UNIVERSITA
di VERONA

Working Paper Series

Department

of ECONOMICS

Department of Economics

University of Verona

CBI-time-changed Lévy processes

Claudio Fontana, Alessandro Gnoatto, Guillaume Szulda

WP Number: 5

May 2022

ISSN:  2036-2919 (paper), 2036-4679 (online)




CBI-TIME-CHANGED LEVY PROCESSES
CLAUDIO FONTANA, ALESSANDRO GNOATTO, AND GUILLAUME SZULDA

ABSTRACT. We introduce and study the class of CBI-time-changed Lévy processes (CBITCL),
obtained by time-changing a Lévy process with respect to an integrated continuous-state branching
process with immigration (CBI). We characterize CBITCL processes as solutions to a certain
stochastic integral equation and relate them to affine stochastic volatility processes. We provide a
complete analysis of the time of explosion of exponential moments of CBITCL processes and study
their asymptotic behavior. In addition, we show that CBITCL processes are stable with respect
to a suitable class of equivalent changes of measure. As illustrated by some examples, CBITCL

processes are flexible and tractable processes with a significant potential for applications in finance.

1. INTRODUCTION

Since their introduction in [KWT71], continuous-state branching processes with immigration (CBI
processes) have represented a major topic of research in the theory of stochastic processes (we refer
to [Li20] for a recent overview of some of the main developments in the field). CBI processes belong
to the class of affine processes (see [DFS03]) and, due to their analytical tractability, have found
important applications in mathematical finance, especially in interest rate modelling (see [Fil01]).
In recent years, CBI processes have attracted a renewed interest in financial modelling, due to their
capability of reproducing empirical features of financial time series such as volatility clustering
and self-exciting jumps. In particular, self-exciting CBI processes have been exploited for the
construction of single-curve and multi-curve interest rate models in [JMS17, FGS21b|, for the
modelling of energy prices in [JMSS19, CMS22| and for stochastic volatility modelling in [JMSZ21].

In this paper, we introduce and study the class of CBI-time-changed Lévy processes (CBITCL),
obtained by time-changing a Lévy process with respect to the time integral of a CBI process. This
construction combines the distributional flexibility of Lévy processes with the self-exciting behavior
of CBI processes, while retaining full analytical tractability. As shown in the companion paper
[FGS21a], CBITCL processes have a significant potential for use in finance, notably in markets
with stochastic volatility. In this paper, we set the theoretical foundations of CBITCL processes

and derive some results that are especially motivated by financial applications.
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2 C. FONTANA, A. GNOATTO, AND G. SZULDA

The main contributions of the present paper can be outlined as follows:

e We characterize CBITCL processes as solutions to a system of stochastic integral equations
which generalizes the well-known Dawson-Li representation of a CBI process (see [DL06])
and we provide an additional characterization in terms of their semimartingale characteris-
tics. Moreover, we study the relation with affine stochastic volatility processes, adopting an
extension of the original definition of [KR11], and derive necessary and sufficient conditions
for a general affine stochastic volatility process to be a CBITCL process.

e By combining general techniques of affine processes and specific properties of CBITCL
processes, we provide a complete analysis of the time of explosion of exponential moments
of CBITCL processes. This result is of fundamental importance in financial models, where
a CBITCL process can be used to represent the log-price of an asset. We also study the
asymptotic behavior of CBITCL processes. While the existence of a stationary distribution
of a CBI process is well understood (see, e.g., [Li20, Section 10]), we provide an asymptotic
result analogous to [KR11, Theorem 3.4] for the distribution of a CBITCL process, making
use of our characterization of the lifetime of exponential moments.

e In view of financial applications, we derive a class of equivalent changes of probability
that leave invariant the class of CBITCL processes, up to a change in their parameters.
Moreover, we show how our results can be applied to two different specifications of CBITCL
processes that have been recently considered in mathematical finance.

We emphasize that, while some of our results can be derived from the general theory of affine
processes, we obtain more refined statements under minimal technical assumptions by exploiting
the specific structure of CBITCL processes.

Our work is naturally related to the use of stochastic changes of time in finance. Starting from the
seminal work [Cla73], time-changed processes have been widely adopted as models for asset prices
and we refer to [BNS15, Swil6] for detailed accounts on the topic. In particular, our work builds on
the contributions of [CGMY03, CW04], where stochastic volatility models have been constructed
by relying on time-changed Lévy processes. An empirical analysis of several specifications of such
models has been conducted in [HWO04]. While their analysis only considers time changes driven
by square-root diffusions, [HW04] point out that a promising direction of research is to investigate
models where the activity rate of the time change process exhibits high-frequency jumps. This has
been confirmed by the recent empirical analysis conducted in [FHM21]. This paper contributes to
this line of research by developing a general theoretical framework for the use of CBI processes as
time changes for Lévy processes, also allowing for the possible presence of self-exciting jumps in
the activity rate of the time change.

The paper is structured as follows. In Section 2, we state the definition of CBITCL processes,
characterize them as solutions to certain stochastic integral equations and study their relation to
affine stochastic volatility processes. Section 3 contains the analysis of exponential moments of
CBITCL processes and a study of their asymptotic behavior. In Section 4, we present a class
of equivalent changes of probability that leave invariant the class of CBITCL processes. Finally,
Section 5 contains two examples of CBITCL processes that are relevant for financial applications.
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2. DEFINITION AND CHARACTERIZATION

In this section, we state the definition of a CBITCL process and prove some foundational results
for this class of processes. We work on a probability space (2, F,P). Let us first recall the definition
of a continuous-state branching process with immigration (see, e.g., [Lill, Chapter 3] and [Li20,
Section 5]). To this effect, we introduce the following two functions:

e let ¥:R_ — R be defined by
+o0

(2.1) U(u) := Pu+ L (e —1)r(dz), VueR_,

where 8 = 0 and v is a Lévy measure on (0, +00) such that Sé zv(dz) < +o0;
e let & : R_ — R be defined by
+oo

(2.2) O(u) := —bu+ %a%ﬂ + f (e —1—uz)r(dz), VueR_,
0

where b € R, 0 € R and 7 is a Lévy measure on (0, 4+o0) such that Sfoo zm(dz) < +o0.

Definition 2.1. A Markov process X = (X;);>0 taking values in the state space R, and with
transition kernels p, : Ry x B(R;) — [0,1], for ¢ > 0, is said to be a continuous-state branching

process with immigration (CBI) with immigration mechanism ¥ and branching mechanism & if

(2.3) f]& ¢ py(z, dy) — exp (f U (0(s,u))ds + v, u)x) ,

0

for all ue R_, z € Ry and ¢t > 0, where the function v(-,u) : Ry — R_ is the unique solution to

(2.4) %(t,u) = ®(v(t,u)), v(0,u) = u.

In the following, we denote by CBI(X(, ¥, ®) a CBI process with initial value X, immigration
mechanism ¥ and branching mechanism ®. Definition 2.1 corresponds to a conservative stochasti-
cally continuous CBI process in the sense of [KWT71]. CBI processes are non-negative strong Markov
(Feller) processes with cadlag trajectories. As a consequence, the path integral ¥ := So Xsds of a
CBI process X is always well defined as a non-decreasing process and can therefore be used as a
change of time. This motivates the following definition of CBI-time-changed Lévy processes.

Definition 2.2. A process (X, Z) is said to be a CBI-time-changed Lévy process (CBITCL) if
(i) X = (Xt)i=0 is a CBI process, and
(i) Z = Ly = (Ly;)t=0, where L = (L;)>0 is a Lévy process independent of X and Y = (Y})>0
denotes the process defined by Y; := Sé Xgsds, for all £ = 0.

The Lévy exponent = of L admits the Lévy-Khintchine representation

1
(2.5) E(u) =bzu+ §U%U2 + f (ez“ —1- zu1{|z‘<1})*yz(dz), Yu € iR,
R\{0}

where (bz,07,7v7) is the Lévy triplet of L, with bz € R, 0z € R and vz a Lévy measure on R. In
the following, we write that a process (X, Z) is a CBITCL(Xy, ¥, ®, =) as a shorthand notation
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to denote the fact that (X, Z) is a CBI-time-changed Lévy process in the sense of Definition 2.2,
where W and ® are the immigration and branching mechanisms of the CBI process X, respectively,
and Z is the Lévy exponent of L.

1. CBITCL processes as solutions to stochastic integral equations. It is well-known
that a CBI process can be characterized in two equivalent ways: as the solution to the stochastic
integral equation of Dawson and Li (see [DLO06]) and as the solution to a stochastic time change
equation of Lamperti-type (see [CPGUB13]). It can be shown that these two representations of a
CBI process are equivalent in a weak sense (see [Szu2l, Theorem 2.12] for details). In the present
context of CBITCL processes, Definition 2.2 is closer in spirit to the Lamperti-type representation.
We now show that the Dawson-Li representation can be extended to CBITCL processes. To this
effect, let us introduce the following objects, assumed to be mutually independent:

e two standard Brownian motions B! = (B});=0 and B? = (B?)>o0;

e a Poisson random measure Ny(dt,dz) on (0, +00)? with compensator v(dz)dt;

e a Poisson random measure Nj(dt,du,dz) on (0, +00)? with compensator 7(dx) du dt;

e a Poisson random measure No(dt,du, dz) on (0, +00)? x R with compensator vz(dx) du dt.

In the following, we shall always use the tilde notation to denote compensated random measures.
For Xy € Ry, let us consider the following two-dimensional stochastic integral equation:

t
X, = X0+J(ﬁ—bX ds—i—aJ\/ X,dB!

(2.6) J J+OO:UN0 ds, dz) J f Srwxzvl ds, du, dz),

thbZJ Xsds+ozf \/XSngJrJJ f 2 No(ds, du, dz)
0 0 0Jo  Jz=1

t X N
(2.7) +j f J x No(ds, du, dz).
0Jo  Jpz|<1

On a given filtered probability space (2, F,F,P) satisfying the usual conditions and supporting
the processes introduced above, there exists a unique strong solution (X, Z) to (2.6)-(2.7). Indeed,
by [DL06, Theorems 5.1 and 5.2], there exists a unique strong solution X to (2.6), which corresponds
to the Dawson-Li representation of a CBI process. Since the right-hand side of (2.7) does depend
only on the process X, this implies the existence of a unique strong solution Z to (2.7) as well.

The next theorem asserts that defining CBITCL processes as in Definition 2.2 is equivalent to
defining them as solutions to the stochastic integral equations (2.6)-(2.7).

Theorem 2.3. A process (X, Z) is a CBITCL(Xy, ¥, ®, =) if and only if it is a weak solution to
the stochastic integral equations (2.6)-(2.7).

Proof. By [Li20, Theorem 8.1], a non-negative cadlag process X = (X;);>0 with initial value Xj is
a CBI(Xo, ¥, ®) if and only if it is a weak solution to (2.6). Therefore, to prove the theorem, we
can restrict our attention to the process Z. Suppose first that Z = Ly, where L is a Lévy process
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independent of X and Y = So Xsds. By the Lévy-Ito decomposition of L, it holds that

Yi Yi N
(2.8) Zy=bz Y+ o0z Wy, + f J x N(ds,dzx) + J f x N(ds,dx), Vit =0,
|z|=1 |z|<1

where W = (W;)¢>0 is a Brownian motion and N (d¢,dz) an independent Poisson random measure
on Ry x (0,400) with compensator vz (dz)dt. By the independence of X and L, there is no loss
of generality in assuming that Y; is a stopping time with respect to the filtration generated by
W and N, for every t = 0. The process Y is therefore a change of time in the sense of [JacT79,
Definition 10.1]. By [Jac79, Theorem 10.27], we can perform a change of time in the random
measure N (d¢,dx), thus obtaining

Y
f f x N(ds,dz) fj N(Xsds,dz),
|=[=1 \w|>1
Vi ~ ~
J j xN(ds,dx)zf J x N(Xsds,dx),
0 Jz|<1 0 Jlz|<1

By [IW89, Theorem I1.7.4], on a suitable extension of the probability space there exists a Poisson

vt

\Y

random measure Ny(dt, du,dz) with compensator vz(dx) dudt such that

Xs—
J J N(X;ds,dz) f J f x Na(ds, du, dx)
|z|>1 |z|=1
J J z N(X,ds,dz) =J J SJ z Na(ds, du, dz),
0 Jlz|<1 0 Jo |z|<1

Similarly, by [IW89, Theorem I1.7.1°], on a suitable extension of the probability space there exists
an independent Brownian motion B? = (B?);>¢ such that Wy, = S(t) VXsdB2, for all t > 0. We
have thus shown that Z is a weak solution to (2.7).

\%

Conversely, suppose that Z is a weak solution to (2.7). In order to show that Z = Ly, where
L is a Lévy process independent of X with exponent =, we follow the proof of [Kal06, Theorem
3.2]. Observe first that the process Z is constant on each interval [r,s] € Ry such that Y, = Yj
a.s. Indeed, for any such interval, it necessarily holds that X, = 0 a.s. for Lebesgue-a.e. u € [r, 5],
and, therefore, (2.7) immediately implies that Z is a.s. constant on [r,s]. Let Y, := lim;, o Y3,
which is well-defined since the process Y is non-decreasing, and define the inverse time change
7, = inf{t > 0:Y; > z}, for all z > 0. Define the time-changed process L' = (Ll),-y, by
Ll := 7, forall z < Y, (note that it may happen that Y., < 400, since zero is an absorbing state
for X when ¥ = 0). By [Jac79, Lemma 10.14], Z is adapted to (73).>0 and it holds that Z; = Ly, ,
for all ¢ = 0. Without loss of generality, we can assume that the stochastic basis already supports
an independent Lévy process L2 = (L?),>¢ with Lévy triplet (bz,0z,7z). Define then the process
L = (Lz)z>0 by

Ly:=Lg v+ Ly, + L2 v )lisy,), V2> 0,

where L%,go = limy, o0 Zt =: Zy on {Yy, < 400}, which is well-defined since equation (2.7) implies
that Z is a semimartingale up to infinity on {Y,, < +0}, see [CS05]. Clearly, it holds that Z; = Ly,,
for all £ = 0. To complete the proof, it remains to show that L is a Lévy process independent of
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X with Lévy triplet (bz,0z,vz). To this effect, let F5¥ := o(X;t > 0) and consider the enlarged
filtration G = (Gt)1=0 defined by Gy := (o, (Fu v Fx ), for all t > 0. Equation (2.7) together with
the independence between X and B? and N, implies that Z has semimartingale characteristics
(bzY,0%Y,77(d2)Y) in the filtration G (i.e., Z is a semimartingale with F2-conditionally inde-
pendent increments, according to [JS03, Definition I1.6.2]). Moreover, by [Jac79, Theorem 10.16],
the process L! is a semimartingale in the time-changed filtration (G.,).>¢ on the stochastic inter-
val [0, Y, [. Similarly as in the proof of [Kal06, Theorem 3.2], [Jac79, Theorems 10.17 and 10.27]
together with the fact that Y, = z, for all z < Y, imply that the semimartingale characteristics
(B,A,C) of L' in (G,),>0 are given by

B,=bzY; =byz, A, =02Y. =0%2, C,(dz) = vz(dz) Yr, = vz(dz) 2,

for all z < Y,. Therefore, for every z = 0 and u € R, making use of the definition of L together
with the dominated convergence theorem and [JS03, Theorem I1.6.6], it holds that

. _ . o
E[e'uLz |]~'£] = 1{z<Yw}E[e'ULi |]-'£] + 1{z>yoo}IE[e'“Z°° |]:O)§] ]E[eluinyoo |]_.£]
= 1{Z<Yw}65(iu)z 1oy, tETwE[eiuzt‘fé]E[eiuLg

_ 1{Z<Yw}eE(iu)z

]‘t=z—Yoo

+ 1{Z>Yoo} tli)l’lloo eE(iu)YteE(iu)(Z_Yoo)

_ eE(iu)zj

where the Lévy exponent = is associated to the triplet (bz,0z,7vz) as in (2.5). Since the right-hand
side of the last identity is deterministic, this shows that L is Lévy process with exponent = as well
as its independence of X, thus completing the proof. O

In the rest of the paper, if a CBITCL process (X, Z) is directly defined as the unique strong solu-
tion to (2.6)-(2.7), we will say that (X, Z) is given through its extended Dawson-Li representation.
We point out that the representation (2.6)-(2.7) is especially useful for the numerical simulation of
CBITCL processes (compare with [FGS21b, Appendix B] in the case CBI processes).

Remark 2.4. One of the characteristic features of CBI processes is their self-exciting behavior.
As can be deduced from equations (2.6)-(2.7), this behavior is inherited by the class of CBITCL
processes. In particular, we can observe the following;:

e The local martingale terms of the process X depend on the current level of the process
itself. This generates self-excitation since large values of the process increase its volatility.
In particular, a large jump of X increases the likelihood of further jumps of X.

e The volatility of Z is determined by X. Therefore, large values of X are associated to an
increased volatility of both processes, thus generating volatility clustering effects in (X, Y").

As mentioned in the introduction, self-exciting and volatility clustering phenomena are often
present in financial time series. Together with their analytical tractability, this makes CBITCL
processes especially appropriate for financial modeling, as illustrated for instance in [FGS21a] in
the context of foreign currency markets with stochastic volatility.
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The next proposition characterizes CBITCL processes in terms of their semimartingale differen-
tial characteristics (see [Kal06] for additional information on this notion of characteristics).

Proposition 2.5. Let (X, Z) be a CBITCL(X,V,®,Z). Then, (X, Z) is a semimartingale (in its
own natural filtration) with differential characteristics (B, A,C) relative to the truncation function
h(z) = 21yj3<1y given by

B, — (5 + Sé zu(dz)) L X, <—b — STOO zw(dz)) 7 A= X, <02 0 ) 7
(2.9) 0 bz 0 o2

Ce(dz,dz) = v(dz)do(dz) + Xi— (m(dz)do(d2) + do(dz)yz(dz)),

for allt = 0. Conversely, if (X, Z) is a semimartingale with differential characteristics given as in
(2.9), with e R, be R, 0 € R and v and © Lévy measures on (0,+0) such that Sé zv(dz) < 40
and Sfoozw(dz) < +00, then it is a CBITCL(Xy, U, ®, =), where ¥, ®, = are determined by
(B,b,0,v,m,bz,07,7v7) as in (2.1), (2.2), (2.5), respectively.

Proof. Let (X, Z) be a CBITCL(Xy, ¥, ®,=). In view of Theorem 2.3, the process (X, Z) satisfies
equations (2.6)-(2.7) on an extension (Q', F',F' | P") (see [IW89, Definition I1.7.1]). This implies that
(X, Z) is a quasi-left-continuous semimartingale on (Q', 7/, F/,P') and its differential characteristics
as stated in (2.9) can be directly deduced from (2.6)-(2.7). In view of [Jac79, Remark 10.40], it
follows that (X, Z) is also a semimartingale on (Q, F, F(X:2) P), where F(X:4) = (]:t(X’Z))t>0 denotes
the natural filtration of (X, Z), with the same differential characteristics. Conversely, if (X, Z) is
a semimartingale, then its canonical representation is determined by its differential characteristics
(see [JS03, Theorem I1.2.34]). Suppose that the differential characteristics of (X, Z) are given as
in (2.9). By considering the canonical representation of (X, Z) and arguing similarly as in the first
part of the proof of Theorem 2.3, it is easy to see that (X, Z) satisfies (2.6)-(2.7) on a suitable
extension of the original probability space. Therefore, the semimartingale (X, Z) is a weak solution
0 (2.6)-(2.7). By Theorem 2.3, it follows that (X, Z) is a CBITCL(Xy, ¥, ®, ). O

2.2. CBITCL processes as affine processes. In this section, we regard CBITCL processes as
affine processes in the sense of [DFS03]. More specifically, we connect CBITCL processes to affine
stochastic volatility processes as considered in [KR11]. We first state the following proposition,
which provides the Fourier-Laplace transform of the joint process (X,Y,Z), where Y := So X, ds.
Without loss of generality, we suppose that (X, Z) is given by its extended Dawson-Li representation
on a filtered probability space (2, F,F,P) supporting the processes introduced in Section 2.1.

Proposition 2.6. Let (X, Z) be a CBITCL(Xy, ¥, ®,Z) and consider the process (X,Y, Z), where
Y := { X;ds. Then, (X,Z) and (X,Y,Z) are affine procesess on the state spaces Ry x R and
]Ri x R, respectively, and it holds that

(2.10) E[e“lXTJr“QYT*“?’ZTU-}] = exp(U(T —t,uy, ug,ug) + V(T — t,ur, ug, ug) Xy + u2Yy + uth),
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for all (uy,u2,u3) € C2 x iR and 0 <t < T < 400, where the functions U (-, u1, us,u3) : R, — C

and V(-,u1,u2,u3) : Ry — C_ are solutions to

¢
(2.11) U(t,ug,ug,uz) = f U (V(s,u1,uz,us)) ds,
0
oy _
(2.12) g(taulau27u3) = ®(V(t,u1,u2,u3)) + ug + E(ug), V(0,u1,u2,u3) = u1,

where ¥ : C_ — C and ® : C_ — C denote the analytic extensions to C_ of the corresponding
functions given by (2.1) and (2.2), respectively.

Proof. By [DFS03, Corollary 2.10], the process X is an affine process, since it is a CBI(Xy, ¥, ®)
by definition. In view of [KR09, Theorem 4.10], the process (X,Y) is also an affine process, with
functional characteristics (\fl, &J) given by

~ ~

\I’(’U,l,UQ) = \I’(’U,l), (I)(’U,l,UQ) = (ID(ul) + ug, V(ul,u2) € (C2

Since L is by definition a Lévy process independent of X, [KR09, Theorem 4.16] implies that
(X,Y,Z) is an affine process on R? x R, with functional characteristics (U, ) given by

@(ul,UQ,Ug) = ‘/I\f(ul,uQ + E(U3)) = \Il(ul),

P (uy, ug,uz) = P(ur,ug + E(uz)) = ®(ur) + uz + Z(us),

for all (uy,us2,us) € C2 xiR. By [DFS03, Theorem 2.7], the Fourier-Laplace transform of (X,Y, Z)
is given by (2.10) in terms of the solutions to the Riccati equations (2.11)-(2.12). Finally, the fact
that (X, Z) is an affine process on Ry x R follows from [KR09, Proposition 4.8]. O

The availability of the explicit characterization of the conditional Fourier-Laplace transform
stated in Proposition 2.6 is of great usefulness for the application of CBITCL processes in finance.
More specifically, many pricing applications require the computation of conditional expectations
of the form (2.10), where Y typically plays the role of a discount factor.

In line with [KR11], we say that a process (X, Z) taking values in R, x R is an affine stochastic
volatility process if it is an affine process and its Fourier-Laplace transform has the structure
(2.10) (with ug = 0), for some functions & and V. This terminology is explained by the fact
that, in financial applications, the process Z usually plays the role of the log-price process of

L Proposition 2.6 directly implies

a risky asset, while X represents its instantaneous variance.
that CBITCL processes are affine stochastic volatility processes. In the next result, we study the
converse implication. We recall that, if (X, Z) is an affine process on R, x R, then the compensator
of its jump measure is of the form v(*%)(dt, dz,dz) = (mo(dx, dz) + X;_mq(dz, dz))dt, where mq
and my are Lévy measures on Ry x R satisfying S(R+><R)\{O}(1 A (x4 2%))mo(dz,dz) < +oo (see,

e.g., [KR11, Section 2.1]).

e point out that the notion of affine stochastic volatility process that we adopt in this paper is more general
than [KR11, Definition 2.8]. Indeed, we do not require that exp(Z) is a martingale nor impose a non-degeneracy
condition on = (corresponding to conditions (A3)-(A4) in [KR11]). An explicit characterization of the martingale

property of exp(Z) will be given below in Corollary 4.3.
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Proposition 2.7. Let (X, Z) be an affine stochastic volatility process. Then, (X, Z) is a CBITCL

process if and only if the following three conditions hold:

(i) [X,Z] =0 (up to an evanescent set);
(i) §1 4 o0)xm @ma(de,dz) < +oo;

(iii) Z is a.s. constant on every interval [r,s] = Ry such that §* X,_du =0 a.s.

Proof. If (X, Z) is an affine stochastic volatility process, then by [DFS03, Theorem 2.12] it is a
semimartingale with differential characteristics (B(X:%), AX:2) ¢(X:2)) given by

b 0 O a a2
BX2) _ b1 cx (0 AX2) _ Lx, [ @)
! B2 =\ by ! 0 o " \an a

Ct(X’Z) (dx’ dz) = mo(de, dZ) + Xt—ml(dxv dZ),

where (81, 82) € Rt xR, (b1,b2) € R?, g € Ry and the matrix (1! §12) is symmetric positive semi-
definite. If condition (i) holds, then (X¢, Z¢) = 0, which implies that a1 = a9 = 0. Furthermore,
always as a consequence of condition (i), the processes X and Z do not have common jumps, which
implies that the Lévy measures m;(dz,dz) have the following structure:

mi(dx, dz) = mX (dz)do(dz) + So(dz)mZ (dz), for i =0,1.

Condition (ii) therefore implies that S;r *2mi(dz) < +o0. Moreover, if condition (iii) holds, then
the process Z is constant on all intervals [r,s] € R, such that X, = 0 a.s. for a.e. u € [r,s],
which in turn implies that B2 = 0, az = 0 and m¥ = 0. Recalling that S(o,1)$m5{(d$) < 4o,
since (X, Z) is assumed to be an affine stochastic volatility process, we have thus shown that the
differential characteristics (B(X04), A(X:2) ¢(X.2)) can be written in the form (2.9). By Proposition
2.5, it follows that (X, Z) is a CBITCL process. The converse implication is straightforward. [

3. FINITENESS OF EXPONENTIAL MOMENTS AND ASYMPTOTIC BEHAVIOR

In this section, we study the existence of (discounted) exponential moments of CBITCL processes
and their asymptotic behavior. These properties are intimately connected to the maximal lifetime
of the solutions to the Riccati equations, explicitly characterized in Theorem 3.4 below.

3.1. Finiteness of exponential moments. In financial applications of CBITCL processes, the
finiteness of (discounted) exponential moments typically represents an indispensable requirement
(see, e.g., [FGS21a, FGS21b]). In order to make use of some results of [KRM15] for general affine
processes, let us define the convex set Dx as follows:

+00
(3.1) Dx := {u eR: j e (v +m)(dz) < +oo}.

1
The set Dx represents the effective domain of the functions ¥ and ®, which can be extended as

finite-valued convex functions on Dy. Similarly, let us define

(3.2) Dy = {u eR: J e vz(dz) < —i—oo},
|z|=1
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which represents the effective domain of the Lévy exponent = when restricted to real arguments.
By standard results on exponential moments of Lévy measures (see, e.g., [Sat99, Theorem 25.17)),
the Lévy exponent = can be extended as a finite-valued convex function on D.

Adapting [KRM15, Definition 2.10] to the present setup, we introduce the following definition.

Definition 3.1. For (uj,u2,u3) € Dx x R x Dy, we say that (U(-,u1,u2,us), V(-,u1,uz,us)) is a
solution to the extended Riccati system if it solves the following system:

t
(3.3) U(t,uy,ug,uz) = f U (V(s,u1,uz,us))ds,
0
oV —
(3.4) ﬁ(t’ Ul, U2, uz) = @(V(t,ul,uQ,u;;)) + ug + =(ug), V(0,uy,u2,u3) = uy,

up to a time T(u1:u2:u3) ¢ [0, +o0], with T(w1u2,u3) denoting the joint lifetime of the functions
U(-,ur,ug, ug) - [0, TO121)) — R and V(- w1, uz,ug) : [0, T203)) — Dy,

Definition 3.1 extends the Riccati system (2.11)-(2.12) by allowing for the possibility of explosion
in finite time. In some situations, which will be precisely characterized in Theorem 3.4 below, the
lifetime T(“1:¥2:43) turns out to be infinite, in which case (3.3)-(3.4) admit a global solution.

It is well known that the branching mechanism function ® is locally Lipschitz continuous on
the interior D% of the set Dy, but it may fail to be so at the boundary 0Dx. Therefore, a
solution V(-,u1, u2,us) to the ODE (3.4) may not be unique when it starts at 0Dx or reaches it
at a later time. This observation motivates the introduction of the concept of minimal solution
in [KRM15]. In our setup, for the sake of tractability, we prefer to impose an additional mild
technical assumption which guarantees uniqueness of the (local) solution to the ODE (3.4) for
every (u1,us,u3) € Dx x R x Dy. To this effect, we define

(3.5) Y :=sup{z > 0: ¥(z) < +o0} and ¢ :=sup{z > 0: ®(z) < +w}.

Since Dy is a convex set containing R_, it can be written as Dx = (—o0,% A @), or (—0, 9 A @]
when U(y) A ¢) v ®(¢ A ¢) < +00 (which is equivalent to | e¥"??(v + 7)(dz) < +o0). The
function @ is convex and, hence, differentiable almost everywhere on D%, with derivative given by

+00
(3.6) O(z) = —b+ 02z + f e —1)r(ds),  VoeD%.
0

If ) A ¢ = 400, then Dx = R, in which case ® € C'(R,R) obviously holds. If ¢ A ¢ < +c0, the
following assumption ensures that ®(¢) A ¢) < 400, which in turn implies that ® € C!(Dy,R).

Assumption 3.2. If ) A ¢ < +00, then {[ ™ ze(¥ 9?1 (dz) < +o.

The validity of Assumption 3.2 can be easily checked for each specific type of CBITCL process.
Moreover, as illustrated in Section 5, it is satisfied by a large class of models. Under Assumption
3.2, there exists a unique solution (U(-,u1,u2,us), V(-,u1,u2,u3)) to the extended Riccati system
(3.3)-(3.4) up to time T(uru2.u3) for all (u1,uz,u3) € Dx x R x Dz. This enables us to state the
following result, which extends Proposition 2.6 and follows directly from [KRM15, Theorem 2.14].
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Lemma 3.3. Let (X,Z) be a CBITCL(Xo, ¥, ®,Z) and Y := §; X, ds. Suppose that Assumption
3.2 holds. Then, for all (uy,uz,u3) € Dx X Rx Dy and 0 <t < T < T(uu2.u3) it holds that

(3.7) E[eulXT+u2YT+u3ZT |]:t] = eXp(U(T - t, Ui, u2, U3) + V(T - t, Uut, u2, U3)Xt + UQKg + U3Zt),

where (U(-, u1,ug,us), V(-,u1,uz,us)) is the unique solution to the extended Riccati system (3.3)-
(3.4) defined up to time (u1,uz,us)

The lifetime T(“1:42:43) ig closely connected to the finiteness of exponential moments of the
process (X,Y, Z). Indeed, in view of [KRM15, Proposition 3.3], it holds that

(3.8) T(w2s) — gup{t > 0 : E[enXrueYitusZi] < oo},

The next theorem is the main result of this section and provides an explicit formula for T(¥1:u2:u3)
for every (uy,uz,u3) € Dx x R x Dz. The proof is based on techniques similar to [KR11, Theorem
4.1], which covers the case of affine stochastic volatility processes. However, our theorem is specific
to CBITCL processes and avoids the additional assumptions of [KR11, Theorem 4.1]. In particular,
it allows for CBI processes X with an arbitrary (not necessarily strictly subcritical, i.e. b > 0)

branching mechanism ®. For (ug2,u3) € R x Dz, we introduce the following notation:
Sluzus) . — {z € Dx : ®(x) + ug + E(us) < 0} and x(“218) .= sup S®2U8) € [—a0, ¢ A @],
with the convention x(#2%3) = —oo if the set S(t243) is empty.

Theorem 3.4. Let (X,Z) be a CBITCL(X,V,®,Z) and suppose that Assumption 3.2 holds.
Then, for all (u1,u2,u3) € Dx x R x Dy, the lifetime T(w1u2,u) s given as follows:

(i) if ug < x (298, then TW1u2:3) = yoo;

(ii) if up > x(#2%3) | then

PAP
(3.9) Tuzus) — f de :
v P(x) +ug + E(us)

Proof. For simplicity of notation, for fixed (uj,ug,u3) € Dx x R x Dz, we denote by T and TV
the lifetimes of the functions U+, u1, ug, usg) and V(-, u1, uz, ug) solutions to (3.3)-(3.4), respectively.
Making use of this notation, the lifetime T(u1,u2,u3) can be decomposed as T(41:u2us) = TU A TV,
Always for simplicity of notation, we omit to write the superscript (ug, u3) in x(42:43) and Su2us),
Let us first consider the case u; < x. If ®(u;) + ugs + Z(ug) = 0, then the constant function
V(-,u1,u2,u3) = uy is the unique solution to (3.3), so that TY = +o0. Since u; € Dy, we also have
TY = 400, which implies that T(#1:42:43) — {00, Suppose now that ®(u;) + ug + Z(u3) < 0. Let us
define ¢ := inf S, with & = 400 if the set S is empty. Note that, in the present case, £ < u; and, if
& > —o, then (&) +u2+=Z(uz) = 0. By convexity of @, it holds that ®(z) +u2 + =(uz) < 0, for all
x € (§,u1]. Therefore, equation (3.3) implies that the function V(-, u, ug, u3) is strictly decreasing

and we can write

u dz
t——f — , for all t = 0.
Vi(tun uz,uz) P(T) +u2 + E(us)
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Letting t — 400 on both sides of this identity, we obtain that V(t, u1, uz, ug) — £ as t — +o0, while
€ < V(t,ur,u,u3) < up for all t = 0. This shows that TY = +00. Moreover, making use of the
structure of ¥, we obtain —o0 < U(t, ur, ug, u3) < t¥(uyp) for all ¢ > 0, implying that T = +00. We
have thus shown that T(#1:42:43) — oo If uy < x and ®(u1) + up + Z(u3) > 0, then we necessarily
have u; < £ € Dx and ®(z) + ug + E(us) > 0, for all z € [u1,&). Arguing similarly as above, this
implies that u; < V(t,u1,uz,u3) < & for all ¢ > 0, which in turn leads to T(#1:42:43) — {0,

Let us now consider the case u; > x (which includes the case x = —o0). By using the convexity of
&, we have ®(uy) + ug + Z(uz) > 0, implying that the function V(-, w1, ua, us) is strictly increasing
with values in [u1,¢]. The function V(-,u,us,us) can be extended to a maximal interval of
existence [0, T*) such that one of the following two cases occurs:

(i) T* = 4o0;
(ii)) T* < 400 and limy_,+ V(t, u1, uz, ug) = ¢.

In case (i), since V(-, u1, ug, us) is strictly increasing, the limit [ := lim;_, ;o V(¢, u1, uz, us) is well-
defined with values in (u1,¢] U {+o0}. Suppose that [ < 400, i.e., the line y = [ is a horizontal
asymptote for V(-,ui,ug,us) as t — +oo. This implies that %(t, uy,ug,uz) — 0 as t — +oo.
Letting t — +00 on both sides of (3.3), this yields ®(I) + us + Z(u3) = 0, contradicting the fact
that ®(x) + ua + Z(uz) > 0 for all x > x. Therefore, the limit ! must necessarily be infinite, which
can only happen if ¢ = +00 and, in this case, lim;_, ;o V(t, u1, uz, u3) = ¢, analogously to case (ii).
In case (ii), let (Tj)nen be an increasing sequence such that T,, — T* as n — +o00. Similarly as
above, making use of equation (3.3), we can write

(3.10) T, = for all n e N.

V(Tn,u1,u2,u3) dz
L1 O (z) + uz + Z(ug)’

Letting n — 400 on both sides of (3.10) yields

T _ J¢ da
w P(x) +ug + E(ug)’

which represents the lifetime TV of the function V(-,u1, us,u3). To complete the proof, it suffices
to observe that, if ¢ < 1, then Sé U(V(s,u1,uz,ug))ds is always finite whenever V(t, uy, ug, us) is
finite, so that T®1u2us) — TV If ¢ > ¢, then T1¥28) — inf{t € Ry : V(t,uy,us,u3) = 1}
Without loss of generality, we can assume that there exists n € N such that T,, = T®1:u2:u8) and
V(Ty,u1,uz,us3) = 1. Inserting this into equation (3.10) and combining the two cases ¢ < 1 and
¥ < ¢ gives formula (3.9). O

Remark 3.5. (1) The result of Theorem 3.4 is of great importance in financial applications. Indeed,
many derivatives can be efficiently priced by resorting to Fourier representations of their payoffs and
exploiting the knowledge of the conditional characteristic function of the joint process (X, Y, Z) (see,
e.g., [Fil09, Section 10.3]). This requires an extension of (3.7) to the complex domain. As shown in
[KRM15], the feasibility of this extension crucially depends on the fact that the lifetime T(1:42/us)
is greater than the maturity of the derivative to be priced, for suitable (u1,u2,u3) € Dx x R x Dy.
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(2) In asset pricing models, the finiteness of the lifetime T(%“1:42:43) for (uy, ug, u3) € Dx xRx Dy,
is intimately related to the shape of the implied volatility smile at extreme strikes, see [Lee04] and
[KR11, Section 5.1]. Therefore, the availability of an explicit description of T(#1:%2:43) in Theorem
3.4 permits to characterize the tail behavior of the implied volatility smile in financial models
driven by CTBICL processes, as will be illustrated in the examples considered in Section 5.

(3) In the case of classical CBI processes, a characterization of the time of explosion of exponential
moments has been obtained in [FGS21b, Theorem 2.7]. The latter result can be recovered as a

special case of Theorem 3.4 by taking us € R_ and usg = 0.

The following corollary provides a necessary and sufficient condition for the finiteness of expo-
nential moments for all u; € Dy, for fixed but arbitrary (ug,us) € R x Dz. Whenever 1) A ¢ = 400,
we denote @ (¢ A @) := limy— 4o P(u), which is well-defined with values in {—o0, +00}.

Corollary 3.6. Let (X,Z) be a CBITCL(X(,V,®,Z) and suppose that Assumption 3.2 holds.
Assume furthermore that, if 1 < +00 and ¢ < ¢, then SIFOO e¥?*v(dz) < 4. Let (uz,u3) € R x Dy.
Then, T(1u2:43) — 4 oo holds for all uy € Dy if and only if ®(Y A @) + uz + Z(usz) < 0.

Proof. Note first that, under the present assumptions, Dx = (—0,1 A ¢] whenever ) A ¢ < +00.
Suppose first that ®(¥ A ¢) + up + E(uz) < 0. In this case, x(“>%3) = ) A ¢ (in both cases
Y A ¢ < 400 and ¢ A ¢ = +0). By Theorem 3.4, it follows that T(“1:42:43) — 4 oo for all u; € Dy.
Conversely, suppose that T(“1:42u3) = 4 oo for all u; € Dx. If ¥ A ¢ < +00, then ¢ A ¢ € Dx and,
therefore, T(WA®u2us) — 4 oo Arguing by contradiction, suppose that ®(¢) A ¢) + up + Z(usz) > 0.
In that case, by the properties of the function ®, we would have y(¥243) < 4 A ¢. But then formula
(3.9) would imply that TWArdu2,u3) — () thus leading to a contradiction. On the other hand, if
¥ A ¢ = 400, then T(@1u2:u3) — Lo for all u; € Dy = R. Arguing by contradiction, suppose that
O(¢ A @) +ug +=(usg) > 0. In this case, there exists M > 0 such that ®(z) + uz + Z(usz) > 0 for all
z > M. In turn, this yields x(“2%3) < M, which by Theorem 3.4 would imply that T(M-u2:43) < 4o,
thus leading to a contradiction. O

3.2. Asymptotic behavior of CBITCL processes. In this section, we study the long-term
behavior of a CBITCL process (X, Z). If the CBI process X is strictly subcritical (i.e., b > 0),
then it converges in law to a unique stationary distribution 7, with Laplace transform L, given by

L,(\) = exp (Jj ig; dx) , for all A <0,

see [Li20, Theorem 10.4]. In general, the time-changed Lévy process Z does not admit an ergodic

distribution. However, similarly as in [KR11, Section 3.2] but under weaker technical assumptions,
we can prove that the rescaled cumulant generating function % log E[e%%t] converges to a limit that
corresponds to the cumulant generating function of an infinitely divisible random variable.

Let (X, Z) be a CBITCL(Xy, ¥, ®,Z) and suppose that Assumption 3.2 is satisfied. We recall
from Lemma 3.3 that

E[e"?t] = exp(U(t,0,u) + V(t,0,u) Xo), for all u € Dy,
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where (U(-,0,u),V(-,0,u)) is the unique solution to the following extended Riccati system:

(3.11) U(t,0,u) = f ¥ (V(s,0,u))ds,
0
(3.12) ?:(t,(),u) =®(V(t,0,u)) + E(u), V(0,0,u) = 0,

for all 0 < t < T(u), where T(u) := T(O%% denotes the maximal lifetime of (U(-,0,u), V(-,0,u)).
The next corollary follows directly from Theorem 3.4 and provides an explicit description of T'(u).
In the following, for simplicity of notation, we denote x(u) := x(®%.

Corollary 3.7. Let (X,Z) be a CBITCL(Xy,V,®,Z) and suppose that Assumption 3.2 holds.
Then, for all uw € Dy, the lifetime T(u) is given as follows:
(i) if x(u) =0, then T(u) = +o0;
(ii) if x(u) <0, then
YA dz
(3.13) T(u) Jo @) 1 )

By Corollary 3.7, T(u) = +o0o for all u € Dz such that y(u) = 0, meaning that the functions
U(t,0,u) and V(t,0,u) are finite for all ¢ > 0. The study of the asymptotic behavior of E[e%%t]
therefore requires analysing the asymptotic properties of the functions U(-,0,u) and V(-,0,u) for
all ue X := {u e Dy : x(u) = 0}. This is the content of the next proposition, which specializes
[KR11, Theorem 3.4] to the case of CBITCL processes. More precisely, by relying on Corollary 3.7
and exploiting the specific structure of a CBITCL process, we obtain an asymptotic result which
only requires the CBI process X to be strictly subcritical, besides the technical requirement of
Assumption 3.2, thereby weakening the assumptions of [KR11].

Proposition 3.8. Let (X, Z) be a CBITCL(Xy, ¥, ®,E) with b > 0 and suppose that Assumption
3.2 holds. For all ue X, define {(u) := inf{x € Dx : ®(x) + Z(u) < 0}. Then, it holds that

. . 1
tEIfoov(t’ 0,u) = &(u) and tEIJPoo QU(t, 0,u) = ¥(&(u)), for every u e X.

Proof. The branching mechanism & satisfies ®(0) = 0 and is continuous and convex. Moreover, if
b > 0, then lim,_, o ®(z) = +oo. Making use of these properties, for each u € X, the fact that
{reDx : ®(x)+E(u) <0} # & implies that the quantity £(u) is finite-valued and belongs to Dx.
In addition, by continuity of ®, it holds that

(3.14) ®(&(u)) + E(u) =0, for all u e X.

For u € X, let us consider separately the three cases £(u) = 0, £(u) < 0, and &(u) > 0. If £(u) = 0,
then Z(u) = 0 by (3.14) and the function V(-,0,u) = 0 is the unique solution to (3.12), so that
V(t,0,u) — £(u) as t — +oo trivially holds. If £(u) < 0, then we necessarily have that =Z(u) < 0.
By convexity of ®, it holds that ®(z) + Z(u) < 0 for all z € ({(u),0]. Equation (3.12) therefore
implies that the function V(-,0,u) is strictly decreasing and satisfies £(u) < V(¢,0,u) < 0 and

0 —dx
t— Y frallt =0
fv(t,o,u) ®(z) + E(u)
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Letting ¢t — 400 on both sides of this identity and recalling (3.14), we obtain that V(¢,0,u) — &(u)
as t — +oo. If £(u) > 0, then we necessarily have that ®(z) + =(u) > 0 for all z € [0,£(u)), which
implies that the function V(-,0,u) is strictly increasing and satisfies 0 < V(¢,0,u) < &£(u) and

0 _
t:f _—de for all £ = 0.

vt (@) + E(u)
Analogously to the preceding case, letting ¢t — 400 on both sides of the latter identity and making
use of (3.14), we obtain that V(¢,0,u) — &(u) as t — +oo. Finally, for all u € X, the convergence
of the function t — (1/t)U(t,0,u) directly follows from equation (3.11):

t

%L{(t,o,u) = % j \I/(V(S,O,u)) ds — ‘P(f(u))

0 t—+00

Proposition 3.8 yields the following long-term behavior of the time-changed Lévy process Z:

1 1 1
n logE[e“Zt] = ;U(t, 0,u) + n V(t,0,u) Xy R \I/(E(u)), for all u e X.

—+00

Similarly as in [KR11, Theorem 3.4], it can be shown that £(-) and W(£()) are cumulant generating
functions of infinitely divisible random variables. We can therefore conclude that the marginal
distributions of Z are asymptotically equivalent to those of a Lévy process with characteristic
exponent W(£(+)). Notice that ¥(£(-)) corresponds to the exponent obtained by subordinating
a Lévy process with exponent £ by an independent Lévy process with exponent ¥, see [Sat99,
Theorem 30.1]. In particular, this subordinator is equivalent to the one appearing in the Lamperti-
type representation of the CBI process X (see [CPGUB13] and also [Szu21, Section 2.5]).

4. CBITCL-PRESERVING CHANGES OF PROBABILITY

In this section, we describe a class of equivalent changes of probability that leave invariant the
class of CBITCL processes. More precisely, we consider Esscher-type changes of measure under
which a CBITCL process remains a CBITCL process, with modified branching and immigration
mechanisms and Lévy exponent. The results of this section are motivated by financial applications,
where one typically wants to ensure that a model preserves its structural characteristics under both
the statistical and the risk-neutral probability, as well as under risk-neutral probabilities associated
to different numéraires (see [FGS21a] for an application to a multi-currency market).

Let us fix two constants ¢ € R and A € R and consider the process W = (W, )0 defined by

(41) W, = C(Xt — Xo) + A7, vVt = 0.

In view of [JS03, Proposition 11.8.26], the process W is an exponentially special semimartingale if
and only if ( € Dx and A € Dyz. In this case, VW admits a unique exponential compensator, i.e., a
predictable finite variation process K = (K;);>0 such that exp(WW — K) is a local martingale. The
following lemma provides the explicit representation of the exponential compensator .
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Lemma 4.1. Let (X, Z) be a CBITCL(Xy, ¥, ®,=Z). Consider the process W defined by (4.1), with
C e Dx and X\ € Dy. Then, the exponential compensator K of W is given by

(4.2) K =t0(¢) + Y (2(¢) + E(N)), Vi = 0.

Proof. In view of [KS02, Theorems 2.18 and 2.19], taking into account that CBITCL processes are
quasi-left-continuous, the exponential compensator K coincides with the modified Laplace cumulant
process of (X, Z) computed at 6 = (¢, \). The latter can be explicitly expressed in terms of the
semimartingale differential characteristics of (X, Z), given in Proposition 2.5. Hence, for all ¢t = 0,

t 1
K = L <0TBS + §0T./43 0 + J‘]R2 (69Tx -1- 9T$1{|x|<1})cs(dx)>d8

= t(ﬁg‘ + foo (e%% — 1)1/(daz)> +Y, <—b§ + %U%Q + Lm (e —1— (m)w(dx))

0

1
+Y; (bz)\ + 50%)\2 + J (6/\96 —1- /\xl{x|<1})’yz(dx))
R

= t0(¢) + Yy (2(C) + E(N)).
O

The process W introduced in (4.1) can be used to define an equivalent change of probability
that leaves invariant the class of CBITCL processes. We consider a time horizon 7 < +00 and
assume that (X, Z) is directly given through its extended Dawson-Li representation (2.6)-(2.7) on
a filtered stochastic basis (2, F,F,P). In view of Theorem 2.3, this entails no loss of generality.

Theorem 4.2. Let (X,Z) be a CBITCL(Xy,V,®, =) and suppose that Assumption 3.2 holds.
Consider the process VW defined in (4.1), with ( € Dx and X € Dy, and its exponential compensator
K given by (4.2). Then, the process (exp(Wr — Kt))ie[o,7] @8 @ martingale. Moreover, under the
probability measure P’ ~ P defined on (0, F) by

(4.3) (ﬁ; = VTR

the process (X, Z) remains a CBITCL process up to time T, with parameters ', V', V', o', 7', V,,
o'y, and ~,, reported in Table 1.

Proof. By Lemma 4.1, the process exp(W — K) is a local martingale and, by Fatou’s lemma, also
a supermartingale. Therefore, to prove the martingale property of (exp(W; — Kt))efo, 77, it suffices
to show that E[exp(W7 — K7)] = 1. More specifically, making use of equations (4.1) and (4.2), we
will prove that

(4.4) 67<X0’T‘I’(C)E[eCXT*(q’(CHE(A))YTJn\ZT] 1

Recalling the notation introduced in Section 3.1, we have that ¢ < x(“®©=EMA " Theorem 3.4
therefore implies that T(=®(Q==(NA) — Lo, thus showing that the expectation in (4.4) is finite.
Moreover, under Assumption 3.2, there exists a unique solution to the extended Riccati system
(3.3)-(3.4) with (u1,u2,us) = (¢, —®(¢) — Z(A), A). The solution to (3.4) is given by the constant
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’ CBITCL parameters under P’ ‘
§ =5

V(dz) = eS*r(dz)

b :=b—(o?— Saroo 2(e$* — 1)m(dz)

/

o =0
7'(dz) := e“*7(dz)

vy, :=bz + \o% + S| <1 z (e —1)yz(dz)

ol =0z

7 (dz) 1= e 5(d2)
TABLE 1. Parameter transformations from P to P/
for the CBITCL process (X, 7).

function V(-,(, —®({) — E(N\), A) = ¢, which in turn implies that U (¢, {, —P(¢) — Z(A), ) = t¥(Q),
for all ¢ = 0. The validity of (4.4) then follows directly from Lemma 3.3. We have thus shown that
(4.3) defines a probability measure P’ ~ P with density process (exp(W; — Kt))sefo,77-

In order to show that (X, Z) is a CBITCL process under ', we first express (exp(W; —Kt))e[0,7]
as a stochastic exponential, making use of [JS03, Theorem II.8.10] together with the extended
Dawson-Li representation (2.6)-(2.7) of (X, Z):

(gaf VX, dB! +)\azf VX, dB? + Jj 1) No(ds, dx))

><5<fJ Srw 1)1 (ds, du, dz) JJ j 1) No(ds, du dx))

By Girsanov’s theorem, the processes (Bg’l)te[oﬂ—] and (Bg’z)te[oﬂ—] defined by

t t
B;’l = Btl—(:ajo A/ X ds and B£’2 = Bf—)\azfo v/ X ds, vVt e [0, 7],

are independent Brownian motions under P’. Again by Girsanov’s theorem, under P’ the com-
pensated Poisson random measures associated to Ny(d¢, dx), Ny (dt, du, dz), and No(dt, du, dz) are
respectively given by

Ny(dt,dz) := No(dt,dz) — e““v(da) dt,
N/ (dt, du,dz) := Ni(dt,du, dz) — e$*r(dz) dudt,
N5(dt, du, dz) := Ny(dt, du, dz) — eMvyz(dz) du dt.

Therefore, under the probability P/, the extended Dawson-Li representation (2.6)-(2.7) of (X, Z)
can be rewritten as follows:

t t
Xy = Xo+ J (B =V Xs)ds + Glj v/ X ng’l
0 0
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t r+00 t rXs— r+o0 -
+ f f x No(ds,dz) + J J f xNj(ds,du,dz),
0Jo 0 Jo 0

¢ t t X
Zy :b/Zf Xsds—i—a’zf \/XsdB;’Q—i-J J f xNy(ds, du, dz)
0 0 0 Jo |z|>1

t Xso N
+J f f N (ds, du, dx),
0 Jo lz|<1

where the parameters 3',0',b,,0’, 07, are given as in Table 1. By Theorem 2.3, it follows that
(X, Z) is a CBITCL process under ', thus completing the proof. O

As pointed out at the end of Section 2.2, in financial applications the component Z of a CBITCL
process (X, Z) is typically related to the log-price process of an asset. In order to ensure absence
of arbitrage, it is useful to have conditions characterizing the martingale property of exp(Z). To
this end, by exploiting the previous results, we can state the following corollary.

Corollary 4.3. Let (X,Z) be a CBITCL(Xy, ¥, ®,Z) and suppose that Assumption 3.2 holds.
Then, the process (eZt)te[(]’T] is a martingale if and only if 1 € Dy and E(1) = 0.

Proof. If 1 € Dz and Z(1) = 0, by making use of (4.1) with ({,A) = (0, 1) together with Lemma 4.1
and Theorem 4.2, we directly obtain that (eZi)te[O’T] is a martingale. Conversely, if (eZt)te[qu—] is
a martingale, then E[e?7] = 1. By [KRM15, Theorem 2.14-(a)], it follows that 1 € Dz. Moreover,
in view of (3.8), we have that T(%01) > 7. By Lemma 3.3, the martingale property of (eZt)te[O,T]
necessarily implies that V(¢,0,0,1) = 0, for all ¢ € [0, 7]. Since the ODE (3.4) admits a unique
solution under Assumption 3.2, it follows that =(1) = 0. O

5. EXAMPLES AND APPLICATIONS

In this section, we present some examples of CBITCL processes that are particularly appropriate
for financial applications and that possess a self-exciting behavior. In Section 5.1, we analyze the
alpha-CIR process recently studied in [JMS17, JMSZ21] from the viewpoint of CBITCL processes.
In Section 5.2, we discuss the CBITCL process adopted in [FGS21a] for the modelling of multi-
currency markets with stochastic volatility.

5.1. Alpha-CIR process and geometric Brownian motion. Let us consider a process (X, Z)
such that
(i) X is an a-CIR process;
(ii) Z = Ly, where the Lévy process L is given by the drifted Brownian motion L; := B, —t/2,
for all ¢t = 0, and the change of time process is given by Y = So X ds.

We recall from [JMS17] that an a-CIR process is defined as the unique strong solution to the
following SDE (see [FL10, Corollary 6.3)):

¢ ¢ ¢
(5.1) Xt=X0+f (ﬁ—bXs)ds%-Jj \/Xsst-F?]j J/ Xs— dLg,
0 0 0
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with b > 0, n > 0, 8,0 € R, and where B is a Brownian motion independent of B and L is
a spectrally positive compensated a-stable Lévy process independent of B and B, with stability
parameter « € (1,2) and Lévy measure C,, z_l_o‘l{z>0}dz, where C, is a suitable normalization
constant (see [JMS17] for additional details). It can be easily verified that X is a CBI process
with v = 0 and 7(dz) = naCazflfal{Do}dz. The immigration mechanism is simply given by
®(u) = fu, while the branching mechanism is

(5.2) B(u) = —bu + %(JU)Q Oy T(—a)(—nu)?,

where I' denotes the Gamma function extended to R\Z_ (see [Leb72]). With this specification, we
have ¢ = 0 and ¢ = +o0, implying that Dx = (—o0,0]. Since SIFOO zm(dz) < +o0, Assumption 3.2
is satisfied. As a consequence of Theorem 3.4, the process X does not admit exponential moments
of any order, i.e., E[e"Xt] = 40 for all w > 0 and ¢ > 0. This fact will motivate the study of
tempered a-stable processes in Section 5.2.

In this example, the process Z is defined as a time-changed Brownian motion with drift. This
specification ensures that exp(Z) = £(By) is a martingale (see Corollary 4.3). In view of financial
applications, Z can therefore represent the discounted log-price process of a risky asset under a
risk-neutral probability measure. The Lévy exponent of L is given by Z(u) = u(u—1)/2 and, using
the notation introduced in Section 3.2, we have that

x(u) =0, for u € [0,1],

x(u) = —o0,  otherwise.

Corollary 3.7 therefore implies that T(u) = +00, for every u € [0, 1], while T(u) = 0, for every
u ¢ [0,1]. In other words, for an a-CIR-time-changed geometric Brownian motion it holds that
E[e%?t] < +oo for all u € [0,1] and ¢t > 0, while E[e*?t] = +c0 for all u ¢ [0,1] and ¢ > 0.

As explained in part (2) of Remark 3.5, these results on the finiteness of exponential moments
of Z can be used to study the behavior of the implied volatility smile. Let us denote by (7, k) the
implied volatility of a European Call option written on an asset with price process exp(Z), with
maturity 7" and strike exp(k). By applying [Lee04, Theorems 3.2 and 3.4], we can deduce that the
asymptotic behavior of o(T, k) at extreme strikes is explicitly described as follows:

o2 (T, k) 2
limsup ————+ = —, for all T > 0.
k—+o0 |k| T

Concerning the long-term behavior of the process Z, by applying Proposition 3.8 we obtain that
1 uZt
n logE[e ] R B&(u), for u € [0, 1].
Moreover, making use of equation (3.14), the quantity &(u) is explicitly given by

g - ot (M),

where @1 denotes the inverse function of the branching mechanism ® given by (5.2), which can
be easily seen to be a bijection from R_ to R,.
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Remark 5.1. The a-Heston model recently introduced in [JMSZ21] extends the above model by
allowing for negative correlation between the Brownian motions B and B, in order to capture
the leverage effect between the price process of a risky asset and its volatility. The results stated
above continue to hold in the same form even in the presence of correlation, as shown in [JMSZ21,
Proposition 4.1 and Corollary 4.2].

5.2. Tempered a-stable CBI process and CGMY process. The CBITCL process considered
in the previous subsection has the drawback that its CBI component does not possess exponential
moments. In finance applications, the existence of exponential moments often represents an essen-
tial modelling requirement. For this reason, we now present a CBITCL process that enjoys good
integrability properties. The example considered in this subsection relies on tempered a-stable
CBI processes, as introduced in [FGS21b] in interest rate modelling (see also [Szu21, Section 2.7]).

We recall from [FGS21b] that a CBI process X = (X¢)i>0 is said to be tempered a-stable if the
Lévy measures appearing in (2.1)-(2.2) are respectively given by

v=0 and m(dz) = Cp 27 679Z1{z>0}d2,

where 6 > 0, a € (1,2) and C, > 0 is a suitable normalization constant. Under this specification,
the immigration mechanism reduces to W(u) = fu, while the branching mechanism can be explicitly
computed as

(5.3) B(u) = —bu + %(Ju)Q L CaT(—a) (0 — W)™ — 6% + 0 '), Yu<o.

It can be easily verified that Dx = (—o0, 8] and Assumption 3.2 is satisfied (see also [Szu21, Lemma
2.19]). The existence of exponential moments of X can be characterized by relying on Corollary
3.6 (noting that, in the present case, ¢ = 6 and ) = +0). Indeed, taking us = uz = 0 in Corollary
3.6, it follows that E[e“X7] < +c0 holds for all u < § and T' > 0 if and only if ®(#) < 0, namely, if

and only if
2

(5.4) b> %0 + CaT(—a) 8 Ha - 1).
We have therefore shown that, in the case of tempered a-stable CBI processes, the existence of

exponential moments amounts to a simple condition on the parameters characterizing the process.

Remark 5.2. Tempered a-stable CBI processes can be constructed from non-tempered a-stable
CBI processes by means of an equivalent change of probability. More specifically, if X is a non-
tempered a-stable CBI process and W is defined as in (4.1) with ¢ = —6 and A = 0 (so that
W = 6(Xy— X)), then Theorem 4.2 implies that the probability P’ defined by (4.3) is well-defined
and X is a tempered a-stable CBI process under ', with tempering parameter 6 (and a different
parameter b). This technique has been also employed in [JMS17, Proposition 4.1]. Alternatively,
tempered a-stable CBI processes can be directly defined as solutions to a certain stochastic time
change equation (see [Szu2l, Section 2.7]).

To construct a CBITCL process, let us then consider a process (X, Z) such that
(i) X is a tempered a-stable CBI process;
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(ii) Z = Ly, where the Lévy process L is a CGMY process (see [CGMYO03]) and the change of
time process is given by Y = So X ds.
We recall that L is a CGMY process if its Lévy measure 7 is of the form

(5.5) Y(dz) = Cy (27 Ve ™M 1 gy + 2| Y e P gy ) d,

where the normalization constant can be chosen as Cy = 1/I'(—Y). The parameters G > 0 and
M > 0 temper the downward and the upward jumps, respectively, while the parameter Y € (1,2)
determine the local behavior of the process L, similarly to « above. The Lévy exponent = associated
to a CGMY process L with Lévy triplet (0,0, 7) is given by

[1]

(u) = J (e*" —1— zu)yz(dz), Vu € iR.
R

It can be easily checked that Dy = [—G, M| and the Lévy exponent = takes the explicit form
Zu)= (M —u)Y = MY +(G+u)Y =GY +uY (MY -G¥Y,  Vue[-G,M].

For simplicity of presentation, let us assume that G = M. In this case, E : [-M, M| — R, is

a convex function with minimum Z(0) = 0 and maximum Z(—M) = Z(M) = 2MY (2¥~1 —1). If

2MY (1 —2Y~1) > &(6), which can be rewritten in the form

5.6 M< |t ,

(5.6) <2(1—2Y—1))

we have that x(u) = 6 = 0 for every u € [-M, M], using the notation introduced in Section 3.2.
Corollary 3.7 then implies that T(u) = 400 for every u € [—M, M], while T(u) = 0 for every
u ¢ [—M, M]. Similarly as in Section 5.1, these results on the finiteness of exponential moments
of Z can be used to characterize the tail behavior of the implied volatility smile. Indeed, under
condition (5.6) and assuming M > 1, an application of [Lee04, Theorems 3.2 and 3.4] yields that

lim sup U2(T’k) = 3(1 —Q(M—M)),

k——0 ‘k| T
2(T k) 0 for all T > 0.
limsup " — — = (14 2(y/M? — M — M),
k—+o00 k T

The long-term behavior of the process Z can be determined by relying on Proposition 3.8. Under
conditions (5.4) and (5.6), we have that

1
E1og]1«:,[e“Zt] — BE&(u), for all u € [—M, M],

t—+00
where £(u) is defined in the statement of Proposition 3.8.
The quantity £(u) can be explicitly determined under the following additional condition:

(5.7) b= 020+ C,I'(—a) 0% L.

Condition (5.7) is stronger than condition (5.4) and, together with the convexity and continuity of
@, it implies that ® is decreasing on (—o0, 0]. In this case, making use of (3.14), we have that

E(u) =1 (2MY — (M +u)Y — (M —u)¥),
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where ®~! denotes the inverse function of the branching mechanism ® given by (5.3), which under
condition (5.7) is a bijection from (—o0, 0] to [®(0), +0).

Remark 5.3. (1) Note that the present specification does not necessarily guarantee the martingale
property of the process exp(Z) (compare with Corollary 4.3). Therefore, in view of financial
applications and similarly as in [FGS21a], the CBITCL process (X, Z) may be used to model the
discounted price process S = (S¢)i=0 of a risky asset as follows:

log Sy := )\Zt—FC(Xt—Xo)—K:t, vVt = 0,

where K denotes the exponential compensator (see Lemma 4.1), with ( < 6 and X\ € [-G, M]. Un-
der this specification, the CBI process X plays the role of stochastic volatility, while the parameter
¢ determines the correlation between the log-price process and its volatility. A direct application of
Theorem 4.2 yields that S is a martingale, thereby ensuring absence of arbitrage. Moreover, since
Assumption 3.2 is satisfied, the existence of moments E[S}*] can be characterized by Theorem 3.4.

(2) As a direct consequence of Theorem 4.2, the class of CBITCL processes considered in this
subsection is stable with respect to equivalent changes of probability of the form considered in
Section 4. This property has been used to construct risk-neutral measures that preserve the
structure of the model in [FGS21a], where CBITCL processes have been applied to the modelling
of multi-currency markets in the presence of stochastic volatility and self-exciting jumps.
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