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Abstract

We devise an innovative methodology that allows exploiting information from

singleton and longitudinal observations for the estimation of fixed effects panel data

models. The approach can be applied to join cross-sectional data and longitudinal

data, in order to increase estimation efficiency, while properly tackling the poten-

tial bias due to unobserved individual characteristics. Estimation is framed within

the GMM context and we assess its properties by means of Monte Carlo simula-

tions. The method is applied to an unbalanced panel of firm data to estimate a

Total Factor Productivity regression based on the renown Business Environment

and Enterprise Performance Survey (BEEPs) database. Under the assumption that

the relationship between observed and unobserved characteristics is homogeneous

across singleton and longitudinal observations (or across different samples), infor-

mation from longitudinal data is used to “clean” the bias in the unpaired sample of

singletons. This reduces the standard errors of the estimation (in our application,

by approximately 8-9 percent) and has the potential to increase the significance of

the coefficients.
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1 Introduction

The availability of high quality longitudinal data sets is rare in many field of economic

studies. In most cases, researchers rely on repeated, sometimes yearly, cross-sectional

data sets. In few others, scholars can also access short panels of data and therefore they

routinely use these sources of data to estimate the causal relationship between individ-

ual’s, household’s, firm’s characteristics and, for example, the level of wages, welfare,

production’s efficiency, etc. These are in nature micro-data empirical analyses. Exam-

ples include the estimation of the return to education in terms of individual earnings, or

of the relationship between the adoption of a technology and firm productivity.

Estimates from cross-sectional data (singletons) are potentially biased because they

do not properly account for the relationship between observed time-variant and time-

invariant unobserved characteristics. In contrast, fixed effect panel estimates are unbi-

ased, but may be imprecise due to the small size of most longitudinal data sets (e.g. few

rounds or few observations per round). As a result, coefficients may not be statistically

significant due to low number of degrees of freedom and, as a consequence, low statistical

power.

In this paper, following Bruno and Stampini (2009), we show how the singleton

observations can be exploited to improve the efficiency of panel estimates based on

longitudinal data. In other words, singletons can come from either unpaired observations

in panel data sets (e.g., firms that were surveyed only once) or cross-sectional data.

Practically all panel data sets contain singletons, due to attrition during data collection.

Cross-sectional data is also generally available as a complementary source of information.

The procedure entails two steps. First, information from panel model estimation

is used to “clean” the singletons from the bias that comes from the omission of time-

invariant unobservable characteristics. Second, the “cleaned” singletons are used jointly

with longitudinal observations to produce more precise and still unbiased estimates. The

gain in efficiency comes from exploiting a higher number of observations.

The validity of the results depends on two key assumptions. Firstly, there must be

no time varying unobserved characteristics correlated with either observed character-

istics or fixed effects (i.e., the strict exogeneity assumption holds). This is a common

assumption of the fixed effects estimation, usually not tested in empirical analysis. The

second assumption - which can be tested - is that the relationship between observed

and unobserved characteristics is homogeneous in the longitudinal observations and in

the singletons. We discuss how to test this assumption, and its implication for the

applicability of the proposed methodology.
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Following the intuition in Bruno and Stampini (2009) and building on it, we devise

an innovative procedure within the Generalized Methods-of-Moments (GMM henceforth,

see Hansen, 1982) framework.1 We assess the properties of the methodology by means

of Monte Carlo simulations.

The remainder of the paper is organised as follows: in section 2 we identify the con-

ditions under which the methodology can be applied. Section 3 develops a Monte Carlo

experiment to assess the efficiency gains. In section 4 we apply the methodology, achiev-

ing efficiency gains, to data from fourth and fifth waves of the Business Environment

and Economic Performance survey (BEEPs). Section 5 concludes.

2 Exploiting singleton observations in fixed effect estima-

tion

We consider the static panel data model (i = 1, ..., N ; t = 1, ..., T ):

yit = x′itβ + αi + eit (1)

with xit a k × 1 vector of observable characteristics, β a k × 1 vector of parameters to

be estimated,2 αi the individual fixed effect, and eit an idiosyncratic error term.

The variables in xit are allowed to be arbitrarily correlated with αi, but not with eis

at any time s = 1, ..., T , so that the strict exogeneity assumption is satisfied.

Let us denote the singleton observations with the subscript s, that is we denote yit

the observations on the units for which we have repeated observations and yst the units

for which we only have one observation at time t (unit s is not observed at time periods

r 6= t, with r = 1, ..., T ). The observations on the independent variables are defined in

an analogous way, as xit for the “panel” units and xst for the singleton observations.

Model (1) is customarily estimated using the within group transformation and the

fixed effect estimator (see e.g. Wooldridge, 2004, pag. 265). Under the assumption

of strict exogeneity, the fixed effect estimator β̂fe is consistent and β̂fe
p
→ β. On the

contrary, in the case of correlation between xit and αi, the OLS estimator β̂ls is biased

and β̂ls
p
→ β̃, with β̃ 6= β. Let us define the OLS bias as b = β̃ − β.

Observations on singleton units are lost in a fixed effect framework, as the within

group transformation for those units is identically equal to zero. However, we propose

1The estimator is easily obtained using available econometric software. A STATA code to implement
the proposed procedure is available from the authors upon request.

2A constant term is included in β, and xit is defined accordingly.
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that the observations on the singleton can be employed to enhance the efficiency and

significance of fixed effect estimator, under the assumption that the bias of the OLS

estimator does not change across the two samples (longitudinal and singleton data).

In other words, our methodology relies upon the assumption that the correlation be-

tween the independent variables and the time-invariant unobservables is constant across

samples: the relationship between observable and unobservable characteristics must be

homogeneous in the sub-sample of unpaired observations (singletons) and in the bal-

anced panel (longitudinal observations). We call this the homogeneity hypothesis.3 We

need that the homogeneity hypothesis and the common variance between panel and cross

sections are both satisfied.

The estimation method we propose is framed within a GMM approach.

First, consider the fixed effect estimator on the longitudinal observations.4 This can

be obtained as the OLS estimator of the within-group transformed data, thus relying on

the following moment condition:

E[ẍit(ÿit − ẍ′itβ)] = 0 (2)

with z̈it = zit − z̄i with z̄i =
∑

t zit/T (z = y, x).

The fixed effect panel data estimator has also an instrumental variable interpretation

(Verbeek, 2008, pag. 354), in which the regression model in (1) is considered, and each

explanatory variable is instrumented by its value in deviation from the individual specific

mean ẍit.
5 As a result, the following moment condition is exploited leading to the fixed

effect estimate of β:6

E[ẍit(yit − x′itβ)] = 0 (3)

Now consider the OLS estimator. As already mentioned, in the case of correlation

between the explanatory variables and the individual effect the OLS estimator is biased.

Still, given the properties of the OLS estimator, the following condition holds:

E[xit(yit − x′it(β + b))] = 0 (4)

A GMM estimator based on the moment conditions in (3) and (4) will produce the

3See also Bruno and Stampini (2009) for a full formalisation.
4Singletons can be included in the estimation, but their presence will not change the results as ẍst = 0

and ÿst = 0 for each s and t.
5When the model contains a constant term, the moment condition E[yit−x′

itβ] = 0 is also considered.
That is, the within group transformation is not considered for the constant term.

6Again, singleton observations will not contribute to estimation.
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fixed effect estimator of β. As we are adding k moment conditions and k parameters (the

OLS bias of each coefficient in b), the estimation of β is unaffected by the new moment

condition (4).

However, the proposed set up allows us to exploit the additional information pro-

vided by the availability of singleton observations (yst, xst). Under the assumption of

homogeneity, the following moment condition can also be exploited, leading to additional

information for the estimation of β (and b):

E[xst(yst − x′st(β + b))] = 0 (5)

In the following section a set of Monte Carlo experiments is presented to show that

the proposed methodology can indeed increase the efficiency of the fixed effect estimator.

3 Monte Carlo experiments

First, let us consider the longitudinal data as:

yit = β0 + β1xit + αi + eit (6)

where β0 = 0, β1 = 1, αi ∼ N(0, σ2
α), and eit ∼ N(0, σ2

e), with σ2
e = 1, σ2

α = 0.25, 1, 4,

i = 1, ..., Np (with Np = 100), and t = 1, ..., T (we will consider T = 2, 4). As for the

independent variable, we let:

xit = θ αi + wit

with wit ∼ N(0, σ2
w), θ = 0.2, 0.8, and σ2

w = 0.8, 1.2.

In order to generate the singleton observations, we consider the same data generating

process as the longitudinal observations, but we only generate observations at time

t = 1:7

ys1 = β0 + β1xs1 + αs + est

so that the homogeneity assumption is satisfied. The sample size of the singleton data

is set as Ns = s × Np. The total number of observations is therefore N = Np + Ns =

Np(1 + s).

Results of Monte Carlo experiments are reported in Table 1 (based on 10,000 repli-

cations).

7The first time period is considered for simplicity. Singleton observations can be observed in any time
periods. Indeed, in the empirical application presented in the next Section, singletons are distributed
across all time periods, as usually common in micro-databases.
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GMM GMM GMM
T σ2

w θ σ2
α FE s = 0.5 s = 1 s = 1.5

2 0.8 0.2 0.25 1.000 (.1137) 1.004 (.1104) 1.001 (.1069) 1.001 (.1029)
2 0.8 0.2 1.00 1.000 (.1137) 1.001 (.1117) 1.002 (.1099) 1.002 (.1071)
2 0.8 0.2 4.00 1.000 (.1137) 1.001 (.1131) 1.002 (.1128) 1.002 (.1112)

2 0.8 0.8 0.25 1.000 (.1137) 1.001 (.1107) 1.002 (.1079) 1.002 (.1043)
2 0.8 0.8 1.00 1.000 (.1137) 1.001 (.1123) 1.002 (.1111) 1.003 (.1089)
2 0.8 0.8 4.00 1.000 (.1137) 1.001 (.1133) 1.003 (.1131) 1.002 (.1119)

2 1.2 0.2 0.25 1.000 (.0928) 1.000 (.0901) 1.001 (.0828) 1.001 (.0840)
2 1.2 0.2 1.00 1.000 (.0928) 1.000 (.0913) 1.001 (.0897) 1.001 (.0874)
2 1.2 0.2 4.00 1.001 (.0928) 1.000 (.0923) 1.002 (.0921) 1.002 (.0907)

2 1.2 0.8 0.25 1.000 (.0928) 1.000 (.0903) 1.001 (.0878) 1.002 (.0848)
2 1.2 0.8 1.00 1.000 (.0928) 1.001 (.0915) 1.002 (.0904) 1.002 (.0886)
2 1.2 0.8 4.00 1.000 (.0928) 1.001 (.0925) 1.002 (.0923) 1.002 (.0913)

4 0.8 0.2 1.00 1.000 (.0645) 1.000 (.0641) 1.001 (.0633) 1.000 (.0620)
4 0.8 0.8 1.00 1.000 (.0645) 1.000 (.0643) 1.001 (.0639) 1.001 (.0630)
4 1.2 0.2 1.00 1.000 (.0529) 1.000 (.0523) 1.001 (.0517) 1.000 (.0505)
4 1.2 0.8 1.00 1.000 (.0528) 1.001 (.0525) 1.001 (.0521) 1.001 (.0513)

Table 1: Results of Monte Carlo simulations, mean and standard deviations (in paren-
thesis) of estimated β1, 10,000 replications

Overall, the proposed methodology allows to increase the efficiency of the parameters’

estimate, without affecting the property of consistency, though. In some instances, a 10%

decrease in the standard errors is recorded. As expected, efficiency gains are increasing

in s, i.e. in the number of singletons. Furthermore, the efficiency gains depend on the

variance of the individual effects, and they are more pronounced in the case of smaller

σ2
α and smaller θ.

4 An empirical application

We apply the proposed methodology to estimate a total factor productivity (TFP) re-

gression on data from the European Bank of Reconstruction and Development – World

Bank Business Environment and Enterprise Performance Survey (BEEPS).8 The survey

contains firm-level data on broad range of variables about the business environment and

performance of firms. We considered data from fourth (IV) and fifth (V) waves, from

the years 2007 and 2011-2012 respectively.9

8See http://ebrd-beeps.com and https://openknowledge.worldbank.org/handle/10986/9393.
9The following countries are included in the survey: Albania, Armenia, Azerbaijan, Belarus, Bosnia

and Herzegovina, Bulgaria, Croatia, Czech Republic, Estonia, FYR Macedonia, Georgia, Hungary, Kaza-
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No missing No outliers
N % N %

BEEPS IV only 2,475 52.44 2,031 54.28
BEEPS V only 1,974 41.82 1,532 40.94
Both BEEPS IV and V 271 5.74 179 4.78

Total 4,720 100.0 3,742 100.0

Table 2: Structure of the data

Following a well established literature on the estimation of the TFP (Hsieh and

Klenow (2009); Syverson (2011)), and the related literature applying this estimation to

BEEPs data (Hellman, Jones and Kaufmann (2003); Kuboniwa (2011)), we estimate

the following equation:

lnYit = αi + β1lnLit + β2lnKit + eit (7)

The data on sales and capital are reported in local currency units. Values have

been deflated and converted to US dollars using the consumer price index and the ex-

change rate provided by the World Bank (source: World Bank, World Development

Indicators).10

In our dataset, after removing outliers and observations with missing data,11 we have

358 longitudinal observations (179 units, each one observed twice) and 3,563 singletons

(2,031 from the fourth wave, and 1,532 from the fifth) (Table 2).

Before applying the GMM methodology, we need to test whether the homogeneity

assumption is satisfied, that is we check that the OLS estimates do not differ in the

longitudinal (panel) and singleton samples. This is accomplished by estimating (by

OLS) a fully interacted model and testing whether the OLS coefficients differ in the

longitudinal and singleton samples. The F-test for the null hypothesis of no difference

khstan, Kosovo, Kyrgyz Republic, Latvia, Lithuania, Moldova, Mongolia, Montenegro, Poland, Romania,
Russia, Serbia, Slovak Republic, Slovenia, Tajikistan, Turkey, Ukraine, and Uzbekistan. Data for Cyprus
and Greece are also included in BEEPS V. However, differently from most countries in the analysis, data
refers to the year 2014. We decided not to include those countries in the analysis. In addition, data on
consumer price index are not available for these countries.

10Data on exchange rate and consumer price index are not available for Belarus, Uzbekistan, Estonia,
Slovak Republic, Slovenia; therefore these countries are excluded from the analysis. We take into account
the fiscal year the data refers to, as indicated in the BEEPs data.

11For each country, we computed the median (m) of all the variables and the inter-quartile range (iqr),
and considered as outliers those observations with values outside the interval defined by m± 1.5iqr. We
removed about 20% observations.
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No missing No outliers
Time dummy no yes no yes

F-test 1.76 1.49 .462 .381
p-value .152 .202 .709 .823

Table 3: Results of the test of homogeneity

No missing No outliers
Variable FE GMM FE GMM FE GMM FE GMM

lnL .611∗∗∗ .734∗∗∗ .554∗∗∗ .662∗∗∗ .653∗∗∗ .650∗∗∗ .607∗∗∗ .602∗∗∗

(.169) (.168) (.162) (.159) (.121) (.116) (.131) (.125)
lnK .151∗∗∗ .117∗∗ .121∗∗ .084 .156∗∗∗ .166∗∗∗ .126∗∗ .132∗∗∗

(.057) (.052) (.057) (.053) (.057) (.049) (.053) (.047)

Time dummy no no yes yes no no yes yes

Test CRS 2.10 .770 4.18 2.48 2.37 2.23 3.77 3.93
[p-value] [.147] [.380] [.041] [.115] [.124] [.136] [.052] [.047]

J-test – 5.06 – 5.68 – 1.34 – 1.49
[p-value] [.168] [.225] [.719] [.829]

Table 4: Results of the econometric estimation; standard errors are robust to clustering
across units; p-value of reported test statistics among squared brackets

across the two samples is reported in Table 3.12 We consider both the specification in

(7) and a specification including a time dummy.

The homogeneity assumption is never rejected. We can therefore use the GMM

framework we propose to increase the efficiency of fixed effect estimates.

Estimation results are presented in Table 4, that reports both the fixed effect esti-

mator and the GMM estimator implementing the correction methodology. The Table

also shows the result of a test for the null hypothesis of constant returns to scale (CRS),

i.e. H0 : β1 + β2 = 1, and the J-test for the validity of over-identifying restrictions.

The first visible result is the decrease of the Standard Errors size for each and every

column of the GMM estimation compared to the FE. The gain of efficiency is approx-

imately 8-9 percent, i.e. a non-negligible by the standard of this type of regressions

analysis in the TFP literature. In only one instance, this increases the level of signifi-

cance of the coefficient estimation (for the elasticity to capital, in the model with time

12Consider the OLS regression for the full sample yjt = x′
jtβ + wjt with j = i for longitudinal

observations and j = s for singleton data. Define a dummy variable for the panel observations, that is
djt = 1 if j = i, 0 otherwise. The fully interacted model is yjt = x′

jtβ + djt x
′
jtδ + wjt. The test of

homogeneity corresponds to testing the null hypothesis H0 : δ = 0, see also Bruno and Stampini (2009).
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dummy). Estimates of the elasticities to labor and capital are in line with the findings of

the existing literature, i.e. in the order of 60-70 percent for labour versus 10-20 percent

for capital (see Syverson (2011)).

5 Conclusions

In this paper we devise an innovative procedure that exploits singleton (i.e. unpaired or

cross-sectional) observations to increase the efficiency of panel data estimates of microe-

conomic relationships. The estimation procedure we propose is built within a Generalised

Methods of Moments framework.

The availability of longitudinal data allows us to properly tackle the the potential

bias due to the correlation between variables of interest and unobserved time-invariant

individual characteristics. The use of the singletons allows reducing the standard errors

of the panel estimates, with the potential to increase their significance.

Our procedure relies on the assumption that the relationship between observed and

unobserved characteristics is homogeneous across samples. The assumption can be easily

tested using an ’interacted’ OLS regression.

We show efficiency gains through a set of Monte Carlo experiments. We then apply

our procedure to the estimation of a Total Factor Productivity regression using data from

the Business Environment and Enterprise Performance survey. Results show increases

in efficiency in all models’ specification, in the order of 8-9 percent.

The procedure can be applied to the estimation of other microeconomic relationships,

such as that of the returns to education in terms of earnings, production function,

economic performance, etc. In general, it can be useful to researchers dealing with small

panel data sets in a context of richer (vis-a-vis the panel) availability of cross-sectional

data. Similarly, it can be used to recover information from large attrition’s units in large

panel data sets. The methodology could be implemented to a wide range of contexts

and databases.
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