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CBI-TIME-CHANGED LÉVY PROCESSES FOR MULTI-CURRENCY

MODELING

CLAUDIO FONTANA, ALESSANDRO GNOATTO, AND GUILLAUME SZULDA

Abstract. We develop a stochastic volatility framework for modeling multiple currencies based on

CBI-time-changed Lévy processes. The proposed framework captures the typical risk characteristics

of FX markets and is coherent with the symmetries of FX rates. Moreover, due to the self-exciting

behavior of CBI processes, the volatilities of FX rates exhibit self-exciting dynamics. By relying

on the theory of affine processes, we show that our approach is analytically tractable and that the

model structure is invariant under a suitable class of risk-neutral measures. A semi-closed pricing

formula for currency options is obtained by Fourier methods. We propose two calibration methods,

also by relying on deep-learning techniques, and show that a simple specification of the model can

achieve a good fit to market data on a currency triangle.

1. Introduction

The Foreign-Exchange (FX) market is one of the largest in the world (see e.g. [fIS19, Woo19]).

From the perspective of quantitative finance, modeling the FX market poses several challenges.

First, multi-currency models must respect the symmetric structure of FX rates. To illustrate this

aspect, let Sd,f represent the value of one unit of a foreign currency f measured in units of the

domestic currency d. In a multi-currency model, the following symmetric relations must hold:

‚ Sf,d “ 1{Sd,f : the reciprocal of Sd,f must coincide with Sf,d, representing the value of one

unit of currency d measured in units of currency f . This is referred to as inversion;

‚ Sd,f “ Sd,e ˆSe,f , for any other foreign currency e. In other words, the FX rate Sd,f must

be inferred from Sd,e and Se,f through multiplication. This is referred to as triangulation.

Besides these symmetric relations, the FX market presents some specific risk characteristics

that should be properly reflected in a multi-currency model. First, FX markets are affected by

stochastic volatility and jump risk, similarly to the case of equity markets. This has led to the

application to FX markets of well-known models initially conceived for stock returns, such as the

Heston model (see also Section 1.1 below). Second, the dependence between FX rates is typically
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Figure 1. Time series of the USD-JPY exchange rate (upper panel) and its return

(lower panel), period 01/01/2012 - 31/12/2015 (source: Bloomberg).

stochastic and, in particular, shows evidence of unpredictable changes over time, thus generating

correlation risk. Third, the skew of the FX volatility smile exhibits a stochastic behavior. This fact

has been documented in [CW07] by analyzing the time series of risk-reversals1, showing that their

values vary significantly over time and exhibit repeated sign changes. Finally, FX rates are affected

by volatility clustering effects, similarly to many other asset classes (see, e.g., [CT04, Chapter 7]).

This phenomenon can be observed in Figure 1, which displays the time series of the USD-JPY

exchange rate over the period 01/01/2012 - 31/12/2015.

In this paper, we develop a modeling framework for multiple currencies that is consistent with the

symmetric structure of FX rates and captures all risk characteristics described above, including

stochastic dependence among FX rates as well as between FX rates and their volatilities. We

consider models driven by CBI-time-changed Lévy processes (CBITCL processes), a broad and

flexible class of processes that allows for self-exciting jump dynamics, with stochastic volatility and

mean-reversion (we refer to [FGS21a, Szu21] for a thorough analysis of CBITCL processes). The

proposed approach is fully analytically tractable, due to the fact that CBITCL processes are affine

processes and, therefore, their characteristic function can be explicitly characterized. Moreover,

we will show that CBITCL processes are coherent in the sense of [Gno17], meaning that if an FX

rate is modeled by a CBITCL process, then its reciprocal also belongs to the same model class.

1We recall that a risk-reversal, in the context of FX options, measures the difference in implied volatility between

an OTM call option and a put option with the same characteristics and a symmetric delta.
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We construct our modeling framework by adopting an artificial currency approach (see also Sec-

tion 1.1 below), which consists in modeling each FX rate as the ratio of two primitive processes,

with one primitive process associated to each currency. FX rates then satisfy the inversion and

triangulation symmetries by construction and the model formulation reduces to modeling all prim-

itive processes by means of a common family of CBITCL processes. By relying on a Girsanov-type

result for CBITCL processes, we characterize a class of risk-neutral measures that leave invariant

the structure of the model. In particular, this allows preserving the CBITCL property under equiv-

alent changes of probability, which enables us to derive an efficient pricing formula for currency

options by means of Fourier techniques.

We analyze the empirical performance of a two-dimensional specification of our framework,

driven by tempered α-stable CBI processes (as recently introduced in [FGS21b]) and CGMY pro-

cesses (see [CGMY02]). We perform a calibration of the model with respect to an FX triangle

consisting of three major currency pairs (USD-JPY, EUR-JPY, EUR-USD). We propose two cal-

ibration methods: a standard calibration algorithm and a deep calibration algorithm, inspired by

the deep learning techniques recently developed in [HMT21]. In particular, we mention that deep

calibration is here applied for the first time in a multi-currency setting.

1.1. Related literature. As mentioned above, our framework is based on an artificial currency

approach, which goes back to the works of [FH97] and [Dou07] (intrinsic currency approach, in the

terminology of [Dou07]). Relying on this approach, several stochastic volatility models for multiple

currencies have been developed, see e.g. [Dou12, DCGG13, GG14, BGP15, GGP21] in a Brownian

setting. In the latter works, the symmetries of FX rates are respected and several sources of risk

can be adequately represented, with the important exceptions of jump risk, volatility clustering

and self-excitation effects, which will play an important role in our framework.

Most of the works mentioned in the previous paragraph can be regarded as multi-currency

extensions of the Heston model (to this effect, see also [JKWW11]). This is motivated by the fact

that the Heston model is known to be stable under inversion (see, e.g., [DBnR08]). The property

that a certain model class is invariant under inversion has been termed coherence in [Gno17], where

it has been shown that general affine stochastic volatility models are coherent. As will be shown

below, our modeling framework is coherent in this sense. The coherence property has been recently

studied by [GBP20] (under the name of consistency) in the class of jump-diffusion models.

Beyond the Brownian setting, some important contributions to the modeling of FX rates include

the work of [EK06] based on time-inhomogeneous Lévy processes and the work of [CW07] based

on time-changed Lévy processes with CIR-type activity rates. More recently, [BDR17] have de-

veloped a multi-currency framework driven by a multi-dimensional Lévy process with dependent

components. In this work, only standard Lévy processes are considered and, therefore, stochas-

tic volatility is not explicitly modeled. [BDR17] suggest however the possible use of time change

methods. This line of research is pursued in [BM18] and further expanded in our work. In par-

ticular, [BM18] propose a model based on time-changed Lévy processes where the activity rate

can have jumps and self-excitation. The presence of common jumps between the Lévy process
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and the activity rate induces a non-trivial dependence between the FX rate and its volatility. The

model of [BM18] is however limited to a single FX rate, in which case the FX symmetries do not

play any role. In contrast, we propose a coherent multi-currency framework that satisfies the FX

symmetries and exhibits rich and flexible stochastic dynamics for all FX rates and their volatilities,

while preserving an analytical tractability comparable to the model of [BM18].

1.2. Outline of the paper. The paper is structured as follows. In Section 2 we recall some basic

results on CBITCL processes. In Section 3 we develop the multi-currency modeling framework,

while in Section 4 we present two calibration methods and analyze the empirical fit to market data

on an FX triangle. Finally, Section 5 concludes the paper.

2. CBI-time-changed Lévy processes

In this section, we present some fundamental results on CBI-time-changed Lévy (CBITCL)

processes, referring to [FGS21a] for a complete theoretical analysis of this class of processes, detailed

proofs and additional results (see also [Szu21, Chapter 4]). In this section, we work on a filtered

stochastic basis pΩ,F ,F,Qq, where F is a filtration satisfying the usual conditions and with respect

to which all stochastic processes are assumed to be adapted.

2.1. Definition and characterization of CBITCL processes. Let us start by recalling the

definition of a Continuous-state Branching processes with Immigration (see [Li20, Section 5]).

‚ Let the function Ψ : R´ Ñ R be given by

(2.1) Ψpxq :“ β x `
ż `8

0

pex z ´ 1q νpdzq, @x P R´,

where β P R` and ν is a Lévy measure on R` such that
ş1
0
z νpdzq ă `8;

‚ Let the function Φ : R´ Ñ R be given by

(2.2) Φpxq :“ ´ b x ` σ2

2
x2 `

ż `8

0

pex z ´ 1 ´ x zqπpdzq, @x P R´,

where b P R, σ P R and π is a Lévy measure on R` such that
ş`8
1

z πpdzq ă `8.

Definition 2.1. A Markov process X “ pXtqtě0 with initial value X0 and state space R` is said

to be a Continuous-state Branching process with Immigration (CBI) with immigration mechanism

Ψ and branching mechanism Φ if its Laplace transform is given by

EreuXT s “ exp

ˆż T

0

Ψ
`
Vps, uq

˘
ds ` VpT, uqX0

˙
,

for all u P R´ and T P R`, where the function Vp¨, uq : R` Ñ R´ is the unique solution to

BV
Bt pt, uq “ Φ

`
Vpt, uq

˘
, Vp0, uq “ u.

Definition 2.1 corresponds to a conservative stochastically continuous CBI process in the sense

of [KW71]. Note that CBI processes are non-negative, strongly Markov (Feller) and with càdlàg

trajectories. As a consequence, the path integral Y :“
ş¨
0
Xs ds of a CBI process X is always well
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defined as a non-decreasing process. It can therefore be used as a finite continuous time-change.

This motivates the following definition.

Definition 2.2. A process pX,Zq “ ppXt, Ztqqtě0 is said to be a CBI-time-changed Lévy process

(CBITCL process) if

(i) X is a CBI process, and

(ii) Z “ LY , where L “ pLtqtě0 is a Lévy process independent of X and Y “ pYtqtě0 denotes

the process defined by Yt :“
şt
0
Xs ds, for all t P R`.

The Lévy exponent Ξ of the Lévy process L admits the Lévy-Khintchine representation

Ξpuq :“ bZ u ` σ2
Z

2
u2 `

ż

R

`
e z u ´ 1 ´ z u1t|z|ă1u

˘
γZpdzq, @u P iR,

where pbZ , σZ , γZq is the Lévy triplet of L, with bZ P R, σZ P R and γZ a Lévy measure on R.

In the following, we shall write CBITCLpX0,Ψ,Φ,Ξq to denote that a process pX,Zq is a CBI-

time-changed Lévy process in the sense of Definition 2.2, where Ψ and Φ denote respectively the

immigration and branching mechanisms of the CBI process X and Ξ the Lévy exponent of L.

CBI processes admit a characterization in terms of a Lamperti representation (see [CPGUB13]

and also [Szu21, Chapter 2]). However, it turns out that there exists an equivalent representation

that is better suited to our purposes, in terms of solutions to certain stochastic integral equations

of the Dawson-Li type (see [DL06]). To this effect, let us introduce the following objects:

‚ two Brownian motions B1 “ pB1
t qtě0 and B2 “ pB2

t qtě0;

‚ a Poisson random measure N0pdt, dxq on R` ˆ R` with compensator dt νpdxq and com-

pensated measure rN0pdt, dxq :“ N0pdt, dxq ´ dt νpdxq;
‚ a Poisson random measure N1pdt, du, dxq on R` ˆR` ˆR` with compensator dt duπpdxq
and compensated measure rN1pdt, du, dxq :“ N1pdt, du, dxq ´ dt duπpdxq;

‚ a Poisson random measure N2pdt, du, dxq on R` ˆ R` ˆ R with compensator dt du γZpdxq
and compensated measure rN2pdt, du, dxq :“ N2pdt, du, dxq ´ dt du γZpdxq.

We furthermore assume that B1, B2, N0, N1 and N2 are mutually independent. For any X0 P R`,

let us consider the following stochastic integral equations:

Xt “ X0 `
ż t

0

`
β ´ bXs

˘
ds ` σ

ż t

0

a
Xs dB

1
s

`
ż t

0

ż `8

0

xN0pds, dxq `
ż t

0

ż Xs´

0

ż `8

0

x rN1pds, du, dxq,(2.3)

Zt “ bZ

ż t

0

Xs ds ` σZ

ż t

0

a
Xs dB

2
s `

ż t

0

ż Xs´

0

ż

|x|ě1

xN2pds, du, dxq

`
ż t

0

ż Xs´

0

ż

|x|ă1

x rN2pds, du, dxq.(2.4)

The connection between Definition 2.2 and the stochastic integral equations (2.3)-(2.4) is given

in the following proposition, for the proof of which we refer to [FGS21a].
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Proposition 2.3. A process pX,Zq with initial value pX0, 0q is a CBITCLpX0,Ψ,Φ,Ξq process if

and only if it is a weak solution to the stochastic integral equations (2.3)-(2.4).

On a given stochastic basis pΩ,F ,F,Qq, there exists a unique strong solution to (2.3)-(2.4).

Indeed, there is a unique strong solution X “ pXtqtě0 to (2.3), which corresponds to the Dawson-

Li representation of a CBI process (see [DL06, Theorems 5.1 and 5.2]). In turn, since the right-hand

side of (2.4) does depend only on the process X “ pXtqtě0 and not on Z “ pZtqtě0, this obviously

implies the existence of a unique strong solution Z “ pZtqtě0 to (2.4) as well. In the following, if a

CBITCL process pX,Zq is directly defined as the unique strong solution to (2.3)-(2.4), we will say

that pX,Zq is defined through its extended Dawson-Li representation.

Remark 2.4. The system of stochastic integral equations (2.3)-(2.4) makes evident the self-exciting

behavior of a CBITCL process. More specifically, we can observe the following:

‚ For the CBI process X, the domain of integration of the integral with respect to rN1 depends

on the value of the process itself. This generates a self-exciting effect since, when a jump

occurs, the jump intensity ofX increases. In turn, this increases the likelihood of subsequent

jumps of X, thereby generating jump clustering phenomena.

‚ The volatility components of Z depend on the value of the process X. Therefore, large

values of X increase the volatility of the process Z, thereby increasing the likelihood of

volatility clusters in the dynamics of Z as well as joint clusters between X and Z.

2.2. Affine property and changes of probability. The next proposition shows that CBITCL

processes are affine and provides an explicit characterization of the Laplace-Fourier transform.

Proposition 2.5. Let pX,Zq be a CBITCLpX0,Ψ,Φ,Ξq process and consider the joint process

pX,Y, Zq, where Y :“
ş¨
0
Xs ds. Then, the process pX,Y, Zq is an affine process on the state space

R2
` ˆ R with conditional Laplace-Fourier transform given by

E
“
eu1 XT `u2 YT `u3 ZT

ˇ̌
Ft

‰
“ exp

´
UpT ´ t, u1, u2, u3q ` VpT ´ t, u1, u2, u3qXt ` u2 Yt ` u3 Zt

¯
,

for all pu1, u2, u3q P C2
´ ˆ iR and 0 ď t ď T ă `8, where the functions Up¨, u1, u2, u3q : R` Ñ C

and Vp¨, u1, u2, u3q : R` Ñ C´ are solutions to

Upt, u1, u2, u3q “
ż t

0

Ψ
`
Vps, u1, u2, u3q

˘
ds,(2.5)

BV
Bt pt, u1, u2, u3q “ Φ

`
Vpt, u1, u2, u3q

˘
` u2 ` ΞLpu3q, Vp0, u1, u2, u3q “ u1,(2.6)

where Ψ : C´ Ñ C and Φ : C´ Ñ C denote the analytic extensions to C´ of the corresponding

functions defined in (2.1) and (2.2), respectively.

Proof. By [DFS03, Corollary 2.10], the process X is an affine process. The affine property of

pX,Y, Zq and the characterization of its conditional Laplace-Fourier transform then follow by an

application of [KR09, Theorems 4.10 and 4.16] (see [Szu21, Chapter 4] for additional details). �
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Remark 2.6. In view of Proposition 2.5, CBITCL processes can be viewed as affine stochastic

volatility models in the sense of [KR09, Chapter 5]. In the context of FX modeling, such models

have been proved to be coherent by [Gno17], as mentioned in the Introduction. This fact will play

an important role in the construction of our multi-currency framework in Section 3.

We close this section by describing a class of equivalent changes of probability of Esscher type

that leave invariant the CBITCL structure. Let us first define the convex set DX as follows:

(2.7) DX :“
"
x P R :

ż `8

1

ex z pν ` πqpdzq ă `8
*
.

The set DX is the effective domain of the functions Ψ and Φ, which can be extended as finite-

valued convex functions on DX . Note that DX also represents the extended domain of the Laplace

transform of the CBI process X (see, e.g., [FGS21b]). Let us also introduce the convex set

(2.8) DZ :“
"
x P R :

ż

|z|ě1

ex z γZpdzq ă `8
*
,

which represents the effective domain of the Lévy exponent Ξ when restricted to real arguments.

Let us fix ζ P R and λ P R and consider the process W “ pWtqtě0 defined by

(2.9) Wt :“ ζ pXt ´ X0q ` λZt, for all t P R`.

By [JS03, Proposition II.8.26], it can be checked that W is an exponentially special semimartingale

if and only if ζ P DX and λ P DZ . In this case, W admits a unique exponential compensator, i.e.,

a predictable process of finite variation, denoted by K “ pKtqtě0, such that exppW ´ Kq is a local

martingale (see [KS02]). The following lemma provides the explicit expression of K.

Lemma 2.7. Let pX,Zq be a CBITCLpX0,Ψ,Φ,Ξq process. Consider the process W defined in

(2.9), with ζ P DX and λ P DZ . Then, the exponential compensator K of W is given by

(2.10) Kt “ tΨpζq ` Yt
`
Φpζq ` Ξpλq

˘
, for all t P R`.

Proof. For brevity of presentation, we only give a sketch of the proof, referring to [FGS21a] for

full details. Since CBITCL processes are quasi-left-continuous, the exponential compensator K can

be explicitly computed in terms of the semimartingale differential characteristics of pX,Zq (see

[KS02]). In view of Proposition 2.3, the differential semimartingale characteristics of pX,Zq can be

easily obtained from (2.3)-(2.4). Representation (2.10) then follows by standard computations. �

Fixing a time horizon T ă `8, we can state the following Girsanov-type result for CBITCL

processes, which will play a central role in the modeling framework developed in the next section.

Theorem 2.8. Let pX,Zq be a CBITCLpX0,Ψ,Φ,Ξq process. Consider the process W defined in

(2.9), with ζ P DX and λ P DZ , and its exponential compensator K given by (2.10). Then, the

process pexppWt ´ KtqqtPr0,T s is a martingale. Moreover, setting

(2.11)
dQ1

dQ
:“ eWT ´KT ,
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defines a probability measure Q1 „ Q under which pX,Zq remains a CBITCL process up to time T

with parameters β1, ν 1, b1, σ1, π1, b1
Z , σ

1
Z and γ1

Z given in Table 1.

Proof. By definition of the exponential compensator, the process exppW ´ Kq is a strictly positive

local martingale. The true martingale property of the process exppWt ´KtqtPr0,T s follows similarly

as in [KRM15, Theorem 3.2], since ζ P DX and λ P DZ . The fact that pX,Zq is a CBITCL process

up to time T with parameters given in Table 1 under Q1 is a consequence of Girsanov’s theorem

together with Proposition 2.3 (see [FGS21a] for full details). �

CBITCL parameters under Q1

β1 :“ β

ν 1pdzq :“ e ζ z νpdzq
b1 :“ b ´ ζ σ2 ´

ş`8
0

z pe ζ z ´ 1qπpdzq
σ1 :“ σ

π1pdzq :“ e ζ z πpdzq
b1
Z :“ bZ ` λσ2

Z `
ş

|z|ă1
z peλ z ´ 1q γZpdzq

σ1
Z :“ σZ

γ1
Zpdzq :“ eλ z γZpdzq

Table 1. Parameter transformations from Q to Q1

for the CBITCL process pX,Zq.

3. Modeling of multiple currencies via CBITCL processes

In this section, we present our modeling framework for a multi-currency market. In Section 3.1,

we introduce the main quantities to be modelled together with the specific requirements induced by

absence of arbitrage and by the FX symmetries discussed in the Introduction. Section 3.2 contains

the construction of the framework and the description of its most relevant features. In Section 3.3,

Fourier techniques are applied to the pricing of currency options. We work on a filtered stochastic

basis pΩ,F ,F,Qq and consider models defined up to a time horizon T ă `8.

3.1. Definition of the multiple currency market. The FXmarket involves different economies,

each of them associated to a specific currency. The ith and jth currencies are related by the spot FX

rate process Si,j , representing the value of one unit of currency j measured in units of currency i.

Our definition of the multiple currency market will make use of the following ingredients, denoting

by N P N, with N ě 2, the number of economies (i.e., currencies) considered:

(i) D “ tDi; i “ 1, . . . , Nu is an RN
ą0-valued process, with Di representing the bank account

of the ith economy, for i “ 1, . . . , N ;

(ii) S “ tSi,j ; i, j “ 1, . . . , Nu is an RNˆN
ą0 -valued process representing the spot FX rates

between the N different currencies and such that Si,i ” 1, for all i “ 1, . . . , N .
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Definition 3.1. We say that the pair pD,Sq represents a multiple currency market if, for every

i “ 1, . . . , N , the following assets are traded in the ith economy:

‚ the bank account Di;

‚ for every j “ 1, . . . , N with j ‰ i, the bank account of the jth economy denominated in

units of the ith currency, namely Si,jDj .

We aim at constructing models for multiple currency markets that respect the FX symmetries

mentioned in the Introduction and satisfy absence of arbitrage in the sense of no free lunch with

vanishing risk (NFLVR). Since pD,Sq are strictly positive processes, [DS98, Theorem 1.1] implies

that, for each i “ 1, . . . , N , NFLVR holds in the ith economy if and only if there exists a risk-neutral

measure Qi, i.e., a probability measure Qi equivalent to Q such that Si,jDj{Di is a local martingale

under Qi for all j “ 1, . . . , N . We then formulate the following definition, which extends [EG18,

Definition 1] to an FX market consisting of an arbitrary number N of currencies.

Definition 3.2. The multiple currency market pD,Sq is said to be well-posed if the following hold:

(i) no direct arbitrage: Sj,i “ 1{Si,j , for all i, j “ 1, . . . , N ;

(ii) no triangular arbitrage: Si,j “ Si,k ˆ Sk,j , for all i, k, j “ 1, . . . , N ;

(iii) there exists a risk-neutral measure Qi for the ith economy, for all i “ 1, . . . , N .

Besides the requirement of well-posedness, we are interested in multi-currency models that are

coherent in the sense of [Gno17]. This means that, if the FX rate process Si,j belongs to a certain

model class under Qi, then also its reciprocal Sj,i belongs to the same model class under Qj , where

Qi and Qj are risk-neutral measures for the ith and jth economy, respectively. Obviously, coherence

is a desirable property from the modeling perspective, since it ensures that the model retains its

analytical tractability in all N different economies.

To achieve a well-posed as well as coherent multiple currency market, we will proceed as follows:

(1) Adopting the artificial currency approach, we express each currency with respect to an

artificial currency indexed by 0 and construct the artificial FX rates S0,i, for i “ 1, . . . , N .

(2) We define the FX rates Si,j , for all i, j “ 1, . . . , N , by taking suitable ratios of the artificial

FX rates S0,i, i “ 1, . . . , N . Parts (i)-(ii) of Definition 3.2 are then satisfied by construction.

(3) By relying on Theorem 2.8, we construct a risk-neutral measure Qi, for every i “ 1, . . . , N ,

under which the driving processes remain CBITCL processes, thus ensuring part (iii) of

Definition 3.2 as well as the stability of the structure of the model (coherence).

3.2. Construction of the modeling framework. The construction of our modeling framework

starts by modeling the N artificial FX rates S0,i, for i “ 1, . . . , N , by means of a common family

of CBITCL processes. To this effect, we assume that the stochastic basis pΩ,F ,F,Qq supports d

mutually independent CBITCL processes pXk, Zkq, k “ 1, . . . , d, defined through the corresponding

extended Dawson-Li representations (2.3)-(2.4).2 For each k “ 1, . . . , d, we denote by DXk and

DZk the sets (2.7) and (2.8), respectively, associated to the CBITCL process pXk, Zkq.
2In the following, we shall use the superscript k to denote all parameters and driving processes appearing in the

extended Dawson-Li representation (2.3)-(2.4) of the CBITCL process pXk, Zkq on pΩ,F ,F,Qq, for k “ 1, . . . , d.
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For each i “ 1, . . . , N , we introduce the following parameters:

‚ ri P R, representing the risk-free short rate in the ith economy and generating the bank

account Di
t :“ exppri tq, for all t P r0, T s;

‚ ζi “ pζi1, . . . , ζidq P Rd such that ζik P DXk , for all k “ 1, . . . , d;

‚ λi “ pλi
1, . . . , ζ

i
dq P Rd such that λi

k P DZk , for all k “ 1, . . . , d.

In addition, for each i “ 1, . . . , N and k “ 1, . . . , d, we denote by Ki,k “ pKi,k
t qtPr0,T s the exponential

compensator of the process pζik Xk ` λi
k Z

kq, as characterized in Lemma 2.7.

Remark 3.3. We point out that the modeling framework developed in this section can be easily

generalized to the case of stochastic interest rates. In particular, by allowing the interest rates ri,

for i “ 1, . . . , N , to be driven by the common family of CBITCL processes pXk, Zkq, k “ 1, . . . , d,

one can introduce dependence between the interest rates, the FX rates and their volatilities.

For each i “ 1, . . . , N , we specify the artificial FX rate S0,i as follows:

(3.1) S
0,i
t :“ S

0,i
0 e´ ri t

dź

k“1

e ζi
k
Xk

t `λi
k
Zk
t ´K

i,k
t , for all t P r0, T s.

The artificial FX rates are modeling quantities that cannot be observed in reality. However, the

parameters ζik and λi
k will have a specific role in the dynamics of the actual FX rates. Indeed, λi

k

will measure the relative importance of the risk arising from the kth time-changed Lévy process

Zk, while ζik will measure the dependence between the kth CBI process Xk and the ith FX rate, as

will become clear from Lemma 3.7 below and the following discussion.

Lemma 3.4. For each i “ 1, . . . , N , the process S0,i “ pS0,i
t qtPr0,T s satisfies the following dynamics:

dS0,i
t

S
0,i
t´

“ ´ ri dt `
dÿ

k“1

ˆb
Xk

t

`
ζik σ

k dBk,1
t ` λi

k σ
k
Z dBk,2

t

˘
`

ż `8

0

pe ζi
k
x ´ 1q rNk

0 pdt, dxq
˙

`
dÿ

k“1

ż Xk
t´

0

ˆż `8

0

pe ζi
k
x ´ 1q rNk

1 pdt, du, dxq `
ż

R

peλi
k
x ´ 1q rNk

2 pdt, du, dxq
˙
.(3.2)

Moreover, the process S0,iDi “ pS0,i
t Di

tqtPr0,T s is a martingale on pΩ,F ,F,Qq, for all i “ 1, . . . , N .

Proof. Using specification (3.1) of S0,i, equation (3.2) follows from an application of Itô’s formula

together with the extended Dawson-Li representation (2.3)-(2.4) of the process pXk, Zkq, for k “
1, . . . , d. The martingale property of S0,iDi follows from the independence of the CBITCL processes

pXk, Zkq, for k “ 1, . . . , d, together with the martingale property stated in Theorem 2.8. �

We define the FX rate process S “ tSi,j ; i, j “ 1, . . . , Nu as follows:

(3.3) S
i,j
t :“ S

0,j
t

S
0,i
t

, for all i, j “ 1, . . . , N and t P r0, T s.

This specification of S ensures that the inversion and triangulation symmetries of FX rates (corre-

sponding respectively to parts (i) and (ii) of Definition 3.2) are satisfied by construction, thereby

completing steps (1) and (2) of the model construction outlined at the end of Section 3.1.
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The next corollary describes a class of probability measures that leave invariant the structure of

our multi-currency model driven by CBITCL processes. This result plays a crucial role in ensuring

absence of arbitrage and coherence of our framework.

Corollary 3.5. For each i “ 1, . . . , N , setting

(3.4)
dQi

dQ
:“ S

0,i
T

Di
T

S
0,i
0

,

defines a probability measure Qi „ Q under which pXk, Zkq, for k “ 1, . . . , d, remain mutually

independent CBITCL processes (up to time T ) with parameters given in Table 2. Moreover, for

each i “ 1, . . . , N , the probability measure Qi is a risk-neutral measure for the ith economy.

Proof. In view of Lemma 3.4, Qi is well-defined by (3.4) as a probability measure equivalent to Q,

for each i “ 1, . . . , N . The fact that pXk, Zkq, for all k “ 1, . . . , d, remains a CBITCL process under

Qi with parameters given in Table 2 follows from Theorem 2.8 together with the independence of the

processes pXk, Zkq, for k “ 1, . . . , d. Moreover, again the independence of the processes pXk, Zkq,
for k “ 1, . . . , d, under Q together with the structure of the probability Qi defined in (3.4) implies

that the mutual independence is preserved under Qi. Finally, for all i, j “ 1, . . . , N , in view of

(3.3) and (3.4), the process Si,jDj{Di is a local martingale under Qi if and only if S0,jDj is a local

martingale under Q. Since the latter property holds by Lemma 3.4, the proof is complete. �

CBITCL parameters under Qi

βi,k :“ βk

νi,kpdzq :“ e ζi
k
z νkpdzq

bi,k :“ bk ´ ζik pσkq2 ´
ş`8
0

z pe ζi
k
z ´ 1qπkpdzq

σi,k :“ σk

πi,kpdzq :“ e ζi
k
z πkpdzq

b
i,k
Z :“ bkZ ` λi

k pσk
Zq2 `

ş
|z|ă1

z peλi
k
z ´ 1q γkZpdzq

σ
i,k
Z :“ σk

Z

γ
i,k
Z pdzq :“ eλi

k
z γkZpdzq

Table 2. Parameter transformations from Q to Qi

for the CBITCL process pXk, Zkq.

By combining (3.1) and (3.3), we obtain the following representation of FX rates:

(3.5) S
i,j
t “ S

i,j
0 epri´rjqt

dź

k“1

epζj
k

´ζi
k

qXk
t `pλj

k
´λi

k
qZk

t ´pKj,k
t ´K

i,k
t q, for all t P r0, T s.

In particular, note that all FX rates Si,j share the same modeling structure, for all i, j “ 1, . . . , N ,

and the driving processes pXk, Zkq, for k “ 1, . . . , d, remain mutually independent CBITCL pro-

cesses under each risk-neutral measure Qi, as a consequence of Corollary 3.5. In particular, the

probabilistic structure of Si,j under Qi corresponds exactly to that of its reciprocal Sj,i under Qj .
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We have thus proved the next theorem, which shows that we have constructed a well-posed and

coherent multiple currency market, in line with the modeling objectives set in Section 3.1.

Theorem 3.6. The multiple currency market pD,Sq is well-posed and coherent.

For each i “ 1, . . . , N , the Radon-Nikodym density dQi{dQ defined in (3.4) admits the following

representation in terms of the sources of randomness driving the extended Dawson-Li representation

(2.3)-(2.4) of the CBITCL processes pXk, Zkq, for k “ 1, . . . , d:

dQi

dQ
“

dź

k“1

E

ˆ
ζik σ

k

ż ¨

0

b
Xk

s dB
k,1
s ` λi

k σ
k
Z

ż ¨

0

b
Xk

s dB
k,2
s `

ż ¨

0

ż `8

0

pe ζi
k
x ´ 1q rNk

0 pds, dxq
˙

T

ˆ
dź

k“1

E

˜ż ¨

0

ż Xk
s´

0

ż `8

0

pe ζi
k
x ´ 1q rNk

1 pds, du, dxq `
ż ¨

0

ż Xk
s´

0

ż

R

peλi
k
x ´ 1q rNk

2 pds, du, dxq
¸

T

.

By Girsanov’s theorem, the processes Bi,k,1 “ pBi,k,1
t qtPr0,T s and Bi,k,2 “ pBi,k,2

t qtPr0,T s defined by

(3.6)

B
i,k,1
t :“ B

k,1
t ´ ζik σ

k

ż t

0

b
Xk

s ds,

B
i,k,2
t :“ B

k,2
t ´ λi

k σ
k
Z

ż t

0

b
Xk

s ds,

are independent Brownian motions under Qi. Moreover, Nk
0 pdt, dxq, Nk

1 pdt, du, dxq, Nk
2 pdt, du, dxq

are Poisson random measures under Qi with compensated measures

(3.7)

rN i,k
0 pdt, dxq :“ Nk

0 pdt, dxq ´ dt e ζi
k
x νkpdxq,

rN i,k
1 pdt, du, dxq :“ Nk

1 pdt, du, dxq ´ dt du e ζi
k
x πkpdxq,

rN i,k
2 pdt, du, dxq :“ Nk

2 pdt, du, dxq ´ dt du eλi
k
x γkZpdxq.

Lemma 3.7. For each i, j “ 1, . . . , N , the process Si,j satisfies the following dynamics under Qi:

dSi,j
t

S
i,j
t´

“ pri ´ rjqdt `
dÿ

k“1

b
Xk

t

´
σk pζjk ´ ζikqdBi,k,1

t ` σk
Z pλj

k ´ λi
kqdBi,k,2

t

¯

`
dÿ

k“1

ż `8

0

`
e pζj

k
´ζi

k
qx ´ 1

˘ rN i,k
0 pdt, dxq `

dÿ

k“1

ż Xk
t´

0

ż `8

0

`
e pζj

k
´ζi

k
qx ´ 1

˘ rN i,k
1 pdt, du, dxq(3.8)

`
dÿ

k“1

ż Xk
t´

0

ż

R

`
e pλj

k
´λi

k
qx ´ 1

˘ rN i,k
2 pdt, du, dxq,

with the processes Bi,k,1, Bi,k,2 and the random measures rN i,k
0 , rN i,k

1 , rN i,k
2 defined in (3.6)-(3.7).

Proof. The claim follows from (3.3) by applying Itô’s product rule together with the dynamics

(3.2) of the artificial FX rates S0,i and S0,j , making use of the notation introduced above. �

In particular, we can notice that the dynamics of Si,j under Qi are functionally symmetric with

respect to the dynamics of Sj,i under Qj , for all i, j “ 1, . . . , N . This is a further evidence of the

coherence of our modeling framework, in the sense of [Gno17].
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As can be seen from equation (3.8), in our framework FX rates possess stochastic dynamics

that can capture the most relevant risk characteristics of the FX market, as discussed in the

Introduction. More specifically, we can remark the following:

Stochastic volatility: for all FX rates, both the diffusive volatility and the jump volatility

are stochastic and depend on the current level of the CBI process X. In particular, since

X is a self-exciting process, this induces volatility clustering effects in the FX rates.

Jump risk: all FX rates are affected by three different jump terms, corresponding to the

three integrals appearing on the right-hand side of (3.8): the first integral results from the

immigration of the CBI process X, the second integral is related to the branching property

of X and the third integral is generated by the Lévy process defining the process Z, with a

jump intensity proportional to X. In particular, the last two integrals are affected by the

self-exciting property of X and can generate jump clusters in the dynamics of FX rates.

The parameters ζjk ´ ζik and λ
j
k ´ λi

k control the magnitude of these effects.

Stochastic dependence of FX rates: the quadratic covariation among different FX rates

exhibits a rich stochastic structure, with the presence of common jumps and with a jump

intensity which is related to the current level of the self-exciting CBI process X.

Stochastic skewness: the quadratic covariation rSi,j , Xs also has a rich stochastic structure.

In turn, this induces a stochastic instantaneous correlation between each FX rate and its

stochastic volatility. As explained in [CHJ09, DFG11], the presence of stochastic correlation

is responsible for the existence of stochastic variations in the skew of FX implied volatilites.

3.3. Currency option pricing. The modeling framework constructed in Section 3.2 is coherent

and, therefore, retains full analytical tractability under all risk-neutral measures considered in

Corollary 3.5. In particular, we can derive an explicit representation of the characteristic function

of each FX rate. In the following, we denote by Ei the expectation under Qi, for each i “ 1, . . . , N .

Lemma 3.8. For all i, j “ 1, . . . , N , the characteristic function of the process plogSi,j
t qtPr0,T s under

Qi is given by

(3.9) Ei
“
eiu logS

i,j
t

‰
“ eiuplogSi,j

0
`pri´rjqtq

dź

k“1

eiupΨkpζi
k

q´Ψkpζj
k

qqt`U i,kpt,uk
1
,uk

2
,uk

3
q`Vi,kpt,uk

1
,uk

2
,uk

3
qXk

0 ,

for all pu, tq P Rˆr0, T s, where pU i,kp¨, uk1, uk2, uk3q,V i,kp¨, uk1, uk2, uk3qq is the unique solution to system

(2.5)-(2.6) associated to pXk, Zkq under Qi with

uk1 “ iupζjk ´ ζikq, uk2 “ iu
`
Φkpζikq ` Ξk

Zpλi
kq ´ Φkpζjkq ´ Ξk

Zpλj
kq

˘
and uk3 “ iupλj

k ´ λi
kq.

Proof. In view of (3.5) and (2.10), we have that

Ei
“
eiu logS

i,j
t

‰
“ eiuplogSi,j

0
`pri´rjqtq

dź

k“1

eiupΨkpζi
k

q´Ψkpζj
k

qqt

ˆ
dź

k“1

Ei
”
eiupζj

k
´ζi

k
qXk

t `iupΦkpζi
k

q`Ξk
Zpλi

k
q´Φkpζj

k
q´Ξk

Zpλj
k

qqY k
t `iupλj

k
´λi

k
qZk

t

ı
,
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where we have used the independence of the CBITCL processes pXk, Zkq, for k “ 1, . . . , d, under

Qi (see Corollary 3.5) and Y k
t “

şt
0
Xk

s ds, for all k “ 1, . . . , d. Formula (3.9) then follows from an

application of the affine transform formula given in Proposition 2.5. �

The availability of an explicit description of the characteristic function of each FX rate allows

for currency option pricing via Fourier techniques. We adopt the COS method of [FO09], which

presents the advantage of utilizing only the characteristic function of the process, without requiring

any domain extensions as in other Fourier pricing methods. In our setting, such domain extensions

would necessitate additional constraints on the parameters, potentially affecting the calibration

results. We consider a European Call option in the ith economy written on the FX rate Si,j , with

maturity T ď T and strike K ą 0. Since the multiple currency market is well-posed, we can apply

risk-neutral valuation under Qi to compute the arbitrage-free price CpT,Kq at t “ 0 of the option:

CpT,Kq “ e´riT Ei
“
pSi,j

T ´ Kq`
‰

“ e´riT

ż

R

Kpex ´ 1q`f
i,j
T pxq dx,

where f
i,j
T represents the density function of logpSi,j

T {Kq under Qi. To compute the last integral,

we introduce a suitably chosen truncation range ra, bs Ă R such that CpT,Kq can be approximated

with good accuracy by

CpT,Kq « e´ri T

ż b

a

Kpex ´ 1q`f
i,j
T pxqdx.

The resulting pricing formula is stated in the next proposition, whose proof can be found in [FO09].

Proposition 3.9. The arbitrage-free price CpT,Kq of a European call option written on the FX

rate Si,j, with maturity T ď T and strike K ą 0, can be approximated by

(3.10) CpT,Kq « e´riT K

M´1ÿ

k“0

ˆ
1 ´ δ0pkq

2

˙
Re

´
e
i
kπ
a´b

pa`logKq
Ei

”
e
i
kπ
b´a

logS
i,j
T

ı¯
Bk,

where δ0 denotes the Kronecker delta at 0, M P N, B0 “ pe b ´ 1 ´ bq{pb ´ 1q, and where

Bk “ 2

b ´ a

¨
˚̋ 1

1 `
´

k π
b´a

¯2

ˆ
p´1qk e b ´ cos

ˆ
k π a

b ´ a

˙
` k π

b ´ a
sin

ˆ
k π a

b ´ a

˙˙
´ b ´ a

k π
sin

ˆ
k π a

b ´ a

˙
˛
‹‚.

Remark 3.10. (1) In order to ensure the accuracy of formula (3.10), one needs to specify the

truncation range ra, bs properly. Following [FO09, Section 5.1], a suitable specification is the

following:

ra, bs “
„
c1 ´ L

b
c2 ` ?

c4, c1 ` L

b
c2 ` ?

c4


,

with L “ 10 and where cn, for n “ 1, 2, 4, represents the nth cumulant of logpSi,j
T {Kq. In our

framework, the cumulants are not available in closed form. However, they can be approximated

by using finite differences since, by definition, they are given by the derivatives at zero of the

cumulant-generating function of logpSi,j
T {Kq (see [FO09, Appendix A] for further details).

(2) As explained in [FO09, Section 3.3], formula (3.10) can be readily extended to a multi-

strike setting, which is practically important when one needs to price several options with the
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same maturity but associated to different strikes (e.g., for model calibration). We refer to [Szu21,

Remark 5.13] for a description of the multi-strike implementation of formula (3.10).

4. Model calibration

In this section, we calibrate a simple specification of our modeling framework to market data

on a currency triangle. We consider a model driven by tempered α-stable CBI processes and

CGMY Lévy processes (see [FGS21b]) and propose two different calibration methods, one based on

standard techniques and one relying on a deep learning algorithm. The market data are described

in Section 4.1, while the two calibration methods are presented in Section 4.2. Section 4.3 contains

a description of the model specification and in Section 4.4 we report the calibration results.

4.1. FX market data. We consider market data on three FX implied volatility surfaces: EUR-

USD, EUR-JPY and USD-JPY (according to the FOR-DOM convention, the second currency of

each pair represents the domestic currency). The quoting convention for FX implied volatilities

differs from the case of equity markets, since implied volatilities are quoted in terms of deltas

and maturities instead of strikes and maturities. Moreover, excluding ATM options, individual

volatilities are not directly quoted: the market practice consists in quoting certain combinations

of contracts (risk-reversals and butterflies) from which implied volatilities for single contracts in

terms of maturities and deltas have to be recovered.

For the three volatility surfaces, we consider a common set of maturities, ranging from one week

to one year (1, 2 weeks, 1, 3, 6 months, and 1 year, representing the most liquid part of the implied

volatility surface). We retrieved from Bloomberg the following market quotes as of April 15, 2020:

ATM implied volatility, 10∆ and 25∆ risk-reversals3 and butterflies. For 25∆, we have

RR25∆ “ σ25∆Call ´ σ25∆Put, and BF25∆ “ σ25∆Call ` σ25∆Put

2
´ σATM ,

from which we deduce

σ25∆Call “ σATM ` 1

2
RR25∆ ` BF25∆ and σ25∆Put “ σATM ´ 1

2
RR25∆ ` BF25∆,

and similarly for 10∆. For each currency pair and for each maturity, we have the implied volatilities

of 5 contracts at our disposal. Market data not corresponding to the 5 points is interpolated.

In order to reconstruct observed market prices, we also retrieved from Bloomberg FX spots and

FX forward points, which enable us to build FX forward curves by adding the spot and the forward

points. Equipped with such data, we have all the information needed to convert deltas into strikes

and recover implied volatilities for single contracts in terms of maturities and strikes.4

3By 25∆ risk-reversal, we mean an OTM Call option with a delta of 25% and a Put option with a delta of ´25%.
4We performed these tasks by using the open-source Java library Strata by OpenGamma, available at https:

//github.com/OpenGamma/Strata.

https://github.com/OpenGamma/Strata
https://github.com/OpenGamma/Strata
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4.2. Two calibration methods. Let p denote a vector of model parameters, belonging to some

set of admissible parameters P. Let #T be the number of maturities and #K be the number of

strikes that we consider. For simplicity of presentation, we assume that all volatility surfaces have

the same strike range and the same number of strikes. In general, a calibration to the implied

volatilites on a set of N currencies consists in solving the following minimization problem:

(4.1) min
pPP

Nÿ

u“1

#Tÿ

i“1

#Kÿ

j“1

´
σmkt
imp pu, Ti,Kjq ´ σ

modppq
imp pu, Ti,Kjq

¯2

,

where σmkt
imp pu, Ti,Kjq denotes the implied volatility observed on the market for currency u, maturity

Ti, and strike Kj , while σ
modppq
imp pu, Ti,Kjq denotes its model-implied counterpart for a given vector

of parameters p P P.

We now present two calibration methods. The first one, to which we refer as standard calibration,

utilizes pricing formula (3.10) to compute model prices for a given choice of model parameters.

Such prices are then converted into model-implied volatilities and inserted into (4.1). This gives

rise to a multi-dimensional function Σ : P Ñ RNˆ#Tˆ#K such that, for all p P P, we have

Σppqpu,i,jq “ σ
modppq
imp pu, Ti,Kjq, for every u “ 1, . . . , N , i “ 1, . . . ,#T , and j “ 1, . . . ,#K.

The second calibration method, to which we refer as deep calibration, adopts the two-step ap-

proach developed by [HMT21] for the solution of (4.1). We proceed as follows.

Grid-based implicit training: the purpose of this step is to approximate the non-linear

function Σ by a fully-connected feed-forward neural network Nw : P Ñ RNˆ#Tˆ#K (see

[HMT21, Definition 1]), where w denotes a vector of network parameters (typically weights

and biases). We divide this step into two sub-steps:

(1) We generate a training set tppn,Σppnqqun“1,...,Ntrain
of size Ntrain, where each vector

of parameters pn is generated randomly by means of a standard random generator

(suitable adjustments can be made to guarantee that parameter restrictions are satis-

fied), and where we have fixed the grid pu, Ti,Kjq, u “ 1, . . . , N , i “ 1, . . . ,#T , and

j “ 1, . . . ,#K, throughout the generation (hence the term “grid-based”).

(2) We solve the following minimization problem called “training” of the neural network:

(4.2) min
w

Ntrainÿ

n“1

Nÿ

u“1

#Tÿ

i“1

#Kÿ

j“1

´
Σppnqpu,i,jq ´ Nwppnqpu,i,jq

¯2

,

whose solution is an optimal vector of network parameters pw such that the neural

network N :“ N pw best approximates the observations tΣppnqun“1,...,Ntrain
. Notice

that pw depends on the grid that we have fixed, thus explaining the term “implicit”.

Deterministic calibration: we rewrite (4.1) with the trained neural network N as follows:

(4.3) min
pPP

Nÿ

u“1

#Tÿ

i“1

#Kÿ

j“1

´
σmkt
imp pu, Ti,Kjq ´ N ppqpu,i,jq

¯2

.

Following [HMT21], we adopt the following neural network architecture:

‚ 3 hidden layers with 30 nodes on each;
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‚ N “ 3 surfaces, all sharing the same maturity range of size #T “ 6 and the same number

of strikes #K “ 5. This yields an output layer of 3 ˆ 6 ˆ 5 “ 90 nodes. The size of the

input layer is simply the number of model parameters;

‚ On the input and hidden layers, we employ the Exponential Linear Unit (ELU) activation

function. The output layer is in turn equipped with the Sigmoid function.

Figure 2 provides a visualization of the neural network architecture.

Figure 2. Illustration of the chosen neural network architecture, where all weights

have been generated randomly. The width of an edge is proportional to its weight.

The color of an edge defines the sign of the weight (red if positive, blue if negative).

The figure has been generated using the method of [LeN19].

For the training step, we start with the random generation of a training set of size Ntrain “
10.000. After normalization, we proceed with the training of the neural network by solving (4.2).

The common practice is to use a stochastic optimization algorithm based on “mini-batch” gradient

descent (see [GBC16]), whose updater can be specified following the Adam scheme (see [KB17]).

We set the mini-batch size to 32 and the number of epochs to 150 with potential early stopping5.

4.3. CBITCL specification. We consider a specification of the modeling framework described

in Section 3.2 driven by two independent CBITCL processes pXk, Zkq, k “ 1, 2, where

(i) X1 and X2 are tempered α-stable CBI processes, as defined in [FGS21b];

(ii) the Lévy processes L1 and L2 generating the processes Z1 and Z2 (see Definition 2.2),

respectively, are CGMY processes, as introduced in [CGMY02].

We recall from [FGS21b] that a CBI process X “ pXtqtPr0,T s is said to be tempered α-stable if its

immigration mechanism (2.1) reduces to Ψpxq “ βx and the measure π in the branching mechanism

5We rely on the open-source Java library Eclipse Deeplearning4j, available at http://deeplearning4j.org.

http://deeplearning4j.org
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(2.2) corresponds to the Lévy measure of a spectrally positive tempered α-stable compensated Lévy

process. More specifically, we set

πpdzq “ Cα η
α e

´ θ
η
z

z1`α
1tzą0udz,

where η ą 0, θ ě 0, α P p´8, 2q (restricted to α P p1, 2q if θ “ 0) and Cα is a normalization

constant. This family of processes represents the tempered version of α-stable CBI processes, which

have been successfully applied in finance in recent years (see, e.g., [JMS17, JMSS19, JMSZ21]).

The parameter α is referred to as the stability index and determines the jump behavior of the

process X (see [FGS21b, Section 3.1]):

‚ if α ă 0, then X has jumps of finite activity and finite variation;

‚ if α P r0, 1q, then X has jumps of infinite activity and finite variation;

‚ if α P r1, 2q, then X has jumps of infinite activity and infinite variation.

In the present setting, we shall consider the case α P p1, 2q and specify the normalization constant

as Cα “ 1{Γp´αq. The jumps of the process X are tempered exponentially depending on the

value of the parameter θ, while the parameter η serves as a volatility coefficient controlling the

jump volatility of the process X. The following lemma provides the explicit representation of the

branching mechanism Φ of a tempered α-stable CBI process X (we refer to [Szu21] for a proof).

We denote by Γ the Gamma function extended to RzZ´ (see [Leb72]).

Lemma 4.1. For a tempered α-stable CBI process X with η ą 0, θ ě 0, Cα “ 1{Γp´αq and

α P p1, 2q, the set DX defined in (2.7) is given by DX “ p´8, θ{ηs. Moreover, the branching

mechanism Φ is given by

Φpxq “ ´ b x ` 1

2
pσ xq2 ` pθ ´ η xqα ´ θα ` α θα´1 η x, for all x ď θ{η.

Let us also recall from [CGMY02] that a Lévy process L “ pLtqtPr0,T s is of CGMY type if its

Lévy measure γ is given by

γpdzq “ CL

`
z´1´Y e´M z 1tzą0u ` |z|´1´Y e´G |z| 1tză0u

˘
dz,

where we fix CL “ 1{Γp´Y q. The parameter G ą 0 tempers the downward jumps of L, while

M ą 0 tempers the upward jumps, and Y P p1, 2q controls the local behavior of L in a similar way

to the parameter α above. We recall that the Lévy exponent Ξ of a CGMY process is of the form

(4.4) Ξpuq :“ β u `
ż

R

pe z u ´ 1 ´ z uq γpdzq, for all u P iR,

for β P R. It can be easily checked that, in the case of a CGMY process, the set DZ defined in

(2.8) is given by DZ “ r´G,M s. The Lévy exponent (4.4) then takes the following explicit form:

Ξpuq “ β u ` pM ´ uqY ´ MY ` pG ` uqY ´ GY ` uY pMY ´1 ´ GY ´1q, for all u P r´G,M s.

As discussed in Section 3.3, the pricing of currency option requires the transformation of the

model under Qi, for i “ 1, 2, 3, where each Qi represents the risk-neutral measure associated to

the ith economy and is given by (3.4). In the present model specification, Theorem 3.5 directly
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implies the following result, which shows that not only the general CBITCL structure, but also the

tempered α-stable property of Xk and the CGMY structure of Lk, for k “ 1, 2, is preserved.

Corollary 4.2. Under the model specification considered in this section, let Qi be the probability

measure defined in (3.4), for i “ 1, . . . , N . Then, for each i “ 1, . . . , N , the processes pXk, Zkq,
k “ 1, 2, remain independent CBITCL processes under Qi and such that

(i) Xk is a tempered α-stable CBI process with tempering parameter θi,k “ θk ´ ζikη
k;

(ii) Zk “ Lk
Y k , where Lk is a CGMY process with tempering parameters Gi,k “ Gk ` λi

k and

M i,k “ Mk ´ λi
k.

Moreover, the drift term bi,k and b
i,k
Z given in Table 2 can be explicitly computed as follows (see

[Szu21, Chapter 2] for further details), for i “ 1, . . . , N and k “ 1, 2:

bi,k “ bk ´ ζik σ
2
k ´ αk η

αk

k

´
θ
αk´1
k ´ pθk ´ ζik ηkqαk´1

¯
,

β
i,k
Z “ βk

Z ` Y k
´

pMkqY k´1 ´ pMk ´ λi
kqY k´1 ` pGkqY k´1 ´ pGk ` λi

kqY k´1
¯
.

4.4. Calibration results. For the resolution of (4.1) and (4.3), we use the Levenberg–Marquardt

optimizer of the open-source Java library Finmath6. We perform standard and deep calibrations.

For the standard one, we obtain a root-mean-square error of 0.07557 in 709.977 seconds. Figure 3

shows a satisfactory fit that slightly worsens for longer maturities. The deep calibration outperforms

the standard one, achieving a root-mean-square error of 0.04092 in 0.269 seconds. The better

quality of the fit can be seeen from Figure 4, where we can observe an improvement for longer

maturities. Moreover, the execution time of the deep calibration is much smaller. However, one

should take into account the time required for the training step, which may last up to several hours.

The calibrated values of the parameters are reported in Table 3. In particular, we can notice that

the calibrated values of α1 and α2 are rather close to 1, indicating the potential presence of jump

clustering phenomena (see [FGS21b, Section 3.1] for a detailed discussion of this aspect and for an

analogous empirical evidence in multi-curve interest rate markets). We can also observe that the

differences ζEUR ´ ζUSD, ζEUR ´ ζJPY, ζUSD ´ ζJPY show evidence of moderate dependence between

the FX rates considered and their volatility, in line with the findings of [BM18]. By inspecting the

calibrated values of the parameters of the tempered α-stable CBI processes, we can also notice a

non-trivial contribution from the self-exciting jumps.

It is also interesting to remark that the calibrated values of the parameters are stable across

the two types of calibration. This is in accordance with the order that we followed to perform

the two calibration exercises: first, we performed the deep calibration, where the initial guess was

generated randomly by employing the same random generator that we used for the generation of

the training set. We then used the optimal set of parameters obtained from this first experiment as

the initial guess of the standard calibration. In particular, the fact that the output of the standard

calibration is in line with that of the deep calibration provides us with a way of validating, in the

present context, the deep calibration.

6Available at https://www.finmath.net/finmath-lib.

https://www.finmath.net/finmath-lib
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Figure 3. Calibration results obtained via the standard calibration. Market prices

are denoted by crosses, model prices are denoted by circles. Moneyness levels follow

the standard Delta quoting convention in the FX option market. DC and DP stand

for “delta call” and “delta put”, respectively.



CBI-TIME-CHANGED LÉVY PROCESSES FOR MULTI-CURRENCY MODELING 21

10DP 25DP ATM 25DC 10DC

0

0.05

0.1

0.15
EURUSD - 1 w

10DP 25DP ATM 25DC 10DC

0

0.05

0.1

0.15
EURUSD - 2 w

10DP 25DP ATM 25DC 10DC

0

0.05

0.1

0.15
EURUSD - 1 m

10DP 25DP ATM 25DC 10DC

0

0.05

0.1

0.15
EURUSD - 3 m

10DP 25DP ATM 25DC 10DC

0

0.05

0.1

0.15
EURUSD - 6 m

10DP 25DP ATM 25DC 10DC

0

0.05

0.1

0.15
EURUSD - 1 y

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
EURJPY - 1 w

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
EURJPY - 2 w

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
EURJPY - 1 m

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
EURJPY - 3 m

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
EURJPY - 6 m

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
EURJPY - 1 y

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
USDJPY - 1 w

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
USDJPY - 2 w

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
USDJPY - 1 m

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
USDJPY - 3 m

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
USDJPY - 6 m

10DP 25DP ATM 25DC 10DC
0

5

10

15

20

25

30
USDJPY - 1 y

Figure 4. Calibration results obtained via the deep calibration. Market prices are

denoted by crosses, model prices are denoted by circles. Moneyness levels follow the

standard Delta quoting convention in the FX option market. DC and DP stand for

“delta call” and “delta put”, respectively.
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Standard Deep Standard Deep

X1
0 1.1040 1.1106 X2

0 0.19652 0.18549

β1 0.37721 0.65766 β2 1.7524 1.7782

b1 0.43082 0.43082 b2 ´0.73467 ´0.73467

σ1 2.1473 2.1473 σ2 1.1174 1.1174

η1 1.7208 1.7208 η2 2.1855 2.1855

θ1 1.9338 1.9338 θ2 0.65273 0.65273

α1 1.1697 1.1697 α2 1.1122 1.1122

β1
Z ´0.16220 ´0.16220 β2

Z 0.88065 0.88065

G1 3.0313 3.0313 G2 0.59711 0.59711

M1 0.79529 0.79529 M2 0.22821 0.22821

Y 1 1.7675 1.7675 Y 2 1.2390 1.2390

ζJPY,1 1.12323 1.12366 ζJPY,2 0.232636 0.232636

ζUSD,1 0.27244 0.27244 ζUSD,2 0.092184 0.060470

ζEUR,1 0.089747 0.097352 ζEUR,2 0.025973 0.024422

λJPY,1 0.39764 0.39764 λJPY,2 0.11410 0.11410

λUSD,1 0.32863 0.32863 λUSD,2 ´0.014839 ´0.014839

λEUR,1 0.16260 0.16260 λEUR,2 0.040496 0.040496

Table 3. Calibrated values of the model parameters.

5. Conclusions

We have proposed a stochastic volatility modeling framework for multiple currencies based on

CBI-time-changed Lévy processes (CBITCL processes). The proposed approach combines full

analytical tractability with consistency with the symmetric structure and the most relevant risk

characteristics of FX markets. In particular, the self-exciting behavior of CBI processes allows

capturing jump and volatility clustering effects. We have characterized a class of risk-neutral

measures that leave invariant the structure of the model and allow for the derivation of a semi-

closed pricing formula for currency options. Considering a specification driven by tempered α-

stable CBI processes and CGMY Lévy processes, we have successfully calibrated the model to

an FX triangle, using standard as well as deep learning techniques. The calibrated values of the

parameters support the relevance of self-excitation and clustering phenomena.

Among the possible directions for further research, the modeling framework can be extended by

considering stochastic interest rates in the different economies, possibly stochastically correlated

with the FX rates. Moreover, we believe that CBITCL processes represent a flexible tool that can

be successfully applied to other asset classes where stochastic volatility plays a relevant role.
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