) =⇒ (b). The proof goes is analogous to that of Case 2 in Proposition 4.1 and it is
omitted.

Here again we find it convenient to express our original conditions involving the elasticities of
the consumption function in terms of restrictions that do not involve derivatives. Indeed, we
note that, if C is differentiable, then

(8.16) η(C∗, w)


>
=
<

 η(C◦, w), ∀ w ∈ W (U∗) ∩W (U◦),
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is actually equivalent to requiring that

(8.17) C∗(λw)
C∗(w)


>
=
<

 C◦(λw)
C◦(w) , ∀ w, λw ∈ W (U∗) ∩W (U◦), ∀ λ = 1.

Proof of Proposition 4.4.
(b) =⇒ (a). Given any arbitrary distribution of productivities w : = (w1, . . . , wn), we have to
show that, if

(8.18) C∗(λw)
C∗(w) 5

C◦(λw)
C◦(w) , ∀ w ∈ W (U∗) ∩W (U◦), ∀ λ = 1,

then C∗(w) ≥RL C◦(w). Since by definition wi+1 = wi, for all i = 1, 2, . . . , n − 1, it follows
from (8.18) that

(8.19) C∗(wi+1)
C∗(wi)

=
C∗

((
wi+1
wi

)
wi
)

C∗(wi)
5
C◦

((
wi+1
wi

)
wi
)

C◦(wi)
= C◦(wi+1)

C◦(wi)
, ∀ i = 1, 2, . . . , n− 1,

and we deduce from Lemma 8.1 that C∗(w) ≥RL C◦(w).
(a) =⇒ (b). Suppose that C∗(λw)/C∗(w) > C◦(λw)/C◦(w), for some λ = 1 and some w ∈
W (U∗) ∩W (U◦) such that λw ∈ W (U∗) ∩W (U◦). Choosing w : = (w, . . . , w, λw), we obtain

(8.20) k C∗(w)
(n− 1)C∗(w) + C∗(λw) <

kC◦(w)
(n− 1)C◦(w) + C◦(λw) ,

for all k = 1, 2, . . . , n− 1, and we conclude that ¬ [C∗(w) ≥RL C◦(w)].

Although we have not exploited this idea in the paper it is worth mentioning that one can prove
along a similar reasoning that, if C∗′(w)w/C∗(w) = C◦′(w)w/C◦(w), for all w ∈ W (U∗) ∩
W (U◦), then C◦(w) ≥RL C∗(w), for all w ∈W(U∗) ∩W(U◦), and conversely.

Proof of Proposition 4.5.
(b) =⇒ (a). This follows from combination of Propositions 4.1 and 4.4 (see the discussion in
Section 4.4).
(a) =⇒ (b). Let w◦ : = (w◦, . . . , w◦, λw◦) and w∗ : = (w∗, . . . , w∗, λw∗), where λ > 1 and
w◦, w∗ ∈ W (U∗) ∩W (U◦) are arbitrary but such that λw◦, λw∗ ∈ W (U∗) ∩W (U◦). Clearly
w∗ ≥LD w◦. Invoking condition (a), this implies that C∗(w∗) ≥RL C◦(w◦), which upon
simplifying reduces to

(8.21) C◦(λw◦)
C◦(w◦) =

C∗(λw∗)
C∗(w∗) [> 1 ].

Taking the logarithm of (8.21) and letting λ go to one, we obtain

(8.22) lim
λ→1

lnC◦(λw◦)− lnC◦(w◦)
ln λ = lim

λ→1

lnC∗(λw∗)− lnC∗(w∗)
ln λ [> 0 ],

or equivalently since C◦ and C∗ are differentiable

(8.23) C◦′(w◦)w◦
C◦(w◦) =

C∗′(w∗)w∗
C∗(w∗) [> 0 ],
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which holds for all w◦, w∗ ∈ W (U∗) ∩W (U◦). Then, there exists η > 0 such that

(8.24) C◦′(w◦)w◦
C◦(w◦) = η =

C∗′(w∗)w∗
C∗(w∗) [> 0 ], ∀ w◦, w∗ ∈ W (U∗) ∩W (U◦).

Defining H(w) : = βwη with β > 0 arbitrary, we deduce from (8.24) that

(8.25) C◦′(w◦)w◦
C◦(w◦) =

H ′(w◦)w◦
H(w◦) = H ′(w∗)w∗

H(w∗) =
C∗′(w∗)w∗
C∗(w∗) [> 0 ],

which holds for all w◦, w∗ ∈ W (U∗) ∩W (U◦). Thus we have identified a non-decreasing and
isoelastic function H such that

(8.26) C◦′(w)w
C◦(w) =

H ′(w)w
H(w) =

C∗′(w)w
C∗(w) , ∀ w ∈ W (U∗) ∩W (U◦),

which makes the proof complete.

Proof of Proposition 4.6.
(b) =⇒ (a). This follows from combination of Propositions 4.2 and 4.4 (see the discussion in
Section 4.4).
(a) =⇒ (b). Let w◦ : = (w◦, . . . , w◦, λw◦) and w∗ : = (w∗, . . . , w∗, λw∗), where λ > 1 and
w◦ 5 w∗ (w◦, w∗ ∈ W (U∗)∩W (U◦)) are arbitrary but such that λw◦, λw∗ ∈ W (U∗)∩W (U◦).
Clearly w∗ ≥LD w◦ and w∗ ≥ME w◦. Invoking condition (a), this implies that C∗(w∗) ≥RL
C◦(w◦). Arguing as in the proof of necessity in Proposition 4.5, we arrive at

(8.27) C◦′(w◦)w◦
C◦(w◦) =

C∗′(w∗)w∗
C∗(w∗) [> 0 ],

which now holds for all w◦ 5 w∗ (w◦, w∗ ∈ W (U∗) ∩W (U◦)). It follows that

(8.28) C◦′(w◦)w◦
C◦(w◦) = h(w◦) : = sup

{
C∗′(w)w
C∗(w)

∣∣∣∣∣ w = w◦
}

[> 0 ],

which is true for all w◦ ∈ W (U∗) ∩W (U◦)). This implies in turn that

(8.29) C◦′(w)w
C◦(w) = h(w) = C∗′(w)w

C∗(w) , ∀ w ∈ W (U∗) ∩W (U◦)).

We note that by construction h is bounded and non-increasing overW (U∗)∩W (U◦). Consider
the function

(8.30) H(w) : = exp
∫ w

w

h(s)
s

ds, ∀ w ∈ W (U∗) ∩W (U◦)),

where w = inf{W (U∗) ∩ W (U◦)}. The function H has a non-increasing elasticity h(w) =
H ′(w)w/H(w) and it is such that

(8.31) C◦′(w)w
C◦(w) =

H ′(w)w
H(w) =

C∗′(w)w
C∗(w) , ∀ w ∈ W (U∗) ∩W (U◦),

which makes the proof complete.

Proof of Proposition 4.7.
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(b) =⇒ (a). This follows from combination of Propositions 4.3 and 4.4 (see the discussion in
Section 4.4).
(a) =⇒ (b). Similar mutatis mutandis to the proof of necessity in Proposition 4.6. Let
w◦ : = (w◦, . . . , w◦, λw◦) and w∗ : = (w∗, . . . , w∗, λw∗), where λ > 1 and w◦ = w∗ (w◦, w∗ ∈
W (U∗)∩W (U◦)) are arbitrary but such that λw◦, λw∗ ∈ W (U∗)∩W (U◦). Clearly w∗ ≥LD w◦
and w∗ ≥LE w◦. Invoking condition (a), this implies that C∗(w∗) ≥RL C◦(w◦). Arguing as in
the proof of necessity in Proposition 4.5, we arrive at

(8.32) C◦′(w◦)w◦
C◦(w◦) =

C∗′(w∗)w∗
C∗(w∗) [> 0 ],

which now holds for all w◦ = w∗ (w◦, w∗ ∈ W (U∗) ∩W (U◦)). It follows that

(8.33) inf
{
C◦′(w)w
C◦(w)

∣∣∣∣∣ w = w∗
}

= : h(w∗) = C∗′(w∗)w∗
C∗(w∗) [> 0 ],

which is true for all w∗ ∈ W (U∗) ∩W (U◦)). This implies in turn that

(8.34) C◦′(w)w
C◦(w) = h(w) = C∗′(w)w

C∗(w) , ∀ w ∈ W (U∗) ∩W (U◦)).

We note that by construction h is bounded and non-decreasing overW (U∗)∩W (U◦). Consider
the function

(8.35) H(w) : = exp
∫ w

w

h(s)
s

ds, ∀ w ∈ W (U∗) ∩W (U◦)),

where w = inf{W (U∗) ∩ W (U◦)}. The function H has a non-decreasing elasticity h(w) =
H ′(w)w/H(w) and it is such that

(8.36) C◦′(w)w
C◦(w) =

H ′(w)w
H(w) =

C∗′(w)w
C∗(w) , ∀ w ∈ W (U∗) ∩W (U◦),

which makes the proof complete.

8.2. Improvements in Absolute Inequality

The following result, which indicates a sufficient condition for absolute Lorenz domination, is
useful.

Lemma 8.3. Let n = 2 and x,y ∈ Rn such that x1 5 x2 5 · · · 5 xn and y1 5 y2 5 · · · 5 yn.
Then x1 − y1 = x2 − y2 = · · · = xn − yn implies that x ≥AL y.

Proof. By definition for x ≥AL y we need have

(8.37) n
k∑
j=1

xj − k
n∑
i=1

xi = n
k∑
j=1

yj − k
n∑
i=1

yi, ∀ k = 1, 2, . . . , n− 1.

This can be equivalently rewritten as

(8.38)
k∑
j=1

[
k∑
i=1

(xj − xi) +
n∑

i=k+1
(xj − xi)

]
=

k∑
j=1

[
k∑
i=1

(yj − yi) +
n∑

i=k+1
(yj − yi)

]
,
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for all k = 1, 2, . . . , n− 1, which reduces to

(8.39)
k∑
j=1

n∑
i=k+1

(xi − xj) 5
k∑
j=1

n∑
i=k+1

(yi − yj) , ∀ k = 1, 2, . . . , n− 1.

Upon developing we obtain

(8.40)
k∑
j=1

(xk+1 − xj) + · · ·+
k∑
j=1

(xn − xj) 5
k∑
j=1

(yk+1 − yj) + · · ·+
k∑
j=1

(yn − yj) ,

for all k = 1, 2, . . . , n− 1. For the (n− k) above inequalities to be verified it is sufficient that

(8.41)
k∑
j=1

(xh − xj) 5
k∑
j=1

(yh − yj) , ∀ h = k + 1, k + 2, . . . , n, ∀ k = 1, 2, . . . , n− 1.

Again a sufficient condition for (8.41) to hold is that xh − xj 5 yh − yj, for all j = 1, 2, . . . , k,
all h = k + 1, . . . , n and all k = 1, 2, . . . , n − 1, which follows from our assumption that
xi − yi = xi+1 − yi+1, for all i = 1, 2, . . . , n− 1.

The results follow from Section 8.1 by substituting for the original consumption function C(w)
the function C (w) = f ◦ C(w), with f(s) = exp (s). Indeed we obtain

(8.42) η(C,w) = f ′(C(w))C(w)
f(C(w))

C ′(w)w
C(w) = C ′(w)w = ξ(C,w), ∀ w ∈ W (U),

which upon substitution in the relevant formula gives the desired results.

A. List of the Utility Functions Used in the Paper

We give below the list of the utility functions that we have used in the examples and also in
the figures for the sake of illustration. The utility functions UEPA and UStern are borrowed
from Saha (1993) and Stern (1986), respectively.
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Number Utility Function

1 U1(c, `) = c− `2

2 (w > 0 )

2 U2(c, `) = c− e` (w > 1 )

3 U3(c, `) = ln c− 1
c
− ` (w > 0 )

4 U4(c, `) = ln c− ` (w > 0 )

5 U5(c, `) = 2
√
c− ` (w > 0 )

6 U6(c, `) = −e−c − ` (w > 1 )

7 U7(c, `) = −e−c − e` (w > 1 )

8 U8(c, `) = 2
√
c− `2

2 (w > 0 )

9 U9(c, `) = c− 5
2

[
` e

−1
` −

∫ +∞

1

e−t`

t
dt

]
( 0 < w < 1 )

10 U10(c, `) = c− c2

8 − ` ( 0 < c 5 4 ; w > 1 )

UEPA(c, `) = a− e−b cd − ` ( a = 0.00 )

11 U11(c, `) = UEPA(c, `) ( b = 0.50 ; d = 1.00 ; w > 2 )

12 U12(c, `) = UEPA(c, `) ( b = 0.25 ; d = 1.50 ; c > 1.211 ) 10

13 U13(c, `) = UEPA(c, `) ( b = 0.25 ; d = 0.50 ; w > 0 )

UStern(c, `) = `− b
χ

e
χ(c+a)
`−b −1

(
a = ρ

χ
− ξ

χ2 ; b = ξ

χ
; χ = −1 ; ξ = 3

)

14 U14(c, `) = UStern(c, `) ( ρ = 0 ; w > 0 )

15 U15(c, `) = UStern(c, `) ( ρ = −1 ; w > 1
3 )

16 U16(c, `) = UStern(c, `) ( ρ = +1 ; w > 0 )

10 The problem with this utility function is that it is not quasi-concave over R2
++ but only on the restricted

domain {(c, `) | c = c◦}, where c◦ ≈ 1.211.
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