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Abstract

We establish an equivalence theorem between (i) dominance of one society by
another, according to a finite sequence of social welfare improving transfers and
(ii) dominance according to a class of social welfare functions, in the following
framework: individual outcomes are multidimensional but finitely divisible in
each dimension, a distribution simply counts the number of individuals having
each possible outcome, and the considered set of transfers has the structure of a
discrete cone. This framework encompasses most of the social welfare improving
transfers investigated in the literature such as, for instance, Pigou-Dalton pro-
gressive transfers. As by-products, our model sheds new light on some surprising
results in the literature on social deprivation, and provides new arguments on
the key role of the expected utility model in decision-making under risk.
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A model of social welfare improving transfers

1. Introduction

The main challenge of any model of social welfare assessment (and related concepts
such as inequality, poverty, equality of opportunity, social mobility, . . . ) is to define
a transformation of the individual outcomes, or endowments, the social planner con-
siders as unambiguously social welfare improving. The second difficulty is to provide
measurement tools, consistent with the social welfare views captured by such trans-
fers. Among the possible approaches to compare outcome distributions, the strategy
which consists in providing criteria (called quasi-orderings) conclusive only when one
distribution is obtained from the other by a sequence of such transfers, is probably the
less questionnable one from a normative perspective: The ranking of the distributions
is in that case crystal clear, because it is inextricably linked to our own definition of
what we call ‘social welfare improvement’.

In this paper, we investigate these two related issues at an abstract and broad
level. We do not consider ‘specific’ social welfare improving transfers, as usually done
in the literature, but we define a general set of transfers on the basis of the minimal
properties such a set could satisfy. As illustrated in the last four sections our approach
generalizes, with a few exceptions, all the usual transfers considered in the literature.
It follows that some important results in this literature appear to be simple corollaries
of the main theorem we present here. More importantly, this theorem opens new
research avenues because it can be used in various contexts, with new and original
notions of social welfare improving transfers. It can also be applied in other economic
fields such that, for instance, the theory of decision under risk.

The most prominent example is the measurement model built around the Pigou-
Dalton principle of transfers, whereby a mean-preserving income transfer from an
individual to a poorer one is still deemed inequality-reducing. In this context, the
Hardy et al. (1952)’s theorem (HLP hereafter) can be regarded as a cornerstone for
comparing income distributions. 1 For any equal mean income distributions x and x′,
by letting E be the expectation operator and u a utility function, they have established
the equivalence between the following three statements:

(a) x is obtained from x′ by means of a finite sequence of Pigou-Dalton transfers,

(b) E[u(x)] ≥ E[u(x′)] for all u concave,

(c) The Lorenz curve of x lies nowhere below that of x′.

The first statement describes a situation where one distribution is less unequal than
another, according to the principle of transfers views on inequality. The second state-
ment describes a unanimous ranking between the distributions, among all the utili-
tarian social planners endowed with a concave utility function. The last statement is
an empirically implementable criterion, with a conclusive ranking of the distributions
only when the first one is unambiguously less unequal than the other.
1 This result has been popularized in normative economics by Kolm (1969), Atkinson (1970), Das-
gupta et al. (1973), Sen (1973) and Fields and Fei (1978).
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Our main objective is to obtain a comparable result, in a very general framework.
Individual outcomes are assumed to be multidimensional, in order to capture the main
dimensions characterizing welfare. By considering without loss of generality societies of
equal size, a distribution simply counts the number of individuals having each possible
outcome. Then we assume that each outcome dimension is finitely divisible. We
emphasize that this discrete framework is relevant for any variable for which data are
available in practice, be it cardinal or ordinal. Take income as an example, a cardinal
variable which is, in addition, usually addressed by the theory as a continuous variable.
In empirical data, it turns out that income is always provided on a discrete scale (euro
cents for instance). This discrete framework is also well-suited for ordinal variables
(health, education, . . . ), as they are usually defined on an ordered categorical scale. It
is therefore possible to combine cardinal and ordinal dimensions in a unified approach. 2

Within this framework, this paper provides a generalization of the equivalence
between statements (a) and (b) of the HLP theorem (which are, actually, two quasi-
orderings). We do not consider specific transfers, but an ‘abstract set of transfers’
endowed with the following two properties: a transfer can be written as the differ-
ence between two outcome distributions and, if a transfer is assumed to be welfare
improving, the reverse transfer is welfare decreasing. Then a ‘sequence of transfers’ is
described as a linear combination of transfers. It follows that such a sequence has the
structure of a ‘discrete cone’. Hence, our general statement (a) is nothing else than a
‘quasi-ordering induced by a discrete cone’. Apart from the generality of our framework
this paper is the first, to the best of our knowledge, which directly investigates the
equivalence between statements of types (a) and (b) in the literature of social welfare
measurement (in a broad sense). Indeed usual approaches establish, separately, the
equivalences between (a) and (c), and between (b) and (c).

The equivalence between statements (a) and (b) above can be compared to the
equivalence, also well-known, between the following two statements:

(d) For all distributions x and x′, x being obtained from x′ by means of a finite
sequence of Pigou-Dalton transfers implies E[u(x)] ≥ E[u(x′)],

(e) u is concave.

One can easily see that the implications ‘(a) implies (b)’ and ‘(e) implies (d)’ can be
proved with identical arguments. Hence they provide the same information, which is
not the case for the reverse implications. The implication ‘(b) implies (a)’ establishes
that the unanimity of ranking among all the utilitarian social planners, endowed with
a concave utility function, is sufficient to ensure that the first distribution is obtained
from the second one by means of a sequence of Pigou-Dalton transfers, whereas the
implication ‘(d) implies (e)’ establishes that the concavity of the social planner’s utility

2 Focusing on the distinction between ‘continuous’ and ‘discrete’, a continuous scale can always be
considered as the limit point of a ‘very narrow’ discrete scale. For instance, Gravel et al. (2014)
provide an HLP theorem for a discrete ordinal variable, by substituting the so-called ‘Hammond
transfers’ for the Pigou-Dalton transfers. They establish that the implementation criterion they
obtain converges, when the discrete scale is ‘refined’, to the implementation criterion that can be
obtained for a continuous ordinal variable, as identified by Gravel et al. (2019).
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is necessary to make his preferences consistent with the Pigou-Dalton principle of
transfers. Hence these results are distinct, but complementary.

Our main result can be stated as follows. By considering transfers having the
structure of a discrete cone, and focusing on the utilitarian approach, if we are able to
identify the class of utility functions which ensure the equivalence between statements
of type (d) and (e) above (our Theorem 1), 3 then we are sure that the equivalence
between (a) and (b) in the HLP-type theorem is also true (our Theorem 2). It is
important to emphasize that the first equivalence is easier to achieve. We also establish
that the utilitarian approach in statement (b) can be extend to the largest class of
social welfare functions consistent with the considered transfers. Thus our contribution
is twofold. First, our result can be useful to complete theorems of the HLP-type, when
the usual equivalences (a)–(c) or (b)–(c) are difficult to prove (see Section 6 for an
illustration). Then, we put forward the particular role of the utilitarian approach
in this context: An unanimous ranking of distributions within a utilitarian class is
necessary, but also sufficient to reach unanimity among all the social welfare functions
consistent with the considered transfers.

Literature. This paper builds on a large set of results in the theory of majoriza-
tion (see Marshall et al., 2011) and a recent literature in the theory of decision under
risk (Muller and Scarsini, 2012; Muller, 2013). The notion of ‘quasi-ordering induced
by a convex cone’ has been introduced by Marshall et al. (1967) for a unidimensional
real-valued variable. They establish, in this context, necessary and sufficient condi-
tions to be placed on a real-valued function to be order-preserving (a result in line with
the equivalence between (d) and (e) above). Marshall (1991) investigates, in the same
framework, the equivalence between statements of type (a) and (b) above, by using
duality arguments between a convex cone and its ‘polar cone’ (Proposition 3.4, Page
237). In decision under risk, Muller and Scarsini (2012) extend this result to multi-
variate probability distributions with real-valued dimensions, by defining a sequence
of ‘inframodular mass transfers’ as a quasi-ordering induced by a convex cone. Muller
(2013) generalizes this result to any transfers having the same structure. In this paper
we propose a full discretization of this last result: outcomes are discrete and finite in
each dimension, and a distribution simply counts the numbers of individuals in each
outcome. Hence we define transfers as discrete cones, instead of convex cones. The
arguments of the proof of our main result (Theorem 2) are almost the same but with
an originality, the introduction of the notion of ‘Hilbert basis’. We also extend the
equivalence outside the utilitarian realm.

The rest of the paper is organized as follows. We introduce in Section 2 mathemati-
cal notions which are subsequently used for our formal definitions. We also recall some
classic mathematical results, which underlie the proofs of our propositions and theo-
rems. Hence the reader may start with the following sections, and then go back to this
section when necessary. Section 3 is devoted to the presentation of our framework and
main definitions, among of them an abstract notion of ‘set of social welfare improving
transfers’. Section 4 investigates social welfare functions consistent with the transfers
3 Actually, only ‘(e) implies (d)’ has to be proved. With this proof in hand, the reverse implication
can be easily obtained by using a proof by contrapositive.
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considered above, with a particular focus on the utilitarian class. Our main result is
presented in Section 5, and illustrated in the next four sections. Section 6 considers
‘Hammond transfers’ in the case of a unidimensional ordinal variable. Section 7 deals
with a bidimensional variable, consisting of a transferable (among the individuals) and
cardinally measurable dimension, and a non-transferable ordinal dimension. Section 8
illustrates transfers outside our framework. Section 9 shows that our results can be
of some interest for another economic field, the theory of decision under risk. Finally,
Section 10 concludes.

2. Mathematical preliminaries

We denote by Z, Q and R, respectively, the sets of integers (including 0), rationals
and real numbers. The symbols Z+, Q+ and R+ are the non-negative restrictions of
these sets and Z++, Q++ and R++, the positive restrictions. The cardinality of a set
A is indicated by |A|.

A convex cone is a nonempty set C ⊂ Rd such that c1, c2 ∈ C implies (λ1c1 +
λ2c2) ∈ C for all λ1, λ2 ∈ R+. We say that a convex cone is generated by a set C1 ⊂ C
if C = co{λc |λ ∈ R+ , c ∈ C1}, where co indicates the convex hull of the set. The
convex cone C is finitely generated if it is generated by a finite set C1 = {c1, . . . , cT}
or, equivalently, if it can be written as C = {

∑T
t=1 λtct |λt ∈ R+ , ct ∈ C1}. A rational

cone is a convex cone C ⊂ Rd finitely generated by a set {c1, . . . , cT} of elements in
Qd. A discrete cone is the integer analogue of a convex cone. It is a nonempty set
C ⊂ Zd such that c1, c2 ∈ C implies (λ1c1 + λ2c2) ∈ C for all λ1, λ2 ∈ Z+. Finally a
cone is said to be pointed if c ∈ C and (−c) ∈ C imply c = 0.

For a convex cone C ⊂ Rd, a finite set {c1, . . . , cT} of elements in C ∩ Zd is called
a Hilbert basis if every c ∈ C ∩ Zd can be expressed as c =

∑T
t=1 λtct with ct in the

basis and λt ∈ Z+. The set of all irreducible elements contained in the Hilbert basis
of C, that is, those elements that cannot be written as c = c1 + c2 where c1, c2 6= 0 are
elements of the basis, is called the minimal Hilbert basis, and denoted by H (C).

Lemma 1. If C is a rational cone, then it is generated by a minimal Hilbert basis
H (C). Moreover if C is pointed, then H (C) is unique.

The existence part of the result has been first established by Gordan (1873) and Hilbert
(1890). The unicity of H (C) as been shown by van der Corput (1931a,b) (see also
Schrijver, 1986, Theorem 16.4, Page 233).

We then introduce some tools on binary relations. A binary relation � defined
on a set A is a subset of A × A. For all c1, c2 ∈ A, we write c1 � c2 if and only if
c1 � c2 and not c2 � c1. We let c1 ∼ c2 if and only if c1 � c2 and c2 � c1. The relation
� is reflexive if c � c, for all c ∈ A. It is transitive if c1 � c2 and c2 � c3 imply
c1 � c3, for all c1, c2, c3 ∈ A. A reflexive and transitive relation is a quasi-ordering.
It is antisymmetric if c1 ∼ c2 implies c1 = c2, for all c1, c2 ∈ A. In this paper, a
binary relation defined on A is said additive if c1 � c2 implies c1 + c3 � c2 + c3, for all
c1, c2, c3 ∈ A. It is said scale-invariant if c1 � c2 implies λc1 � λc2, for all c1, c2 ∈ A
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and all λ ∈ R+. Finally, we say that a relation � on A is induced by the set C when
c1 � c2 if and only if (c1 − c2) ∈ C. A relation � induced by a cone C is called a cone
ordering. The following result is established in Marshall et al. (1967).

Lemma 2. A convex cone ordering, defined on Rd, is an additive and scale-invariant
quasi-ordering. Conversely, a quasi-ordering on Rd must be additive and scale-invariant,
to be a convex cone ordering. Then, a convex cone is pointed if and only if the induced
binary relation is antisymmetric.

We conclude this section with notions of duality between convex cones. This
approach has been recently applied in economics by Muller and Scarsini (2012) and
Muller (2013). Let V ,W be two vector spaces. A function b : V ×W → R is called a
bilinear mapping if it is linear in each argument separately, namely with λ ∈ R++:

b(v + z, w) = b(v, w) + b(z, w) and b(λv, w) = λb(v, w) , (1)

b(v, w + z) = b(v, w) + b(v, z) and b(v, λw) = λb(v, w) . (2)

The pair (V ,W) of vector spaces is said to be in duality if there exists a bilinear
mapping b : V × W → R. We denote by (V ,W ; b) such a dual pair. The duality is
said to be strict, if for each 0 6= v ∈ V there is a w ∈ W with b(v, w) 6= 0 and, for each
0 6= w ∈ W , there is a v ∈ V with b(v, w) 6= 0. The polar cone of V1 ⊂ V under the
duality (V ,W ; b) is defined by:

V◦1 = {w ∈ W | b(v, w) ≤ 0 , ∀v ∈ V1} . (3)

Notice that V◦1 is always a convex cone even if V1 is neither convex, nor a cone. The
bipolar cone of the V1 is denoted V◦◦1 and defined by V◦◦1 = (V◦1 )◦. The bipolar theorem
can be stated as follows (see Rockafellar, 1970; Muller, 2013):

Lemma 3. Assume that V ,W are two vector spaces in strict duality and let V1 ⊂ V.
Then V◦◦1 is the smallest closed set containing the convex cone generated by V1.

As a particular case of the previous theorem, notice that V1 ⊂ V is a nonempty closed
convex cone if and only if V◦◦1 = V1.

3. Outcomes, distributions and social welfare improving transfers

The set of outcomes is assumed to be a partially ordered, finite and fixed set S ⊂ Zd+.
Hence we assume that each individual in the society is characterized by an outcome in
d-dimensions (income, health, . . . ), such that outcomes in one dimension are ordered
(according to the usual ordering on Z), but only partially ordered in a multidimensional
setting. The second and last restriction is that each dimension is assumed to be finitely
divisible. A distribution is described by a list n = (ns)s∈S , where ns ∈ Z+ indicates
the number of individuals having (d-dimensional) outcome s ∈ S. We denote by
N = {n ∈ Z|S|+ |

∑
s∈S ns = N} the set of distributions for populations of fixed size
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N . 4 We provide in Figure 2 a simple example where outcomes are bidimensional,
hence dots s = (i, j) ∈ Z2

+, and where a distribution is simply a list of n(i,j).

Figure 1: Example of a bidimensional variable

We emphasize that this framework is sufficiently large to encompass most of the
usual frameworks investigated in the literature of inequality, poverty and social welfare
measurement. For instance each dimension can be, independently, defined on a cardi-
nal or ordinal scale. Income is an example of a possible cardinal outcome dimension.
In that case, in order to satisfy the finite divisibility assumption, one has to consider
euro cent as the smallest income unit (which is, in practice, always assumed). Our
approach is illustrated with specific examples in Sections 6 and 7.

We now provide a general definition of a set of transfers (which can be, at this
stage, welfare-improving or not). This definition is provided at an abstract level, in
the sense that it only specifies fundamental properties such a set could satisfy. As
illustrated in Sections 6 and 7, most of the sets of transfers usually considered in
the literature (increments, Pigou-Dalton progressive transfers, . . . ) are well-described
as particular case of our general definition. The main idea is as follows. Consider
two distributions n, n′ ∈ N , and assumed that n is obtained from n′ by means of a
finite sequence of transfers. A transfer is just a movement of one individual from one
outcome to another. Such a sequence of transfers can be written by means of a vector
m = n− n′, which lists the differences between the number of individuals before and
after the transfers, in each outcome s ∈ S.

We first introduce some technicalities. For any vector m ∈ R|S|, we denote m+ =
(m+

s )s∈S where m+
s = max(ms, 0) and m− = (m−s )s∈S where m−s = max(−ms, 0),

such that m = m+ −m−. We define byM the set of all vectors m ∈ R|S| such that
4 By applying the Dalton’s principle of populations which assumes that an identical replication of
the population is distributionally equivalent to the initial one we only consider, without loss of
generality, distributions in N .
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∑
s∈S m

+
s =

∑
s∈S m

−
s <∞. The sets of transfers we consider in this paper are subsets

ofM.

Definition 1 (Set of transfers). The set T of transfers is the set of all m ∈ Z|S| which
satisfies the following two properties:

(i) There exist n, n′ ∈ N such that m can be written as m = n− n′,

(ii) m ∈ T and (−m) ∈ T imply m = 0.

This definition is illustrated by the standard notion of increment. In the bidi-
mensional case, we say that distribution n is obtained from distribution n′ by means
of a (weak) increment, if and only if ns = n′s for all s ∈ S ⊂ Z2

+, or if there exist
(i, j), (k, l) ∈ S such that: 5

ns = n′s , for all s 6= (i, j), (k, l) , (4)

n(i,j) = n′(i,j) − 1 , n(k,l) = n′(k,l) + 1 , and (i, j) < (k, l) . (5)
That corresponds to a population move towards the northeast in the graph of Figure 2.
We can define the set of increments, denoted TI , by the set all vectors m ∈ Z|S| such
that, either ms = 0 for all s ∈ S ⊂ Z2

+, or there exist (i, j), (k, l) ∈ S such that:

ms = 0 , for all s 6= (i, j), (k, l) , (6)

m(i,j) = −1 ,m(k,l) = 1 , and (i, j) < (k, l) . (7)
If an increment is assumed to be welfare-improving, the reverse transfer, which corre-
sponds to (−m) in the previous definition, is welfare-decreasing and called a decrement.
Clearly, TI ⊂ T .

The last distinction between increments and decrements illustrates, and justifies
property (ii) in Definition 1. Indeed, a welfare-improving transfer is in some sense
directional: If m ∈ T is considered as a welfare improvement, then it cannot be also
true for (−m) unless m = 0. Notice that transfers are here considered in a weak
sense, as statu quo is allowed: This is a consequence of property (i) and the fact that
m = 0 ∈ T (we can write 0 = n − n). Another implication of property (i) is that
T is a discrete and finite set. Moreover, for any m ∈ T one also has

∑
s∈S ms = 0,

a consequence of the fixed population size characterizing distributions n, n′ ∈ N .
Because

∑
s∈S ms =

∑
s∈S m

+
s −
∑

s∈S m
−
s , it follows that

∑
s∈S m

+
s =

∑
s∈S m

−
s (≤ N).

This remark confirms that T ⊂M.
Even if Definition 1 is sufficiency flexible to encompass most of the welfare-improving

transfers considered in the literature, it imposes some restrictions, among which the
following one.

Remark 1 (Independence). Let n, n′,m,m′ ∈ N , such that m = n+ε and m′ = n′+ε.
If n is obtained from n′ by means of a transfer in T , then m is also obtained from m′

by means of a transfer in T .
5 Vector inequalities are denoted ≤, < and �.
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Figure 2: An increment

This observation trivially follows from the fact that, if n, n′ ∈ N and (n − n′) ∈ T ,
then (m −m′) ∈ T for all m,m′ ∈ N such that (n − n′) = (m −m′). Remark 1 has
important implications: It states that admissible transfers in T are, necessarily, not
impacted by the common parts of the distributions under comparison. This indepen-
dence requirement is not satisfied by some sets of transfers considered in the literature,
as illustrated in Section 8.

If the set of welfare-improving transfers we are interested in can be adequately
written as in Definition 1, one can infer from T a dominance relation which can help
a social evaluator to rank distributions in N . Indeed, if one distribution is obtained
from another by a sequence of welfare-improving transfers, then the social evaluator
can unambiguously consider that the first one is socially better. If T defines the
admissible transfers, then the discrete cone generated by T is the natural way to
define a sequence of such transfers. 6

Definition 2 (Sequence of transfers in T ). For all m,m′ ∈ Z|S|, we write m �T m′
if and only if �T is induced by the discrete cone generated by T . Formally, m �T m′
if and only if (m−m′) ∈ D(T ), where D(T ) = {

∑|T |
t=1 λtm·t |λt ∈ Z+ ,m·t ∈ T } with

m·t = (mst)s∈S .

We emphasize that the relation �T is defined on Z|S| instead of N even if it is
only used, in this paper, to compare distributions in N . That is a consequence of
basic properties of a discrete cone. For instance we have, by definition, m �T m′ if
and only if (m−m′) �T 0. The following remark states that, at least, the equal size
condition imposed to distributions in N , is also required to distributions m,m′ ∈ Z|S|
when compared by �T .

6 The use of the notion of discrete cone justifies the implicit requirement that 0 ∈ T in Definition 1.

9



A model of social welfare improving transfers

Remark 2 (Same population size). A necessary condition for m �T m′ is that∑
s∈S ms =

∑
s∈S m

′
s <∞.

Proof. From (i) in Definition 1, we know thatm = (ms)s∈S ∈ T implies
∑

s∈S ms = 0.
This last equality is thus also true for all m ∈ D(T ). Because m �T m′ if and only if
(m−m′) ∈ D(T ), m �T m′ implies

∑
s∈S(ms −m′s) = 0. Finally, we have previously

established that
∑

s∈S m
+
s =

∑
s∈S m

−
s ≤ N , hence

∑
s∈S ms =

∑
s∈S m

′
s <∞.

We now present the main properties satisfied by �T . This Proposition is a mere
transposition of Lemma 2 to our discrete cones, noting that Equation (8) is a weak
scale-invariance property, as it only applies to scale parameter in Z+ (instead of R+).

Proposition 1. The discrete cone ordering �T is an additive quasi-ordering, and
satisfies the following property:

∀m,m′ ∈ Z|S| : m �T m′ =⇒ λm �T λm′ , ∀λ ∈ Z+ . (8)

As it is also antisymmetric, the discrete cone D(T ) is pointed.

Proof. For any m ∈ Z|S|, we have (m−m) = 0 ∈ D(T ). Hence m �T m so that �T is
reflexive. Now suppose that m �T m′ and m′ �T m′′. It follows that (m−m′) ∈ D(T )
and (m′ − m′′) ∈ D(T ). Moreover (m − m′′) = (m − m′) + (m′ − m′′) ∈ D(T ),
or equivalently m �T m′′. Hence �T si transitive. As it is reflexive and tran-
sitive, it is a quasi-ordering. Additivity is immediately obtained by noting that
(m − m′) ∈ D(T ) if and only if ((m + m′′) − (m′ + m′′)) ∈ D(T ). The impli-
cation in Equation (8) also follows from the definition of a discrete cone, so that
(m −m′) ∈ D(T ) implies λ(m −m′) ∈ D(T ), as soon as λ ∈ Z+. In order to prove
antisymmetry, suppose that m �T m′ and m′ �T m, so that (m −m′) ∈ D(T ) and
(m′ − m) ∈ D(T ). Hence (m − m′) =

∑|T |
t=1 λtm·t for some λt ∈ Z+ and m·t ∈ T .

Moreover (m′ − m) = −(m − m′) =
∑|T |

t=1 λt(−m·t) and because (m′ − m) ∈ D(T ),
we have (−m·t) ∈ T . Since m·t ∈ T and (−m·t) ∈ T , it follows that m·t = 0 for all
t = 1, . . . , T , from Definition 1. Hence m = m′, so that �T is antisymmetric. As
T ⊆ D(T ), the previous argument equivalently states that D(T ) is pointed.

Proposition 1 has some implications when distributions n, n′ ∈ N are compared.
Following Equation (8), if n �T n′, then an identical replication of the population
has no impact on the ranking of the distributions n and n′. This property is thus
related to the Dalton’s principle of populations, but in a weaker sense since it does
not required that n ∼T λn. Indeed, as �T is antisymmetric, we have n ∼T n′ if
and only if n = n′. We conclude that Equation (8) is a suitable property, because
standard in normative economics. Additivity is somewhat stronger, and related to the
independence condition as described in Remark 1 (see Section 8 for a discussion).

We now formally define the notion of minimality of a set of transfers. Welfare-
improving transfers are usually defined in such way that they involve a small number of
individuals, in order to be transparent on their ethical meaning. But the transparency
of a transfer does not guarantee that the transformation underlying the transfer is
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minimal from a mathematical point of view. This distinction is important when we
want to test whether one distribution is obtained (or not) from another by a sequence
of admissible transfers.

Definition 3 (Minimal transfers). We say that the set of transfers T is minimal if
and only if it is a set of irreducible elements, that is the set of transfers which share
the properties of T (see Definition 1), but which cannot be written as a positive linear
combination of other transfers in T .

As an illustration the set TI of increments, introduced after Definition 1, is not defined
as a minimal set. Indeed, one immediately observes that increments are minimal if
and only if the pair (i, j), (k, l) ∈ Z2

+ is defined in such way that (k, l) = (i + 1, j) or
(k, l) = (i, j + 1). Any transfer in TI can be written as a positive linear combination
of such minimal transfers.

4. Social welfare functions

The previous section provides an abstract model of welfare-improving transfers which
encompass most of the transfers considered in the literature (such as, for instance,
increments and Pigou-Dalton progressive transfers). That leads to a quasi-ordering
which can be used to rank distributions of individuals, according to the outcomes
they have. In this section we investigate another approach to compare distributions,
building on the preferences of a social planner, or a group of social planners. Such
preferences are characterized by a set of ethical considerations, which are not restricted
to the mere notion a welfare-improving transfers. The ambition is here to introduce a
quasi-ordering which reflects the unanimity of rankings among a large class of social
planners, sharing some ethical views.

We first assume that the preferences of a social planner can be represented by a
social welfare function W : Z|S| → R. Again W is defined on Z|S|, but it will only
be used to compare distributions in N . We denote by W the set of all these social
welfare functions. We now focus on the social welfare functions consistent with �T , or
equivalently on all the social planners who agree that transfers in T are unambiguously
welfare-improving.

Definition 4 (Consistency with �T ). We say that W ∈ W is consistent with �T if
and only if, for all m,m′ ∈ Z|S|, m �T m′ =⇒ W (m) ≥ W (m′). The set of all
functions W ∈ W consistent with �T is written WT . 7

We emphasize thatWT identifies the set of all social planners sharing the ethical views
captured by the transfers in T , but their preferences are not necessarily equivalent
elsewhere.

Considering two distributions m,m′ ∈ Z|S|, one immediately deduces from Defini-
tion 4 that W ∈ WT and m �T m′ is sufficient to have W (m) ≥ W (m′). We establish

7 Notice that a function consistent with a quasi-ordering is sometimes called order-preserving (see
Marshall et al., 1967).
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in the following result that m weakly better that m′ according to all the social welfare
functions in WT is, actually, also sufficient to have m �T m′.

Proposition 2. For all m,m′ ∈ Z|S| such that
∑

s∈S ms =
∑

s∈S m
′
s <∞, the follow-

ing two statements are equivalent: 8

(a) m �T m′,

(b) W (m) ≥ W (m′), ∀W ∈ WT ,

Proof. The implication (a)⇒ (b) follows directly from Definition 4. The argument to
establish (b)⇒ (a) exactly follows Marshall (1991), Proposition 2.8, Page 234. First,
recall that m �T m′ if and only if (m−m′) ∈ D(T ), where D(T ) is the discrete cone
generated by T .

For all z ∈ Z|S|, choose Wm(z) = 0 if (m− z) ∈ D(T ), and Wm(z) = 1 otherwise.
We first establish that Wm ∈ WT . Consider u, v ∈ Z|S| and assume that u �T v.
If Wm(u) = 1, then Wm(u) ≥ Wm(v) because, by definition, Wm(v) ∈ {0, 1}. Now
suppose that Wm(u) = 0, or equivalently (m − u) ∈ D(T ). Because u �T v, we also
have (u− v) ∈ D(T ). As D(T ) is a discrete cone, it follows that (m− u) + (u− v) =
(m − v) ∈ D(T ). Hence Wm(v) = 0 so that, again, Wm(u) ≥ Wm(v). We conclude
that u �T v implies Wm(u) ≥ Wm(v). Hence, Wm ∈ WT .

Now assume that statement (b) is true. It follows thatWm(m) ≥ Wm(m′). By def-
inition (m−m) = 0 ∈ D(T ), hence Wm(m) = 0. That implies that, also, Wm(m′) = 0
or equivalently (m−m′) ∈ D(T ). Thus m �T m′.

The previous proposition allows to go a step further to compare distributions m and
m′ according to �T , as it establishes the equivalence with an, a priori, distinct quasi-
ordering based on the unanimity of rankings among a group of social planners. Never-
theless, this result is not really informative. AsWT encompasses a large class of social
welfare functions, the required unanimity can not be checked. Indeed, the set WT is
(uncountably) infinite because, by definition, any strictly increasing transformation of
a function W ∈ WT is also in WT .

One first observes that WT has the structure of a convex cone. Because WT
is defined as the largest set of functions consistent with �T , if W,W ′ ∈ WT , then
(λW + λ′W ′) ∈ WT for all λ, λ′ ∈ R+. It follows that one objective can be to identify
the minimal set of social welfare functions (namely, the basis) which characterizesWT ,
if such a set exists. Then, one notices that Proposition 2 establishes an equivalence
between two quasi-orderings, but of different nature. Whereas the quasi-ordering in
statement (b) is generated by a convex cone, the quasi-ordering in statement (a)
is generated by a discrete cone, which moreover satisfies an independence property
(Remark 1). 9

8 We recall that
∑

s∈S ms =
∑

s∈S m′s < ∞ is a necessary condition for m �T m′ (see Remark 2),
which justifies the initial statement of the proposition.

9 The fact that two cone orderings of different nature appear to be equivalent does not come as a
surprise. By using the terminology of Marshall (1991), the cone ordering induced by WT is called
the completion of �T .
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In what follows we focus on the utilitarian social welfare functions, the prevail-
ing approach in the literature to compare distributions. Because the sets of welfare-
improving transfers we consider are discrete cones this subclass of WT plays, actually,
a particular role. Indeed, we establish that it is possible to identify a class of utilitarian
social welfare functions such that a unanimity of ranking among this class is necessary
but also sufficient to have dominance according to �T . Intuitively, the independence
property satisfied by the discrete cones and the fact that the utilitarian approach
involved additive separable functions can, at least partially, explain this relationship.

We denote by u = (us)s∈S ∈ R|S| a vector which assigns utility us ∈ R to any
outcome s ∈ S, and we denote by U the set of all such vectors defined up to an
increasing affine transformation. A utilitarian social welfare function Wu : Z|S| → R
is defined by Wu(m) =

∑
s∈S msus, for all m ∈ Z|S| and all u ∈ U . We now adapt the

notion of consistency with �T (Definition 4) to this class of functions. We first define:

UT =
{
u ∈ U

∣∣∣ ∑
s∈S

msus ≥ 0 , ∀m ∈ T
}
. (9)

One immediately observes that the consistency of a utilitarian social welfare function
with �T is obtained if and only if u ∈ UT , as stated in the following theorem. The
degree of generality is still high, and the proof quite obvious. This proof is nevertheless
provided as it can help at establishing other results, especially in the case of specific
classes of transfers in T . It is presented as a theorem because the core of this paper
is to establish that, for specific classes of transfers, being able to identify the subclass
of U such that Theorem 1 is true, is sufficient to prove a result like Theorem 2.

Theorem 1. The following two statements are equivalent:

(a) ∀m,m′ ∈ Z|S| : m �T m′ =⇒ Wu(m) ≥ Wu(m′),

(b) u ∈ UT .

Proof. We first prove that (b) ⇒ (a). Assume that u ∈ UT and m �T m′, or
equivalently (m−m′) ∈ D(T ). Hence there exist T ≤ |T |, λt ∈ Z++ and m·t ∈ T such
that (m−m′) =

∑T
t=1 λtm·t. It follows that Wu(m)−Wu(m′) =

∑
s∈S(ms −m′s)us =∑T

t=1 λt
(∑

s∈S mstus
)
. Because u ∈ UT and m·t ∈ T one has

∑
s∈S mstus ≥ 0, for all

t = 1, 2, . . . , T . Thus Wu(m) ≥ Wu(m′).
To prove the reverse implication, we prove that ¬(b)⇒ ¬(a). Assume that u /∈ UT ,

so that there exists a m′′ ∈ T such that
∑

s∈S m
′′
sus < 0. Choose m,m′ ∈ Z|S| such

that (m−m′) = m′′. Clearly m �T m′, but Wu(m)−Wu(m′) =
∑

s∈S(ms −m′s)us =∑
s∈S m

′′
sus < 0. Hence there exist m,m′ ∈ Z|S| such that m �T m′ and Wu(m) <

Wu(m′), so that (a) is false.

We conclude this section by first noting that constant utilities, such that us = c for
all s ∈ S and some c ∈ R, belong to UT . We then observes that UT is also a convex
cone, as expected. Indeed, if u, u′ ∈ UT , then (λu+ λ′u′) ∈ UT for all λ, λ′ ∈ R+.
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5. Main result

Whereas it was pretty obvious to establish that the unanimity of ranking between m
on m′ among all W ∈ WT is a necessary and sufficient condition to have m �T m′

(Proposition 2), such a result is not so clear when the unanimity among all utilitarian
social welfare functions is only achieved. Indeed, the class of utilitarian social welfare
functions is a strict subclass of WT – the set of all social welfare functions consistent
with �T – and it is not obvious that such a unanimity, in some sense relatively small,
is sufficient to have m �T m′. This is what we prove here, as the main result of the
paper. 10 We first need a preliminary result. We recall that the set of distributions N
is such that N ∈M, whereM is defined as the set of all vectors m ∈ R|S| with finite
variation (see Section 3).

Lemma 4. (M,U ; b) is a strict dual pair, where b(m,u) = −
∑

s∈S msus.

Proof. M and U are two vector spaces, and b : M× U → R is a bilinear map-
ping. Hence (M,U ; b) is a dual pair. It remains to prove that it is also strict. Be-
cause |m+| = |m−| for all m ∈ M, one observes that, if u = (α, . . . , α) ∈ U , then
b(m,u) = 0 for all m ∈ M. Nevertheless, as u is definition up to an increasing
affine transformation, U is a quotient space, that is the set of all equivalent classes
[v] = {u ∈ R|S| |u ∼ v}, with the equivalence relation u ∼ v ⇔ u = av + b
(a > 0, b ∈ R). Hence, any constant utility u = (α, . . . , α) is in the equivalent class
of u = (0, . . . , 0). One deduces that for each 0 6= u ∈ U there is a m ∈ M with
b(m,u) 6= 0 and for each 0 6= m ∈ M there is a u ∈ U with b(m,u) 6= 0. One
concludes that (M,U ; b) is a strict dual pair. See Marshall et al. (2011), Page 99 or
Muller (2013), Page 50, for related discussions.

We are now ready to present our main result. Equivalence between statements (a)
and (b) in Theorem 2 below is a full discretization of Theorem 2.4.1. provided by
Muller (2013), Page 51. Indeed our distribution are discrete in the sense that we only
count individuals (value in Z) in each possible discrete and finite outcome, whereas
Muller (2013) considers probability measures (value in R). It follows that the sequence
of transfers we consider is defined as a discrete cone, not a convex cone. Consequently,
we do not have to refer to a weak closure argument for the cone we consider, as done
by Muller (2013). The core argument in the proof is nevertheless the same, that
is an application of the bipolar theorem but with an originality, the introduction of
the notion of Hilbert basis. Notice that a closely related result – equivalence between
statements (a) and (b) – can be found in Proposition 3.4, Page 237 in Marshall (1991),
in the continuous case.

Our discrete framework is justified by two reasons. First, even variables which
are often assumed continuous in theory (such as income), are provided on a discrete
scale in empirical data (euro cents, for instance). Then, this framework is particularly

10 As illustrated in Section 8, one notices that such a result is not true when �T is not a discrete (or
convex) cone. That confirms, again, that the definition of the sequence of transfers as a cone is a
crucial assumption in our framework.
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appropriate for ordinal variables (health, education, . . . ), which are usually defined on
an ordered categorical scale. This last point will be detailed in Section 6.

Without loss of generality, we consider that the set of transfers T is minimal in
the sense of Definition 3. Minimality of a set – in this sense – is not hard to establish,
thus it is just a matter of adequate definition for T . What follows is our main result.

Theorem 2. Let T be a minimal set of transfers. For all m,m′ ∈ Z|S| such that∑
s∈S ms =

∑
s∈S m

′
s <∞, the following three statements are equivalent:

(a) m �T m′,

(b) W (m) ≥ W (m′), ∀W ∈ WT ,

(c) Wu(m) ≥ Wu(m′), ∀u ∈ UT .

Proof. The equivalence (a) ⇔ (b) is proved in Proposition 2. The proof of the
implication (a)⇒ (c) is, actually, equivalent to the proof of (b)⇒ (a) in Theorem 1.
It remains to prove (c)⇒ (a). Let m,m′ ∈ Z|S| such that

∑
s∈S ms =

∑
s∈S m

′
s <∞,

and assume that (c) is true. Moreover, let b(m,u) = −
∑

s∈S msus. The polar cone of
UT ⊂ U , under the duality (M,U ; b), is defined by:

U◦T = {m ∈M| b(m,u) ≤ 0 , ∀u ∈ UT } . (10)

By definition, (m − m′) ∈ M. From statement (c), we also have b(m − m′, u) =
−
∑

s∈S(ms −m′s)us ≤ 0, whenever u ∈ UT . It follows that (m−m′) ∈ U◦T . Now the
polar cone of T ⊂M, under the duality (M,U ; b), is defined by:

T ◦ = {u ∈ U | b(m,u) ≤ 0 , ∀m ∈ T } . (11)

From definition of UT in (9) and b(m−m′, u), one immediately observes that UT = T ◦.
Because (m −m′) ∈ U◦T and UT = T ◦, it follows that (m −m′) ∈ T ◦◦, where T ◦◦ is
the bipolar cone of T .

We then recall that (M,U ; b) is a strict dual pair (Lemma 4). By applying the bipo-
lar theorem (Lemma 3), we know that T ◦◦ is the smallest closed set containing the con-
vex cone generated by T , which can be written as Do(T ) = co{λm |λ ∈ R+ ,m ∈ T }.
Notice that, as T is a discrete and finite set, Do(T ) is closed. Moreover T ⊂ Z|S|. As
integers are rational numbers, Do(T ) is also a rational cone. By applying Lemma 1,
we know that Do(T ) is generated by a (unique) minimal Hilbert basis. Because T
is here defined as a minimal set of transfers (according to Definition 3), we have
H (Do(T )) = T . Then, because (m −m′) ∈ T ◦◦ = Do(T ) but also (m −m′) ∈ Z|S|,
one concludes that (m −m′) ∈ Do(T ) ∩ Z|S|. By definition of an Hilbert basis, such
(m−m′) can be expressed as positive linear combination of elements in this basis, with
coefficients in Z+. one deduces that (m−m′) ∈ D(T ), or equivalently m �T m′.

To sum up, if the sequence of transfers we are interested in can be described as a
binary relation �T induced by a discrete cone – as assumed in this paper, and which
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is actually the case for most of the transfers considered in the literature – then the
previous theorem guarantees that the unanimity of ranking among all the social welfare
functions consistent with �T (WT in the general case, or UT if we restrict attention
to the utilitarian subclass) is a necessary and sufficient condition to reach dominance
according to �T .

6. Application to a unidimensional ordinal variable

The discrete framework developed in this paper is useful to investigate cardinal vari-
ables, even those usually treated in theory as continuous variables. The main exam-
ple is income which is always defined, in practice, on a finitely divisible scale (euro
cents, for instance). More importantly, this discrete framework is required for ordinal
variables defined on an ordered categorical scale, which is the case for most of the
dimensions characterizing individual’s social welfare, aside for income (for instance
variables such as self-reported health or happiness, access to basic services, or educa-
tional achievements).

The question of inequality and social welfare measurement for ordered categorical
variables is investigated, among others, by Gravel et al. (2014). 11 Their objective is
to provide a result comparable to the Hardy et al. (1952) theorem (denoted hereafter
HLP), initially developed for a cardinal and continuous variable. Consider as an
example health, self-reported on a scale with categories ‘very bad’, ‘bad’, ‘so-so’, ‘good’
and ‘very good’, and assume that this variable is interpersonally comparable. One the
one hand, we can say that social welfare experienced by an individual is higher in one
category rather than another one, lower in the scale. On the other hand it is quite
impossible to provide, with compelling arguments, an unambiguous measure of the
magnitude of social welfare one applies to each category and, even more troublesome,
of the distance in social welfare between two categories. Gravel et al. (2014) take
the route that, for such a variable, the ranking of the categories is the only relevant
information to assess social welfare. In that case, we face a purely ordinal variable –
the scale is defined up to an increasing transformation – which cannot be, by definition,
‘summed’ or ‘averaged’ across the individuals.

Consider an outcome scale S = {1, 2, . . . , K} defined up to an increasing transfor-
mation, where K ≥ 3 is fixed (K is equal to 5 in the previous self-reported health ex-
ample). A distribution is a list n = (n1, . . . , nK) ∈ N , with N = {n ∈ ZK+ |

∑
s∈S ns =

N}. The equalizing transfer proposed by Gravel et al. (2014) refers to the equity
principle introduced by Hammond (1976) in social choice theory: A distribution n is
obtained from distribution n′ by mean of a (weak) Hammond transfer if n = n′, or if
there exist i, j, k, l ∈ S such that i < j ≤ k < l and:

ns = n′s , for all s ∈ S \ {i, j, k, l} , (12)

(ni − n′i) = (nl − n′l) = −1 , (13)
(nj − n′j) = (nk − n′k) = 1 if j 6= k , and (nj − n′j) = 2 if j = k . (14)

11 An extension for ordinal but continuous variables is developed in Gravel et al. (2019).
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The authors argue that the notion of Hammond transfer is the only relevant way to
define an equalizing process in an ordinal setting. As the scale is defined up to an
increasing transformation, the equalizing process has to be invariant to such trans-
formation. This condition is satisfied by Hammond transfers, but violated by the
standard Pigou-Dalton progressive income transfer (which is well-suited to a cardinal
variable, see Section 8). They also establish the necessary and sufficient condition to
be apply on the utilitarian class of social welfare functions to ensure consistency with
Hammond transfers. Precisely, they obtain the following result.

Proposition 3 (Gravel et al. (2014), Prop. 4, Page 15). The following two statements
are equivalent:

(a) For all n, n′ ∈ N , n being obtained from n′ by means of a finite sequence of
(arbitrary) Hammond transfers implies Wu(n) ≥ Wu(n′),

(b) u ∈
{

(u1, . . . , uK) ∈ RK
∣∣∣ (uj − ui) ≥ (ul − uk) , ∀i < j ≤ k < l

}
.

The methodology developed in this paper is well-suited to complete the previous
result in order to obtain, without any other proof, the equivalence between dominance
according to a sequence of Hammond transfers and dominance according to the utili-
tarian class of social welfare functions consistent with these transfers. First of all, as
we have defined a general set of transfers T in Definition 1, we define below the set
TH of Hammond transfers:

Definition 5 (Set of Hammond transfers). The set TH of (weak) Hammond transfers
is the set of all m ∈ Z|S| defined as follows. Either m = 0, or there exist i, j, k, l ∈ S
such that i < j ≤ k < l and:

ms = 0 , for all s ∈ S \ {i, j, k, l} , (15)

mi = ml = −1 , (16)

mj = mk = 1 if j 6= k , and mj = 2 if j = k . (17)

As in Definition 2, we can formally define the notion of sequence of transfers in TH .
In that case, for all m,m′ ∈ Z|S|, we write m �TH

m′ if and only if �TH
is induced by

the discrete cone generated by TH .
It is not difficult to verify that TH ⊂ T . Indeed, TH satisfies all the properties

of a set of transfers as described in Definition 1, among of them the independence
requirement (see Remark 1). Then, let WTH

be the set of social welfare functions
consistent with �TH

(see Definition 4). One also observes from our Theorem 1 that
the class UTH

, defined in Equation (9) but with T replaced by TH , is equivalent to the
one defined in Statement (b), Proposition 3. Finally one remarks that the transfers
in TH are minimal, in the sense of Definition 3. It follows that Theorem 2, with
TH instead of the more general set T , also applies in that context. One obtains the
following result:
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Corollary 1. For all n, n′ ∈ N , the following three statements are equivalent:

(a) n �TH
n′,

(b) W (n) ≥ W (n′), ∀W ∈ WTH
,

(c) Wu(n) ≥ Wu(n′), ∀u ∈ UTH
.

This equivalence is helpful to complete the HLP theorem for ordered categorical vari-
ables, as wanted by Gravel et al. (2014).

7. Application to a bidimensional variable

In order to illustrate that the set of possible applications of our model is large, we
consider as second example the case of a bidimensional variable, consisting of a first
dimension which is cardinally measurable and transferable between individuals, and a
second dimension which is assumed ordinal and non-transferable (respectively income
and health, for instance). This framework is investigated by Gravel and Moyes (2012).
We assume here that both dimensions take a finite number of values (euro cents for
income), 12 such that an outcome is a dot s = (i, j) ∈ Z2

+, with 0 ≤ i ≤ I and
0 ≤ j ≤ H, with I and H fixed. The set of outcomes is thus a finite and fixed set
S ⊂ Z2

+. As in the general framework (see Section 3), we denote by n = (ns)s∈S ∈ N a
distribution, recalling that the population size is fixed, namely

∑
s∈S ns = N . Gravel

and Moyes (2012) consider two inequality-reducing transfers, as described below.
They first introduce the notion of favorable income permutation, which consists

in exchanging the income of an individual with that of another individual, initially
worse-off in both dimensions. Consider for instance an initial distribution n′ and two
individuals, the first (the worse-off) with outcome (i, j) and the second (the best-
off) with outcome (k, l), such that (i, j) < (k, l). After permutation, one obtains
distribution n such that outcomes of all are not changed, apart for the worse-off (of
the two individuals mentioned above) who reaches outcome (k, j) and the best-off who,
in return, obtains (i, l). An illustration is provided in Figure 3.a. Now we define the
set of favorable income permutations.

Definition 6 (Set of favorable income permutations). The set T1 of (weak) favorable
income permutations is the set of all m ∈ Z|S| defined as follows. Either m = 0, or
there exist i, j, k, l with 0 ≤ i, k ≤ I and 0 ≤ j, l ≤ H and (i, j)� (k, l) such that:

ms = 0 , for all s ∈ S \ {(i, j), (k, l)} , (18)

m(i,j) = m(k,l) = −1 , and m(i,l) = m(k,j) = 1 . (19)
12 As emphasized by the authors themself (Gravel and Moyes, 2012, Page 1392), the fact that both
dimensions take a finite number of values is not a restriction, even if they assume in their paper
that the cardinally measurable variable (income) is continuous.
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a. A favorable income permutation b. A within-type progressive income transfer

Figure 3: Examples of bidimensional welfare-improving transfers

Then, Gravel and Moyes (2012) discuss the notion of within-type progressive in-
come transfer, which consists in a progressive income transfer between two individuals
having the same health status. Consider an initial distribution n′ and two individuals,
the first (the worse-off) with outcome (i, j) and the second (the best-off) with out-
come (k, j), such that i < k. After transfer one obtains distribution n such that their
outcomes are, respectively (i + 1, j) and (k − 1, j), without any modification for the
individuals not concerned by the transfer. This transfer is illustrates in Figure 3.b.

Definition 7 (Set of within-type progressive income transfers). The set T2 of (weak)
within-type progressive income transfers is the set of all m ∈ Z|S| defined as follows.
Either m = 0, or there exist 0 ≤ i < k ≤ I and 0 ≤ j ≤ H, such that:

ms = 0 , for all s ∈ S \ {(i, j), (i+ 1, j), (k − 1, j), (k, j)} , (20)

m(i,j) = m(k,j) = −1 , (21)
m(i+1,j) = m(k−1,j) = 1 if i+ 1 6= k − 1 , and m(i+1,j) = 2 if i+ 1 = k − 1 . (22)

Because it is assumed that both favorable income permutations and within-type
progressive income transfers are inequality-reducing transfers, it could be interesting
to pool them together into a larger set of ‘admissible’ transfers. For instance, one could
directly investigate the set T3 = T1 ∪ T2. For each of these three types of transfers –
permutation, income transfer or the combination of both – Gravel and Moyes (2012)
obtain a result comparable to Proposition 3 in the previous Section (Lemmas 4.1,
5.1 and 5.2 in their paper). On the basis of these results, one deduces that the
class of utilitarian social welfare functions consistent with transfers in θ = T1, T2, T3,
characterized by the sets Uθ as defined in Equation (9) can be written as, respectively:

UT1 = {u ∈ U | u(i+1,j) − u(i,j) ≥ u(i+1,l) − u(i,l) , ∀i , ∀j < l} , (23)

UT2 = {u ∈ U | u(i+1,j) − u(i,j) ≥ u(k+1,j) − u(k,j) , ∀i < k , ∀j} , (24)
UT3 = UT1 ∩ UT2 . (25)
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Then, sequences of transfers in θ = T1, T2, T3 can be written through the quasi-
ordering �θ (see Definition 2) such that for all m,m′ ∈ Z|S|, we write m �θ m′ if and
only if �θ is induced by the discrete cone generated by θ. We also let Wθ be the set
of social welfare functions consistent with �θ (see Definition 4). Because θ ⊂ T and
because θ is minimal in the sense of Definition 3 (for θ = T1, T2, T3) our Theorem 2,
with θ instead of the more general set T , directly applies. One obtains:

Corollary 2. Let θ = T1, T2, T3. For all n, n′ ∈ N , the following three statements are
equivalent:

(a) n �θ n′,

(b) W (n) ≥ W (n′), ∀W ∈ Wθ,

(c) Wu(n) ≥ Wu(n′), ∀u ∈ Uθ.

The results for θ = T1, T3 are also established in Gravel and Moyes (2012) – respectively
in Theorems 4.1 and 5.1 – but with the need of other proof arguments. Our general
methodology based one discrete cones ensures, immediately, that the results are true.

8. Social deprivation: transfers outside the framework

Some sets of transfers considered in the literature are not consistent with our model.
In this section, we provide an example investigated by Chateauneuf and Moyes (2006)
and Magdalou and Moyes (2009), which deals with equalization processes for (unidi-
mensional) income distributions. The framework is equivalent to the one described
in Section 6. We consider a set of possibles (euro cent) incomes S = {1, 2, . . . , K}
with a fixed K ≥ 3, and distributions written as lists n = (n1, . . . , nK) ∈ N , with
N = {n ∈ ZK+ |

∑
s∈S ns = N}. The difference from Section 6 relates to the interpre-

tation of S. Because income is a cardinal variable, the distance between two incomes
is relevant for measurement. It follows that we can compute, for instance, the mean
income. For a distribution n ∈ N , it is equal to µ(n) =

∑
s∈S nss.

We first introduce the notion of Pigou-Dalton progressive income transfer (PT).
We say that distribution n is obtained from distribution n′ by mean of a (weak)
progressive income transfer if n = n′, or if there exist i, l ∈ S such that i < l and:

ns = n′s , for all s ∈ S \ {i, i+ 1, l − 1, l} , (26)

(ni − n′i) = (nl − n′l) = −1 , (27)

(ni+1−n′i+1) = (nl−1−n′l−1) = 1 if i+ 1 6= l − 1 , and (ni+1−n′i+1) = 2 if i+ 1 = l − 1 .
(28)

This is a particular case of Hammond transfer (as described in Section 6), where in
addition the increase (on the income scale) of individual having income i is equal to the
decrease of individual having income l. In other terms, this is an Hammond transfer
with an equal mean restriction, such that µ(n) = µ(n′).
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As emphasized in Chateauneuf and Moyes (2006) and Magdalou and Moyes (2009),
a number of experimental studies have established that the inequality-reducing impact
of a progressive transfer is not unanimously accepted. 13 Based on the theory of
social deprivation (Runciman, 1966), they propose alternative principle of transfers
which impose solidarity among the individuals involved in the equalizing process. We
present here one example, called uniform of the right progressive income transfer
(URPT). According to this principle, if some income is taken from an individual,
the same amount has to be taken from every individual who is as rich or richer than
him. Then the total amount collected is transferred to a poorer individual. This is
therefore a (mean-preserving) progressive income transfer, with solidarity among the
richer individuals.

Proposition 4 (Chateauneuf and Moyes (2006)). Let θ = PT ,URPT. The following
two statements are equivalent: 14

(a) For all n, n′ ∈ N , n being obtained from n′ by means of a finite sequence of
transfers θ implies Wu(n) ≥ Wu(n′),

(b) u ∈
{

(u1, . . . , uK) ∈ RK
∣∣∣ (ui+1 − ui) ≥ (ul+1 − ul) , ∀i < l

}
.

The previous result highlights the lack of flexibility of the utilitarian model to
distinguish the inequality views captured by PT and URPT transfers. In both cases,
the condition to be imposed on the utility is concavity (Statement (b)). Our model
sheds new light on this surprising result, as discussed below. We first introduce the
set of PT transfers.

Definition 8 (Set of PT transfers). The set TPT of (weak) PT transfers is the set of
all m ∈ Z|S| defined as follows. Either m = 0, or there exist i, l ∈ S such that i+1 < l
and:

ms = 0 , for all s ∈ S \ {i, i+ 1, l − 1, l} , (29)

mi = ml = −1 , (30)

mi+1 = mj−1 = 1 if i+ 1 6= j − 1 , and mi+1 = 2 if i+ 1 = j − 1 . (31)

One immediately observes that TPT ⊂ TH , with TH the set of Hammond transfers
defined in Section 6. As TH ⊂ T , our model perfectly fits for sequences of PT transfers.
It follows that Corollary 1 still applies, by substituting TPT for TH . One deduces
from Proposition 4 that the set UTP T

of utilities consistent with transfers in TPT (as
defined in Equation (9)) is equivalent to the set described in Statement (b) of the
same Proposition, namely the set of concave utilities. Because Proposition 4 also
concerns URPT transfers, a question arises: Can one obtain an equivalent result for
13 Amiel and Cowell (1992) is the ground-breaking experimental study in this field.
14 This result is not directly proved in Chateauneuf and Moyes (2006). It results from Propositions 1,
3 and 5, respectively in Pages 28, 43 and 52.
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these transfers? The answer is no, as expected. 15 We demonstrate that a sequence of
URPT transfers cannot be described as a discrete cone, through a simple example.

Consider an income scale S = {1, 2, 3, 4} and a distribution n′ = (1, 1, 1, 0), for a
society consisting of 3 individuals. Assume that one unit of income is taken from the
individual having initially 3 units, and given to the individual having initially 1 unit.
This transformation is a URPT transfer and we obtain, after transfer, distribution
n = (0, 3, 0, 0). If the set of URPT transfers is a subset of T (Definition 1) we know
from Remark 1 that, if n, n′ ∈ N and n is obtained from n′ by means of a URPT
transfer, then m = n+ε is also obtained from m = n+ε by means of a URPT transfer
(as soon as ε is such that m,m′ ∈ N ). Consider the admissible ε = (0,−1, 0, 1), so
that m = (1, 0, 1, 1) and m′ = (0, 2, 0, 1). Obvioulsy m cannot be obtained from m′

by means of a URPT transfer, or a sequence of such transfers. As the independence
requirement described in Remark 1 is not satisfied, the set of URPT transfers cannot
be a subset of T . It follows that a sequence of such transfers cannot be written as a
discrete cone, in line with Definition 2.

As presented in Section 5, our model puts forward the close relationship between
sequences of transfers which can be written as discrete cones, and the utilitarian class
of social welfare functions. The inability of a sequence of URPT transfers to be written
as a discrete cone explains why this class of social welfare functions is not well-suited
to capture the inequality views of such transfers.

9. Extension to decision-making under risk: the key role of the EU model

The appropriate way to represent individual preferences in situations of decision-
making under risk remains an important research issue. The expected utility model
has, for many reasons (among of them its simplicity and tractability) a prominent
place in the literature. But at the same time, some of the underlying assumptions are
not consistent with behavior observed in practice such that, for instance, the indepen-
dence axiom. Since Machina (1982), a large literature puts forward the key role of
the expected utility model for modeling risk attitudes, even for non-expected utility
preferences. In this Section we provide new arguments in this way.

A (unidimensional) lottery is usually represented by a cumulative distribution, de-
noted F or G, which is defined on a closed interval I of R. The standard approach con-
sists in assuming an expected utility representation of the decision maker’s preferences.
In that case, letting u be a utility function defined on I and continuous, F is considered
as weakly better than G if and only if

∫
I
u(x)dF (x) ≥

∫
I
u(x)dG(x). The unanimity

of ranking within a class of utility functions, usually called an (integral) stochastic
order, is often used to distinguish distributions in terms of risk. For instance, usually,
F is considered less risky than G when G is a mean-preserving spread of F . And it
15 Indeed, a URPT transfer can be obtained by means of a finite sequence of PT transfers, but
the reverse is wrong. Hence, if the set �TURP T

would exist, we would have �TURP T
⊂�TP T

and
dominance according to the class of utilitarian social welfare function with concave utilities, cannot
be equivalent to dominance according to �TP T

and, at the same time, dominance according to
�TURP T

. Only the first equivalence is true, as well-known in the literature.
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is well-known that, for any distributions F and G such that
∫
I
xdF (x) =

∫
I
xdG(x),

G is a mean-preserving spread of F if and only if
∫
I
u(x)dF (x) ≥

∫
I
u(x)dG(x) for all

u weakly concave.
A first question is how non-expected utility preferences can be adressed. By as-

suming that the decision maker’s preferences can be represented by a continuous and
smooth functional – that is a (Gâteaux) differentiable functional V which associates
to each cumulative distribution a value in R – Machina (1982) has established that
any non-expected utility decision maker acts locally as an expected utility maximizer.
This argument is based on the following observation:

V (G)− V (F ) ≈
∫
I

vF (x)dG(x)−
∫
I

vF (x)dF (x) , (32)

where vF is the derivative of V at F , a continuous function. This derivative is usually
called local utility, as the difference V (G)− V (F ) can be approximated by the differ-
ence in the expected value of vF with respect to G and F . We emphasize that this
observation relies on the differentiability assumption required for V .

A second issue deals with the consistency of non-expected utility preferences with
stochastic orders, as these criteria are usually related to transparent notions of risk re-
duction, through simple probability mass transfers (such as mean-preserving spreads).
By considering again a continuous and smooth functional V representing the decision
maker’s preferences, Cerreia-Vioglio et al. (2016) establish the following general result.

Proposition 5 (Cerreia-Vioglio et al. (2016), Prop. 1, Page 1102). Let U? be a set of
bounded and continuous functions on I. The following two statements are equivalent:

(a) For all distributions F and G defined on I,
∫
I
u(x)dF (x) ≥

∫
I
u(x)dG(x) for all

u ∈ U? implies V (F ) ≥ V (G),

(b) The set of all derivatives of V (namely, all the local utilities) is included in the
closed convex cone generated by U? and all the constant functions.

This result establishes the necessary and sufficient condition to be placed on the func-
tional V , to make this preferences representation consistent with the stochastic order
characterized by the set of utilities U?.

As established by Muller (2013) most of the stochastic orders, even for multivariate
distributions, can be associated to sequence of probability mass transfers which can
be written as convex cones. On this basis, we can provide some answers to the two
questions previously raised. We first slightly modify our framework. We still consider
a partially ordered, finite and fixed set of outcomes S ⊂ Zd+ where each dimension
is, for instance, monetary variables written in euro cents. A (probability) distribution
is a list of p = (ps)s∈S , where ps indicates the probability of having (d-dimensional)
outcome s ∈ S, and P = {p ∈ R|S|+ |

∑
s∈S ps = 1} indicates the set of distributions.

The set T of (probability mass) transfers, assumed to be compact, is the set of all
m ∈ R|S| which can be written as m = p − p′ for some p, p′ ∈ P , and that m ∈ T
and (−m) ∈ T imply m = 0. A sequence of transfers is described by the relation �T ,
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such that we write p �T p′ if and only if �T is induced by the convex cone generated
by T . The decision maker’s preferences are represented by the function W : P → R.
Finally let UT be a set of utility vectors u = (us)s∈S ∈ R|S| consistent with �T , and
let Wu(p) =

∑
s∈S psus.

Adopting this revisited framework our Theorem 2, applied to probability distri-
butions p, p′ ∈ P , remains true. The proof arguments to establish the equivalence
between statements in (a) and (b) (presented in Proposition 2) are still valid, and the
equivalence between (a) and (c) results from Theorem 2.4.1 in Muller (2013). This
result provide an answer – partial and in a specific context, of course – to the first
question raised above, namely how to represent non-expected utility preferences. If
the objective is to reach a unanimity of ranking between two probability distributions,
for any decision-makers – even with non-expected utility preferences – who agree with
the risk-reducing impact of transfers in T (mean-preserving spread, for instance), it
is is sufficient to check the unanimity among the expected utility maximizers. This
observation puts forward the core aspect of expected utility preferences, in a situation
where a definition of ‘risk reduction’ is unanimously approved. Notice that we are in a
multivariate realm, and that no ‘smoothness’ assumptions are required for the decision
maker’s preferences.

In order to complement Proposition 5, we have the following result. It is based on
our Theorem 2 and is almost equivalent to Theorem 2 in Marshall et al. (1967). We
emphasize that, again, we deal with multivariate variables, without any smoothness
assumption.

Proposition 6. The following two statements are equivalent:

(a) For all p, p′ ∈ P, Wu(p) ≥ Wu(p′) for all UT implies W (p) ≥ W (p′),

(b) W (p+λm)−W (p) ≥ 0 for all p ∈ P, and all m ∈ T , λ > 0 such that p+λm ∈ P.

Proof (sketch of). (a)⇒ (b). Let p ∈ P , and m ∈ T , λ > 0 such that p+ λm ∈ P .
By definition we have (p+ λm) �T p or equivalently, from Theorem 2, Wu(p+ λm) ≥
Wu(p) for all UT . Now assume that (a) is true. It follows thatW (p+λm)−W (p) ≥ 0.

(b) ⇒ (a). Assume that (b) is true and that Wu(p) ≥ Wu(p′) for all UT , or
equivalently p �T p′ (from Theorem 2). We then use the same arguments as in the
proof of Theorem 2 in Marshall et al. (1967), which can be sketched as follows. Because
p �T p′, there exists T such that we can write p − p′ =

∑T
t=1 λtm·t with λt > 0 and

m·t ∈ T . From statement (b) and transitivity of W , and because p = p′+
∑T

t=1 λtm·t,
we obtain W (p)−W (p′) ≥ 0.
This result is restricted to stochastic orders which can be associated to sequence of
mass transfers written as convex cones. In practice, this restriction is not so demanding
(see Muller, 2013). It establishes the necessary and sufficient condition to be placed
on W , to make this preferences representation consistent with such a stochastic order.
Statement (b) can be interpreted – loosely speaking because W is not here assumed
differentiable – to a set of restrictions on the directional derivatives of W . It is thus
a simple, and helpful remark to answer the second question raised above, namely how
to characterize consistency of non-expected preferences with stochastic orders.
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10. Conclusion

In this paper, we present a general model for assessing social welfare within a discrete
and multidimensional framework. On the basis of a normative definition of what can be
called a ‘social welfare improvement’, we present a result in the vein of the Hardy et al.
(1952)’s theorem, establishing the equivalence between three quasi-orderings. The first
is a dominance criterion based on a sequence of such transfers, reflecting our normative
views on social welfare. The second is an unanimous ranking of distributions among
the utilitarian social planners who agree with these welfare views, whereas the last
quasi-ordering extends this unanimity to the largest class of social welfare functions
sharing these views.

This result, provided at an abstract level, can be applied in various context. It can
be used for uni- or multi-dimensional variables, with cardinal or ordinal dimensions.
The only requirement is that the considered set of transfers can be written as a discrete
cone. For instance, it can be used to complete the HLP-type theorem for a discrete
ordinal variable, partially obtained in Gravel et al. (2014). It is worth noting that,
due to its additive structure, the utilitarian class of social welfare functions is closely
related to the sequence of transfers we consider, defined as a quasi-ordering induced
by a discrete cone. The utilitarian class consistent with the welfare views provided
by the transfers appears to be a core set of preferences, as the unanimity of ranking
within this class is necessary but also sufficient to reach the unanimity in the largest
class of social welfare functions (also consistent with these views).

Whereas most of the transfers studied in the literature fall within this framework,
others do not. This is the case of the progressive transfers with solidarity among the in-
dividuals involved in the equalizing process (Chateauneuf and Moyes, 2006; Magdalou
and Moyes, 2009), which can not be written as discrete cones, unlike the Pigou-Dalton
progressive transfers. This particular feature explains why the utilitarian class cannot
distinguish these transfers to the standard Pigou-Dalton ones.

This paper provides a generalization of the equivalence between the two first state-
ments of the Hardy et al. (1952)’s theorem. An interesting extension could be to
investigate a direct equivalence with the third statement, namely an empirically imple-
mentable criterion which is, in practice, the most relevant tool to compare distributions
on real data. This question might be the object of future researches.
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