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Abstract

We introduce an axiomatic framework to analyze the perception of inequal-
ity across distributions with different total income. The main result is the
characterization of a new two parameters generalized version of the inequal-
ity equivalence criterion (IEC), the Flexible IEC (FIE). This criterion is able
to encompass all the most used criteria of inequality equivalence and is suf-
ficiently flexible to provide a perception consistent with recent evidence from
questionnaire investigations, namely that the inequality perception goes from
the relative view (focussing on income shares) to the absolute view (focussing on
absolute income differentials) as incomes increase. One parameter of the FIE is
associated with the Bossert and Pfingsten (Math. Soc. Sc. 1990) Intermediate
IEC (IIE) while the other is shown to lead to an alternative single parameter
version of the IEC, the Proportional IEC which is dual to the previous. We
provide independent characterizations both of PIE and IIE. Also alternative
IECs existing in the literature are characterized within the axiomatic frame-
work suggested. These results are consistent with those obtained in the surplus
sharing literature by Moulin (Int. J. Game Theory 1987), Young (Math. Op.
Res. 1987, J. Econ. Theory 1988) and Pfingsten (Math. Soc. Sc. 1991), and
with recent results in inequality measurement by Ebert (Math. Soc. Sc. 2004)
and Zheng (Soc. Ch. Wel. 2007). We complete the analysis investigating
the implications of extending the domain of the income distributions includ-
ing negative incomes. The basic consistency properties suggested in order to
characterize the IECs are sufficient to select the absolute IEC when unbounded
negative incomes are included in the domain.
Keywords: Inequality measurement, inequality equivalence, axiomatic sur-

plus sharing, intermediate inequality.
JEL: D63, D31.
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1 Introduction

This paper is about income inequality comparisons between distributions of different
total income. We characterize inequality criteria that can be applied to interna-
tional/intertemporal comparisons and to evaluate distributive effects of alternative
policies. These criteria are likely to play a crucial role in the assessment of the rela-
tionship between size (or growth) and inequality (or poverty) of income distributions
experiencing large differences in average income.
The axiomatic approach to the measurement of income inequality aims at char-

acterizing measures satisfying a set of plausible properties. Some of the axioms sug-
gested (Anonymity and the Principle of Transfers) allow us to make comparisons
between distributions of fixed total income and fixed population size, others (the
Principle of Population and the Inequality Equivalence Criterion) extend these com-
parisons over distributions with different population size or different total income1.
Since the seminal work of Amiel and Cowell (1992), there have been many at-

tempts to test whether individual inequality perceptions are consistent with these
axioms. The most controversial axiom appears to be the Inequality Equivalence Cri-
terion (IEC). This criterion specifies the way in which an additional amount of income
should be split in order to leave inequality unchanged when compared to the original
distribution. Its most used specification (both in theoretical and applied works) is
the relative. The relative IEC requires that income shares remain unchanged after
the addition of a surplus. The main argument in favor of this specification is that it
allows the associated inequality rankings to be independent from the units in which
income is measured. Kolm (1976) argued that together with the “currency indepen-
dence” property, the relative criterion also embodies a normative value judgement.
Provided we are able to specify a common unit of measure, Kolm (1976) proposed
an alternative absolute version of the IEC taking into account the differences be-
tween the income levels of the individuals instead of their income shares. As shown
in Eichhorn and Gehrig (1982) the relative and absolute IECs are not compatible.
More precisely, any continuous inequality index satisfying both criteria is constant.2

In order to capture inequality perceptions that partially combine both approaches,
Bossert and Pfingsten (1990) suggests an Intermediate Inequality Equivalence (IIE)
criterion which is a parametric representation of an IEC whose extreme cases are the
absolute and the relative.
The various IECs suggested in the literature show a common feature: they treat

income increments and decrements in the same way irrespective of their size. The idea
of following a ‘linear expansion’ path of inequality equivalence is certainly appealing.
However, it is not clear why changes in total income should exhibit the same inequal-
ity neutral effect irrespective of whether they come from the distribution of a surplus
or from tax payments? Classical findings in the literature on choices under uncer-
tainty (e.g. Kahneman and Tversky, 1978) suggest that individuals facing uncertain
prospects tend to evaluate gains and losses in different ways. This seems a reasonable

1See, among others, Lambert (2001) and Cowell (2000), and the literature cited therein.
2See also Aczel (1987, Sect. 3) and Zheng (1994) where a related result is obtained for poverty

measures.
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intuitive perspective even for evaluations involving inequality comparisons. For in-
stance, suppose that starting from distribution A = {10, 15, 20} the appropriate way
to share a surplus of 9 units, in order to leave inequality unchanged, leads to distribu-
tion BA = {13, 18, 23} where the surplus is shared according to the absolute criterion.
If this is the case, does the appropriate way to collect a revenue from taxation of 27
units lead to the net income distribution CA = {1, 6, 11}? What if instead we start
from the distribution A∗ = {10, 10, 100}? Is it normatively appealing to consider
C∗

A = {1, 1, 91} to be inequality equivalent to A∗? In both cases, either going from
A to BA or from A∗ to C∗

A, we have respectively added or subtracted a vector where
surpluses or tax liabilities have been shared equally. Making use of linear inequality
criteria requires that, if we are willing to support the idea that the appropriate way
to share a surplus starting from a distribution showing large disparities is to follow
the absolute criterion, because in doing so we avoid excessive discrimination of poor
individuals as we would have done using a relative criterion, then we must be willing
to support the idea that the appropriate way to tax these individuals is trough a “poll
tax”! This may contradict the intuition and appear a questionable ethical property
for the IEC applied. This point is also at the core of the Kolm-Atkinson early debate
on the normative relevance of the relative and absolute inequality equivalence criteria.
In support of the absolute inequality view or the less demanding view that inequal-
ity should increase because of proportional income increases Kolm (1976a) cites the
events of May 1968 in France leading to a 13% increase in all payrolls. As an effect of
this decision Kolm (1976a) p. 419 states that: “the Radicals felt bitter and cheated;
in their view, this widely increased income inequality”. On the other hand Atkinson
(1983) provides in favor of the relative inequality view a different historical example
considering the problem of a pay cut. The case considered is the one of mutination
of sailors of the British navy because of the a shilling a day reduction in the pay of
all the naval rating below the rank of a warrant officer in September 1931. Atkinson
(1983) p. 6 argues that: “The manifesto of the mutineers made it clear that they were
‘quite agreeable to accept a cut that they consider reasonable’ [..] but they did not
regard it as fair hat they should bear a bigger proportionate cut than the officers.”
Both arguments seem to lead the reader to the conclusion that inequality neutral

sharing of surpluses and tax liabilities should differ not only (obviously) in sign but
also in the distribution of the total amounts. In particular combining Atkinson and
Kolm arguments appears reasonable to suggest that surpluses should be shared in
more absolute terms while tax liabilities should be shared in more relative terms.
This intuition is also consistent with questionnaire evidence showing that neither the
relative and absolute IECs3 nor the parametric IIE criterion4 are sufficiently flexible
to represent the variety of individuals’ inequality perceptions. In particular, Amiel
and Cowell (1997, 1999) find evidence that “the appropriate inequality equivalence
concept depends on the income levels at which inequality comparisons are made”.
Moreover, they show that as income increases the equivalence concept moves from
the relative attitude to the absolute one, a pattern consistent with our intuition. The

3See Amiel and Cowell (1992, 1999), Ballano and Ruiz-Castillo (1993), and Harrison and Seidl
(1994a,b).
4See Ballano and Ruiz-Castillo (1993), and Amiel and Cowell (1997, 1999).
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most common IECs applied in the inequality measurement literature are not able to
represent this perception since they are all linear.5

These issues were also of concern by Sen, in discussing Atkinson index Sen (1973)
p. 70 argues that: “What is really restrictive, is [....] the requirement that the
inequality measure should be independent of the mean income level. One can argue
that for low income levels the inequality measures should take much sharper note
of the same degree of relative variation on the ground that inequality pinches most
when people are closer to starvation. On the other side, I have heard it argued that
equality is a ‘luxury’ that only a rich economy can ‘afford’, and while I cannot pretend
to understand fully this point of view, I am impress by the number of people who
seem to be prepared to advocate such a position. Though the considerations run in
opposite directions, that in itself is no justification for making (p. 71) the inequality
measure independent of the level of mean income”. In next sentence Sen (1973) p. 71
also highlight a crucial point in the discussion on the appropriate IEC to apply: “We
are caught in a bit of a dilemma here. Making inequality measures independent of
the mean income seems objectionable, but no alternative general assumption about
the relationship of the mean income to these measures seems to be acceptable to all.
Also, quantitative specification of the extent of the dependence on the mean income
would bring in division even within a camp that may be united on the direction of the
dependence and only on the direction.” In this work we provide a solution to the first
of the points raised by Sen, identifying a characterization of the IEC that allows to
overcome the problem of arbitrariness of the mean income relation of the IECs. The
derived IEC is parameterized by two parameters, this functional form will restrict the
debate to range of values with the parametric space that can be considered ethically
relevant.
We will also provide answers to other questions concerning the structure of the

IECs. The only information required by any IECs considered in the literature in
order to formalize the way in which a surplus should be distributed to individual
i belonging to a group of n persons in order to leave inequality unchanged, is at
the most, individual i′s income, the amount of the surplus, and the mean (or total)
income in the original distribution. It seems therefore surprising that a complicate
problem like that of evaluating inequality over distributions of different size could
be solved making use of such little information. Do we implicitly disregard some
important features of inequality perceptions in making use of criteria relying on such
restricted information sets? Our answer to this question will be that as long as the
derived IEC has to be combined with the Principle of Transfers the the restriction on
the information set is necessary.
We investigate the IEC within an axiomatic framework in order to highlight the

normative judgments underlying the selection of an IEC and to identify which proper-
ties could characterize equivalence criteria consistent with questionnaires’ evidence.6

5For further IEC see also, Seidl and Pfingsten (1997) and Del Rio and Ruiz Castillo (2000). A
criterion showing changes in perception from the relative to the absolute position has been suggested
in Krtscha (1994), see also Yoshida (2002).
6See Bossert (1998) for a discussion of the relevance of the axiomatic approach compared to the

empirical evidence from questionnaires as the appropriate informative basis for policy evaluations.
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Instead of imposing axioms directly on the set of income distributions we consider the
set of distributive vectors. These vectors are conditioned on a starting distribution,
and specify the way in which additional income must be shared in order to leave
inequality unchanged with respect to the original distribution.7

The analysis is inspired by Moulin (1987) which investigates surplus sharing rules
of a joint venture in a cooperative game theoretical framework. Some of the definitions
and results can also be traced back to other contributions in the literature concerning
sharing rules regarding a division of amounts according to individual liabilities (see
Aumann and Maschler (1985), Young (1987, 1988) and Wakker (1988)), or claims
(see Chun (1988) and Pfingsten (1991)).
We investigate which properties the distributive rules should satisfy in order to

be consistent with the two main axioms in inequality comparisons, Anonymity (A)
and the Principle of Transfers (PT). It turns out that consistency with PT requires
that the sharing rule applied to divide a surplus can be specified making use only of
the information on the surplus shared, the average income of the original distribution
and the income of the individual considered. Furthermore we introduce, together with
some well known axioms, new ones, we investigate their relationships, and characterize
new distributive rules. The key new axiom is called Betweenness.8 It requires that,
if the sharing rule of an “infinitesimal” surplus over two starting distributions is the
same, then also all distributions obtained as a convex combination of these two must
exhibit the same sharing rule.
The innovative aspect of our analysis with respect to the previous surplus shar-

ing literature9 is that it provides an interpretation of the axioms characterizing the
distributive rules in the context of the theory of measurement of income inequality.
This approach highlights the suitability of the surplus sharing tools for the purpose
of characterizing IECs. Moreover, we provide characterization results (see Proposi-
tion 2) involving axioms already applied in the literature whose combined effect has
not been yet specified, and present a new characterization of the IIE criterion (see
Proposition 9, Part 4). In our opinion, the most relevant aspect is that, making use
of the Betweenness property, in Proposition 3 we characterize a two parameters IEC
(we call it Flexible Inequality Equivalence, FIE) which is sufficiently general to em-
body the IIE criterion and to represent inequality perceptions moving from positions
close to the relative equivalence approaching the absolute equivalence as the average
income increases. It is interesting to notice that even if the suggested criterion is
more general than the usual ones it is able to characterize only changes of perception
going from relative to absolute positions (which are precisely those perceived from
questionnaire investigations) and not the reverse.10

The IEC associated with the second parameter in the FIE and dual to the IIE (the

7Ebert (2004) and Zheng (2002) are recent works providing characterizations of inequality equiv-
alence criteria within a different framework.
8Betweenness is conceptually equivalent to the homonymous axiom in the literature on choices

under uncertainty, but here it is applied over distributive vectors instead of being applied over
distributions as in the original framework.
9For a survey see Moulin (2002).
10The characterization of the class of inequality indices satisfying FIE and of the Lorenz dominance
conditions associated with these indices is given in Zoli (1999).
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Proportional IEC ) is also characterized in Proposition 8 applying a weakening the re-
quirement of “currency independence” in line with surplus sharing results in Moulin
(1987) and recent findings in Zheng (2002) where the implications for inequality
measurement of a similar weak requirement are investigated. Further original char-
acterizations of both IIE and PIE are also obtained applying invariance conditions
strengthening the Betweenness property. We also present characterization results for
the classes of IECs suggested by Seidl and Pfingsten (1997) and Del Rio and Ruiz
Castillo (2000) and investigate the implications for our analysis deriving from extend-
ing the domain of the income distributions to (unbounded) negative incomes. In this
case properties of consistency with PT and A will be sufficient to characterize the
absolute criterion as the unique admissible IEC. All formal proofs are to be found in
the Appendix.

2 Preliminaries

We assume that the society is composed of n individuals where n ≥ 3, n ∈ N (N is the
set of natural numbers), we will denote byN = {1, 2, 3, ..n} the set of the individuals.
Let xi be the income of individual i.We will denote by x the n−dimensional vector of
incomes, by 1 [0] the n−dimensional vector of ones [zeros], and byXn =

{
x ∈ Rn

+\0
}

the set of all feasible income allocations. The average income of a distribution x ∈
Xn is µx =

∑n
i=1 xi/n. The set of feasible distributions whose total income is µ is

Xn(µ) := {x ∈ Xn : µx = µ} .
We will denote by� an (in)equality binary relation over distributions onXn×Xn,

where x � y means that distribution x is considered at least as equal as distribution
y. The reflexive part of this relation is ∼, where x ∼ y means that x and y are
considered equivalent w.r.t. the concept of equality applied.
We restrict attention to reflexive and transitive inequality binary relations (i.e.

orderings) satisfying the following properties:

Definition 1 (Anonymity (A)) x ∼ Px where P is a permutation matrix.

The anonymity property requires that the only attribute of an individual relevant
in inequality comparisons is the income level. Therefore we could consider only the
set of ordered vectors X n :=

{
x ∈ Rn

+\0 : xi ≤ xj if i ≤ j
}
denoting with X n(µ) =

Xn(µ) ∩ X n.
Given a distribution x, denote by x′ any distribution obtained from x applying a

progressive transfer, that is a rank-preserving transfer of income from a rich individual
to a poor11 (hence x′ ∈ Xn also). We will denote by P(x) the set of all distributions
x′ obtained from x through a progressive transfer.

Definition 2 (Principle of Transfers (PT)) Let x,x′ ∈ Xn, if x′ ∈ P(x) then
x′ � x.

11This definition of progressive transfer and the related Principle of Transfers is due to Fields and
Fei (1978).
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It is well known that the properties A and PT correspond to imposing S-Concavity
on the equality ordering, and that over distributions of same total income and pop-
ulation size the inequality relation is equivalent to the Lorenz ordering12.
In order to extend the analysis over comparisons involving distributions with

different total incomes, we need at least to impose restrictions on �Econsidering
an Inequality Equivalence Criterion (IEC). An IEC specifies the way in which an
additional amount of income (surplus) ε > 0 should be shared in order to leave
inequality unchanged with respect to the starting distribution x. Alternatively we
could say that the IEC identifies for any feasible income distributions x a set of feasible
distributions with higher total income that are considered inequality equivalent to x.
A parametric IEC encompassing both the relative and the absolute criterion has

been formalized by Pfingsten (1986) and Bossert and Pfingsten (1990)13,

Definition 3 (Intermediate Inequality Equivalence (IIE)) For all x,y ∈ Xn

if either
x− µx1

µx + θ
=

y − µy1

µy + θ
where θ ≥ 0

or x− µx1 = y − µy1 then x ∼ y.

The IIE criterion can be seen as a relative criterion applied to vectors translated
with respect to the origin −θ1. When θ = 0 the identified criterion is the relative,
since x/µx = y/µy. As θ approaches infinity the criterion tends to the absolute IEC,

x = y + k1, where k =
(
µx − µy

)
.

Even if this criterion embodies a degree of flexibility through the value of the
parameter θ, as shown by Amiel and Cowell (1997, 1999) individuals’ inequality
perceptions are more general. According to their results as the income increases
individuals’ perceptions move from relative positions toward the absolute criterion
suggesting the existence of a positive relation between θ and µ.
This attitude as well as the IIE are consistent with a widespread accepted gen-

eral perception (suggested by Dalton (1920) and discussed by Kolm (1976, 1996))
according to which individual perceptions must lie in between the relative and the
absolute criteria. This compromise concept of equivalence, in its weakest form, re-
quires that equal proportional increases in all incomes do not decrease inequality, and
equal absolute changes act in the opposite direction.

Definition 4 (Compromise Inequality Equivalence (CIE)) For all x,y ∈ Xn,
such that µy ≥ µx

x � y if x/µx = y/µy

y � x if x− µx1 = y− µy1.

12See Kolm (1969) and Dasgupta, Sen and Starrett (1973).
13This formal representation, suggested by Besley and Preston (1991), is obtained from the original
one after rearrangements. Ebert (2004) provides a characterization of a general version of the IIE
where θ may be negative as long as −θ is below the lower bound of the income distribution.
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In order to accommodate a view consistent with CIE retaining also linearity of the
IEC Del Rio and Ruiz Castillo (2000) suggest an intermediate criterion where income
increments are shared in a fix proportion of the equal and proportional division. This
is a special case of the Ray Invariant Inequality Equivalence (RIIE) concept suggested
in Seidl and Pfingsten (1997). According to the RIIE criterion, for any ordered
distribution, the set of inequality equivalent distributions is on a ray through this
distribution which is characterized by a specific ordered vector υ ∈ X n(1) capturing
the policy maker view on inequality. That is:

Definition 5 (Ray Invariant Inequality Equivalence (RIIE)) For all x,y ∈ X n

s.t. µy > µx if

y = x+ υ
(
µy − µx

)

where υ ∈ X n(1) then y ∼ x.

In order to avoid controversial results, the set of distributions that are compa-
rable according to this criterion should be bounded conditionally on the vector υ
characterizing the equivalence concept. In general the ray invariant distributions are
those showing more relative inequality than the vector υ.14 This must be the case
because, otherwise, if a distribution shows the same or less relative inequality than
υ, then this means that it can be obtained from the vector υ adding a distribution
which is relatively preferred to the distribution considered. This is not consistent
with the idea of CIE, of which the absolute and relative inequality are extreme cases.
Moreover, since υ is an ordered vector implies then individuals with the same income
in x may receive a different income in y. Del Rio and Ruiz-Castillo (2000) avoid this
problem arguing that any inequality comparison between two distribution x,y ∈ X n

should not necessarily be independent from the starting distribution x. They adopt
a specific RIIE concept according to which the inequality vector υ is characterized
as a convex combination (π sharing rule) of the equally distributed vector and the
vector of the income shares in the starting distribution, where the parameter of the
convex combination is denoted by π.

Definition 6 (Sharing Inequality Equivalence (SIE)) For all x,y ∈ X n, if

y = x+
(
µy − µx

)(
π
x

µx

+ (1− π) 1

)
(1)

where π ∈ [0, 1] then y ∼ x.

This criterion is equivalent to RIIE where υ = [π x

µx
+ (1 − π)1] for all x ∈ X n.

The extreme cases of the absolute and relative IECs are obtained when respectively

14That is, denoting with Lx(i/n) the Lorenz curve of distribution x evaluated for the proportion
i/n of the population ranked according to the income, for a given υ, the set of all possible distribu-
tions to which the RIIE could be applied is restricted to the set of all ordered distributions that are
Lorenz dominated by υ i.e. the set {x ∈ Xn : Lx(i/n) ≤ Lv(i/n) ∀i ∈ N} .
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π = 0 and π = 1. A controversial aspect of SIE is that if π ∈ (0, 1) the ray inequal-
ity invariant vector may vary as the starting distribution x moves along the ray of
inequality equivalent distributions.15

In what follows we will analyze within an axiomatic framework the characteriza-
tion of IECs. Instead of imposing axioms defined over the set of distributions in Xn,
we will characterize the set of distributive vectors connecting inequality equivalent
distributions.

2.1 Axioms for the perception of inequality equivalence

Let R++ := {R+\0} be the set of positive real numbers. Denote by d(x,ε) ≥ 0 a
function d(x,ε) : Xn×R++ → R

n
+ identifying a vector sharing the distribution of the

surplus ε > 0 that leaves inequality unchanged w.r.t. distribution x ∈ Xn, that is

x+ d(x, ε) ∼ x.

We will call the vector d(x,ε) an Inequality Equivalent Distributive Vector (IEDV).
The element at the ith position of d(x,ε) is denoted by di(x,ε). Given the choice of
an IEC a unique IEDV for a given x ∈ Xn and ε > 0 is identified, and consequently
is the restriction on � imposed by the condition x+ d(x,ε) ∼ x.
We will consider only a particular subset of all possible IEDVs, those where all

the surplus is distributed, that is

Axiom 1 (Surplus Clearing (SC)) For all x ∈ Xn, ε > 0,
∑n

i=1 di(x,ε) = ε.

According to this property d(x,ε) ∈ Xn.We also restrict our analysis to continu-
ous IEDVs, i.e. d(x,ε) is jointly continuous in ε and in all ranked vectors x ∈ X n.

Axiom 2 (Continuity (C)) For all x ∈ X n, ε > 0, and sequences
{
xk,εk

}
k∈N

∈

(X n ×R++) if limk→∞{xk,εk} = (x0,ε0) then limk→∞ d(xk,εk) = d (x0,ε0) .

That is we are interested in distributive rules that do not show sudden changes in
behavior as we change slightly the surplus to share, or as we apply them to ranked
distributions that are very close each others. Moreover we impose that all the IEDVs
have piecewise continuous right hand side partial derivative w.r.t. ε. Let ∂(x,ε+) :=

limε′→0+
d(x,ε+ε′)−d(x,ε)

ε′
.

Axiom 3 (Regularity (R)) For all x ∈ Xn, ε > 0, ∂(x,ε+) exists and is piecewise
continuous w.r.t. ε.

The condition requiring that all d(x,ε) admit finite right hand side partial deriv-
ative w.r.t. ε for all ε > 0 is imposed as a minimum requirement of regularity of the
perception of inequality. We would like to avoid pathological behaviors of d(x,ε) that

15This does not represent a problem for the analysis in Del Rio and Ruiz-Castillo (2000) because
they consider pairwise comparisons of distributions.
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we consider of no economic interest, namely we want to exclude inequality percep-
tions that move in a schizophrenic way as the surplus changes slightly16. Moreover,
since IEDVs represent the inequality perception across distributions of different total
income we impose the minimal requirement that changes in the inequality perceptions
due to marginal increases of the surplus are defined.17

Considering piecewise continuous functions ∂(x,ε+) allows enough generality to
include IECs showing non continuous changes in the way a surplus is shared about
thresholds. This is, for instance, the case for IECs whose associated IEDVs share
surpluses according to the proportional (relative) rule below a given surplus threshold
and share the exceeding part according to the egalitarian (absolute) rule.18 Given
x ∈ Xn let

D(x,ε) := {d(x,ε) ∈ Xn : d(x,ε) satisfies SC, C, R}

clearly for all such IEDVs by definition x+ d(x,ε) ∼ x.
We will consider now some extra axioms. These axioms must be satisfied whenever

we plan to apply the related IEC together with A or PT in order to characterize
inequality measures.

Axiom 4 (Horizontal Equity (HE)) For all x ∈ Xn, ε > 0, if xi = xj then
di(x,ε) = dj(x,ε).

This is the natural counterpart of the Anonymity axiom in the context of IEDVs.
If nothing but income is relevant in inequality evaluations, then the only discrim-
ination between individuals treatment must be in term of their income. Therefore
identical individuals must be treated identically. The following axiom specifies in
which direction the discrimination moves when incomes differ.

Axiom 5 (Vertical Equity (VE)) Given x ∈ X n then d(x,ε) ∈ X n for all ε > 0.
That is, if xi > xj then di(x,ε) ≥ dj(x,ε).

In addition to its intuitive interpretation, VE could be seen as a way of constrain-
ing the associated IEC to satisfy the second part of the CIE, together with strict PT.
In other words, if equal additions of incomes cannot worsen the inequality then it can-
not be that di(x,ε) < dj(x,ε) because this is equivalent to applying an equal addition
of surplus and a progressive transfer, which by definition will decrease inequality.19

The next axiom simply requires consistency between the IEC associated to the
characterization of the IEDVs and PT. Denote

Y(x,ε) := {y ∈ Xn : y = x+ d(x,ε), x ∈ Xn} .

16This event is not ruled out by the continuity of d(x,ε). It is possible to construct functions
that are everywhere continuous in the domain but nowhere differentiable or have nowhere a finite
or infinite one-sided derivative. See Gelbaum and Olmsted (1964) ch. 3.8.
17Example 2 in Appendix clarifies the meaning of the conditions considered.
18It should be point out that R is essential only for some of the results we will present, in many
cases it is implied by combinations of the other axioms considered.
19It can be shown that for some of the results in next section VE is implied by the other axioms
considered, see Remark 4 in the Appendix. Nevertheless we decide to impose it from the beginning.
When appropriate we will highlight when it is not necessary for the characterization result.
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That is, Y(x,ε) is the set of all distributions y with total income ε+
∑n

i=1 xi that are
inequality equivalent to x according to the IEDVs d(x,ε).

Axiom 6 (Lorenz Consistency (LC)) Consider distributions x,x′ ∈ Xn, y,y′ ∈
Xn such that y ∈ Y(x,ε), y′ ∈ Y(x′,ε). If x′ ∈ P(x), then y′ ∈ P(y) where the
individuals involved in the progressive transfer are the same, for all x ∈ Xn, y ∈
Y(x,ε), and all ε > 0.

In other words if x′ is obtained from x through a progressive transfer, and distri-
butions y′ and y are obtained respectively from x′ and x sharing the surplus ε, then
it must be the case that the surplus sharing procedure is consistent with PT. That
is, it has to be that also y′ can be seen as obtained from y through a progressive
transfer occurring between the same individuals involved in the transfer transforming
distribution x into x′.

3 Results

We will first characterize the set of IEDVs d(x,ε) satisfying the basic requirements
introduced in the previous section, then we will investigate which kind of restrictions
on this set are implied by additional axioms. We will try to make explicit the axioms
underlying the most used Inequality Equivalence Criteria, and we will compare our
results to some available in the surplus sharing literature by Moulin (1987), Chun
(1988) and Pfingsten (1991).
This first proposition is closely linked to Theorem 1 in Chun (1988) and Theorem

1 in Pfingsten (1991); it can be obtained from these results by adding VE. Some of
the axioms applied for both characterizations are similar (C, SC, HE) others play
similar roles but are more general (LC)20.

Proposition 1 An IEDV d(x,ε) ∈ D(x,ε) satisfies conditions HE, LC, VE if and
only if there exists a continuous function γ : R++ × R++ → [0, 1] such that for all
x ∈ Xn, and ε > 0

di(x,ε) =
ε

n

[
γ (µx, ε)

xi

µx

+ [1− γ (µx, ε)]

]
∀i ∈ N . (2)

The logic of the proof is the following. Given two distributions x,x′ ∈ Xn where
x′ is obtained from x through a progressive transfer, in order to satisfy LC all the
elements of the respective IEDVs associated with the individuals not involved in the
transfer should be identical. This avoids to add extra differences in the final vectors
not deriving from the original progressive transfer. If we apply an extra progressive

20Note that Axiom LC together with SC play the same role as the axiom of Not Advantageous
Reallocation (NAR) introduced in Moulin (1985a). Although NAR has a strategic relevance in the
context of surplus sharing over cooperative ventures, it does not seem to have an immediate intuitive
interpretation in the context of economic inequality. In terms of our terminology it requires that the
amount of surplus distributed over two individuals involved in a progressive transfer is independent
from the distribution of income of all the others, and from the amount of the transfer.
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transfer to x′ involving two individuals which are different from those considered in
the previous transfer, again all the other individuals must receive the same amount
of surplus. For all individuals not involved in both transfers the surplus must be
the same in order to be able to rank the final vectors according to PT. Applying a
sequence of progressive and regressive transfers keeping fixed the income xh of only
one individual (h), it is possible to obtain the set of all feasible ordered distributions
consistent with income xh at the h

th position. For all these distributions, the surplus
share of h is unchanged, therefore it depends only on the income xh on the average (or
total) income of the distribution and on the amount of the surplus. Since a progressive
transfer changes only the distribution of the incomes of individuals involved without
changing the sum, after the transfer the total surplus distributed to the persons not
involved remains unchanged. Given SC, also the sum of the surplus of those involved
in the transfer is unchanged and is independent from the amount of the transfer.21

Making use of Th. 1 in Chun (1988) (that considers HE) and adding VE we obtain
(2) . Even if the result in Proposition 1 is closely linked to those in Chun (1988)
and Pfingsten (1991), we prefer to provide extensively the proof in the Appendix,
which, we hope, will highlight the connections between the surplus sharing literature
and the characterization of inequality equivalence criteria. Most importantly the
original intermediate characterization result of IEDVs satisfying LC (in Lemma 1 in
Appendix) clarifies that:

Remark 1 Any IEC that is consistent with the Principle of Transfers in deriving
the surplus for individual i must consider only of the information set {xi, i, µx, ε} .

The IEDV in (2) is a convex combination of the relative IEDV d(x,ε) = ε
n
x

µx
and of

the absolute IEDV d(x,ε) = ε
n
1, where the parameter γ (µx, ε) depends respectively

on the average income of the distribution at which the evaluation is done and on the
amount of the surplus distributed.
We will denote DE(x, ε) := {d(x,ε) ∈ D(x, ε): d(x,ε) satisfies LC,HE, V E} .

3.1 Path Independence

We introduce now an extra axiom discussed in Moulin (1987).

Axiom 7 (Path Independence (PI)) d(x, ε) + d[x + d(x, ε), ε′] = d(x, ε + ε′),
∀x ∈ Xn, ∀ε, ε′ > 0.

PI requires that the outcome of the surplus sharing procedure is independent from
whether the surplus ε+ε′ is distributed in one go or split into two amounts distributed
at different moments. It implies transitivity of the associated IEC.

Proposition 2 An IEDV d(x,ε) ∈ DE(x, ε) satisfies PI if and only if for γ(µ,ε) in
(2) a continuous (or piecewise continuous) function η : R++ → [0, 1] exists such that

21This condition is equivalent to NAR applied in our context, see previous footnote.

13



η(µ) := limε→0+ γ(µ,ε), and such that for all x ∈ Xn, and ε, ε′ > 0

d(x, ε) = (x− µx1)





exp[

µx+
ε
n∫

µx

η(µ)

µ
dµ]− 1





+

ε

n
1. (3)

It can be proved that for all d(x,ε) ∈ DE(x, ε) PI implies that limε→0+ γ(µ,ε)
exists and is a continuous (or piecewise continuous) function of µ.22 Since γ(µ,ε) is
also bounded within [0, 1] then also η(µ) := limε→0+ γ(µ,ε) is bounded within [0, 1] .As
ε→ 0+, we obtain the infinitesimal increment in x that leaves inequality unchanged.
Note that the increase in the average income of the distributions along the path
identified by d(x,ε) is given by the average surplus ε/n. Thus, we can identify each
vector as a function of its average µ. The dynamics along the inequality equivalent
path is therefore given by the vector ẋ := limε→0+

d(x,ε)
ε/n
where dµ = ε/n. Making use

of (2) we can obtain

ẋ = η(µx)
x− µx1

µx

+ 1 (4)

that allows to identify the set of inequality equivalent distributions as the average
income (or equivalently the amount of average surplus to divide) increases. Note that
by definition x + d(x, ε) = y and dµ = µy − µx = ε

n
, it follows that Proposition 2

and Corollary 1 are equivalent, where equation (5) below is obtained as the solution
of the above dynamic system.

Corollary 1 The Inequality Equivalence Criteria associated with the IEDVs charac-
terized in Proposition 2 are: for all x,y ∈ Xn, let 0 < k ≤ min{µx, µy},

23 if

x− µx1

g(µx)
=
y − µy1

g(µy)
where g(µ) := exp[

∫ µ

k

η(t)

t
dt] (5)

then x ∼ y.

According to this family of IECs two income vectors are considered inequality
equivalent if their normalized distances w.r.t. the mean income are the same, the
scale factor for this normalization is the function g(µ) obtained for values of η(µ)
running from 0 to 1.
The IIE can be obtained for η(µ) = µ

µ+θ
for all µ > 0, whose extreme criteria, the

relative and the absolute one are characterized respectively by η(µ) = 1, and η(µ) = 0
for all µ > 0.
Criteria where discontinuities in η(µ) are identified at some reference levels of

the average income are consistent with the characterization in Proposition 2. In
the following example we specify from (3) an IEDV associated with a IEC that is
relative if applied to all distributions with average income below a threshold µ̄ > 0
and absolute for all the distributions with average income above the threshold.

22See Lemma 3 in the Appendix.
23The choice of k > 0 guarantees that the integrals within square brackets are defined.
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Example 1 Let η(µ) = 1 if µ < µ̄, and η(µ) = 0 if µ ≥ µ̄ in (5) where µ̄ > 0. The
associated IEC is continuous both in x and in ε : it states that x ∼ y if

x

µx

=
y

µy

if µx < µy < µ̄,

x− µx1

µx

=
y − µy1

µ̄
if µx < µ̄ ≤ µy,

x− µx1 = y − µy1 if µy > µx ≥ µ̄.

We denote DP(x, ε) := {d(x,ε) ∈ DE(x, ε): d(x,ε) satisfies PI} .

3.2 Betweenness and Flexible Equivalence Criteria

We add a new axiom which is in our opinion original in the context of the surplus
sharing literature, and has an intuitive interpretation in the context of income in-
equality measurement. We call it Betweenness because it is logically connected to
the homonymous axioms applied in the context of choices under uncertainty. The ax-
iom requires that, given two distributions, if it is possible to characterize the IEDVs
associated with both distributions obtained sharing an “infinitesimal” surplus, pro-
vided that these distributive vectors are the same for both distributions, then also for
all distributions obtained as a convex combination of the previous, the distributive
vectors must exist and are the same.
For a positive ε the vector d(x,ε)/ε identifies the shares of the surplus distributed

to the agents. For a given starting ordered distribution x ∈ X n the ordered vec-
tor d(x,ε)/ε can be interpreted as representing the perception of inequality between
distributions with different total income. In general the ordered vector d(x,ε)/ε de-
pends on ε, that is it may change according to the difference in total income of the
distributions compared. Thus the inequality perception will depend not only on the
starting distribution but also on the distance between this one and the other dis-
tributions compared. It is therefore difficult to disentangle the effects on inequality
perceptions due to each one of these component. Here we suggest to adopt the vector
δ (x) obtained as limε→0+ [d(x,ε)/ε] to represent the “local” perception of inequal-
ity associated with distribution x when a positive “infinitesimal” surplus is shared
starting from x. The concern for local perceptions is reinforced when path indepen-
dent IEDVs (or the associated IECs) are considered. As larger amounts of surplus
are shared the path identified by the IEDVs connects an infinity of distributions ex-
hibiting increasing average incomes. The inequality perceptions associated with any
of these distributions will affect the final vector d(x,ε)/ε, while the local perception
represented by δ (x) will allow to disentangle the effects of the inequality perception
associated with each distribution on the path.

Axiom 8 (Betweenness (B)) Let δ (x) := limε→0+ [d(x,ε)/ε] for all x ∈ X n. Given
distributions x ∈ X n(µ); x̂ ∈ X n(µ̂) where µ �= µ̂, such that δ (x) and δ (x̂) exist,
if δ (x) = δ (x̂) then δ(x̃) = δ (x) = δ (x̂) for all x̃ such that x̃ = βx + (1 − β)x̂,
β ∈ [0, 1] .

15



The intuition behind property B is the following: (a) only “local” perceptions of
inequality are considered in order to eliminate the effects on inequality perceptions due
to the distribution of positive surpluses ε connecting distributions with different total
incomes. Local perceptions of inequality depend therefore only on the characteristics
of the starting distribution considered. (b) These characteristics are not affected by
combining two distributions with different total incomes but showing similar local
inequality perceptions. For instance suppose that for a given ordered vector of shares
s such that si ≥ 0,

∑n
i=1 si = 1, two ordered distributions x, x̂ ∈ X n obtained

as x = c1s + c2
1

n
and x̂ = ĉ1s + ĉ2

1

n
, where c1, c2, ĉ1, ĉ2 ≥ 0, c1 + c2 = nµ and

ĉ1 + ĉ2 = nµ̂, exhibit the same local inequality perception. Then according to axiom
B all distributions x̃ obtained making use of the set of weights c̃1 = βc1 + (1− β)ĉ1
and c̃2 = βc2+(1−β)ĉ2 are supposed to exhibit the same local inequality perception.
Most of the IECs applied in the literature satisfy this property and in addition also
require that distributions showing the same “local” inequality perception are also
considered equivalent according to the IEC applied. This is for instance the case for
IIE. Here we keep the framework general, allowing for the case where distributions
showing the same “local” inequality perceptions are not inequality equivalent.
Property B restricts the set of all possible η(µ) in Proposition 2; it allows to

characterize a parametric set of IEDVs, whose associated IECs comprise the IIE.

Proposition 3 An IEDV d(x,ε) ∈ DP(x, ε) satisfies B for all x ∈ X n, if and only
if either there exist constants λ ∈ (0, 1] and θ̃ ≥ 0 such that for all x ∈ X n

d(x, ε) = (x− µx1)





exp[

µx+
ε
n∫

µx

λ

µ+ θ̃
dµ]− 1





+

ε

n
1, (6)

or d(x, ε) = ε
n
1.

In other terms, solving (6) ,

d(x, ε) =
ε

n
1+(x− µx1)

{(
1 +

ε

n
·

1

µx + θ̃

)λ

− 1

}

λ ∈ [0, 1] , θ̃ ≥ 0. (7)

Since we consider IEDVs satisfying PI then δ (x) exists and is unique and according

to (4) corresponds to 1
n

[
η(µ)x−µx1

µx
+ 1

]
. In the proof of Proposition 3 we show that

all distributions such that the associated IEDVs belonging to DP(x, ε) satisfy B lie
on the rays w.r.t. an appropriate origin −θ̃1 ≤ 0. But differently from what happens
for the IIE where η(µ) = µ

µ+θ̃
, for the general class of IEDVs derived the parameter θ

that characterizes the inequality equivalence perception at each average income level
may differ from the one identifying the origin θ̃, furthermore it may not be fixed. If
this is the case then it depends positively on the average income of the distribution.
Like we have done for Proposition 2 and Corollary 1 we can characterize the IEC

that is implied by the IEDVs in Proposition 3.
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Corollary 2 (Flexible Inequality Equivalence (FIE)) The IECs associated with
each of the IEDVs characterized in Proposition 3 are: for all x,y ∈ Xn if either

x− µx1

(µx + θ̃)λ
=
y − µy1

(µy + θ̃)λ
(8)

where λ ∈ (0, 1] and θ̃ ≥ 0, or

x− µx1 = y− µy1 (9)

then x ∼ y.

It is evident that for λ = 1 the IEC specified is the IIE. If θ̃ = 0, we obtain the
IEDV

d(x, ε) =
ε

n
1+(x− µx1)

{(
1 +

ε

nµx

)λ

− 1

}

λ ∈ [0, 1] . (10)

This criterion has been characterized by Moulin (1987) (see Theorem 4) in the surplus
sharing literature, see §3.3. As a special case of the result in Corollary 2 it is possible
to derive a new class of single parameter IECs obtained from FIE when θ̃ = 0. We
call this class of IECs: Proportional Inequality Equivalence.

Definition 7 (Proportional Inequality Equivalence (PIE)) For all x,y ∈ Xn,
if

x− µx1

µx
λ

=
y− µy1

µy
λ

where λ ∈ [0, 1]

then x ∼ y.

PIE provides representations of the IEC moving from the relative position, when
λ = 1, to the absolute one, when λ = 0. A specific version of this criterion, valid
for λ = 1

2
, has been suggested by Krtscha (1994). Recently Yoshida (2002) has also

independently generalized Krtscha criterion getting PIE.
The ability to provide a single parameter criterion that is transitive (i.e. satisfies

PI) and that moves from the relative to the absolute IECs is an appealing charac-
teristic that is also shared by IIE. These two families of criteria provide a different
specifications of the intermediate positions in between the relative and the absolute
criteria that furthermore are the only IIE specifications that are consistent with PIE.

Lorenz dominance conditions consistent with Flexible IECs The class of
inequality indices that are consistent with Anonymity, Principle of Transfers, and
Flexible Inequality Equivalence has been characterized in Zoli (1998, 1999). Follow-
ing Chakravarty (1988), the unanimous dominance for all these indices applied to
distributions in Xn has been shown in Zoli (1999) to be related to a dominance con-
dition based on a parametric transformation of the Lorenz curve expressed in terms
of θ̃ and λ. Letting Lx(i/n) the Lorenz curve of distribution x ∈ Xn evaluated at the
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population percentile i/n, i.e. Lx(i/n) =
∑i

j=1 xj∑n
j=1 xj

for x ∈ X n and for all i ∈ N, and

Lx(0) = 0, then the parametric transformation is given by

Lx(k, λ, θ̃, i/n) :=

(
k + θ

µx + θ

)λ

µx · [i/n− Lx(i/n)]

where k > 0, and θ̃ ≥ 0, λ ∈ [0, 1] are identified by the FIE.
As proved in Proposition 6 in Zoli (1999) distributions x ∈ X n is (weakly) less

unequal than distribution y ∈ X n, for all inequality indices that are consistent with A,
PT and FIE (parametrized by θ̃ and λ) if and only if Lx(k, λ, θ̃, i/n) ≥ Ly(k, λ, θ̃, i/n)
for some k > 0 and for all i = 0, 1, 2...n.
Clearly consistency with PIE requires to compare transformed Lorenz curves ob-

tained for θ̃ = 0 i.e. Lx(0, λ, 0, i/n) := (µx)
1−λ · [i/n− Lx(i/n)] .

Relation with the Intermediate IEC Note that IIE is characterized by either
η(µ) = µ

µ+θ
or η(µ) = 0 ∀µ > 0 in (5) , and the IEC in (8) is obtained for η(µ) = λ µ

µ+θ̃

∀µ > 0. If λ ∈ (0, 1) the two criteria do not coincide. At each average income
level, when an “infinitesimal” surplus is shared the latter criterion can be considered
as a IIE given an appropriate θ. The relation between the two criteria is obtained
comparing the respective functions η(µ). For λ ∈ (0, 1], since λ and θ̃ are constants,
we obtain

µ

µ+ θ
= λ

µ

µ+ θ̃
←→ θ =

(
1− λ

λ

)
µ+

θ̃

λ
.

That is the IEC applied can be interpreted as an Intermediate IEC where the para-
meter is positively correlated with the average income of the distribution considered.
When λ ∈ (0, 1) as the average income increases the intermediate concept associated
with the sharing of an “infinitesimal” surplus approaches the absolute inequality cri-
terion, i.e. as income increases the IEDVs approach the equal distribution vector.
The above result holds also for the special case of the PIE where θ̃ = 0.

Properties of Flexible IECs In order to interpret the FIE it has to be point
out that it is impossible to reconcile the requirement that an IEC satisfies PI and
also shares any surplus as a fixed proportion of the relative and the absolute IEDVs.
This feature would be a natural appealing characteristic of an IEC satisfying CIE.
The IEDVs associated with the SIE satisfy this latter property but are not path
independent. If we consider distributions connected using the SIE as their average
income increases then income shares are more equalized and a larger proportional
component is required to remain on the same path.24 On the other hand, as pointed
out by Seidl and Pfingsten (1997), if we interpret the Intermediate IEC according

24Alternatively this pattern can be identified realizing that any IEDV associated with the SIE
can be obtained as a IEDV associated with the IIE. For these IEDVs d(x, ε) = ε

n
(x−µx1
µ
x
+θ̃

+ 1) =

ε
n
( µ

x

µ
x
+θ̃

x

µ
x

+ θ̃

µ
x
+θ̃
1) where θ̃ ≥ 0, note that the sharing parameter combining the relative and

absolute component is µ
x

µ
x
+θ̃
.
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to the proportional procedure, then, as we move from the original distribution x to
another distribution considered inequality equivalent to x but showing higher average
income then the sharing rule approaches the relative division. The reason for this
behavior is that the IIE and SIE are linear, therefore once we mix relative and absolute
IEDVs the relative inequality content of the obtained distribution is reduced, but
according to the linearity of the criterion if we start from the obtained distribution
we again have to share a surplus following the same gradient as in the previous step,
this requires to lower the weight associated with the absolute part of the gradient.
If we consider any sharing problem as a sequence of problems in which small

amounts of surplus are shared in a proportional way, then we get the PIE which is
path independent. Note that the paths identified by FIE (and also by PIE) are non
linear. Furthermore as the average income increases, for sharing of “non-infinitesimal”
surpluses it is possible to realize that the distributive vector moves from a relative
gradient towards an absolute one. The main difference w.r.t. the IIE is that the
“proportional” procedure for IIE is dependent from the average income of the starting
distribution.
An intuitive interpretation of the Flexible equivalence concept in (8) is that:

Remark 2 FIE requires that for each distribution any “infinitesimal” surplus is
shared according to a convex combination with parameter λ ∈ [0, 1] of the IEDV
associated with the IIE whose parameter is θ̃ ≥ 0, and the IEDV associated with the
absolute IEC.

Remark 3 Note that according to PIE (i.e. FIE where θ̃ = 0) any “infinitesimal”
surplus is shared as a convex combination, with parameter λ ∈ [0, 1] , of the relative
and absolute rule.25

This result can be showed simply comparing the vectors δ (x) associated with
(8) to those associated with the IIE and the absolute IEC. Denoting by δ̃(x,λ, θ̃) :=
1
n

[
λ µx

µx+θ̃

x−µx1
µx

+ 1
]
then:

δ̃(x,λ, θ̃) = λ · δ̃(x,1, θ̃) + (1− λ) · δ̃(x,0, θ̃). (11)

According to this interpretation when λ = 1, we obtain the IIE with parameter
θ̃; if λ→ 0, then we approach the absolute inequality limit. As a special case of the
PIE case we have, when θ̃ = 0 and λ = 1

2
, the criterion suggested by Krtscha (1994)

requiring that for every distribution any “infinitesimal” surplus is split according to
the unweighted average of the relative and the absolute IEDVs.
Note that for any given µx it is always possible to find a constant λ̃ ∈ [0, 1] such

that δ̃(x,λ, θ̃) can be interpreted as a combination of the relative and the absolute
IEDVs i.e. δ̃(x,λ, θ̃) = δ̃(x,λ̃, 0), the transformed parameter is λ̃ = λ µx

µx+θ̃
. This new

parameter is not independent from the average income, as µx increases λ̃ increases,
and for distributions with sufficiently high average income λ̃ converges to λ. The

25PIE has been derived by Yoshida (2002) imposing directly this requirement. In our framework
this is an implication of the characterization result.
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reason is that for very high average incomes the effect of the IIE parameter θ̃ on the
sharing rule applied vanishes and the surplus tend to be shared mainly according to
the income shares. When we consider a sharing rule characterized by the coefficient
λ̃ = λ µx

µx+θ̃
then λ places an upper bound on the value of λ̃.

If as a reference criterion for the sharing rule we consider the parameter that
identifies the convex combination between the proportional and equal sharing vector
of an “infinitesimal” surplus, then for the IEDVs characterized, as incomes increase
the sharing rule tends to distribute the surplus according to the proportion λ. On the
other hand if the reference criterion adopted to evaluate the sharing rule is the one
associated with the value of the IIE parameter θ then as incomes increase θ tends to
infinity and the IEDVs are perceived to approach the equal distribution. For discrete
changes ε > 0 of the surplus, given path independence the result is implied by the one
discussed for marginal surplus changes, as an implication it is possible to show that
for a given θ̃ and µx as the surplus to distribute increases the value of θ increases.

26

3.2.1 Characterizations of Proportional and Intermediate IECs

It seems plausible to require that inequality perceptions satisfy axiom B; this condi-
tion is very weak; it implies that a local perception of inequality characterized by a
very small change in average income should influence the IEDV in a linear way such
that the perception of inequality remains unchanged over linear combinations of two
distributions exhibiting the same IEDVs.
In order to narrow the set of IECs then Axiom B could be strengthened in two

directions. It could be argued that the Betweenness property should be satisfied for
any ε > 0. Alternatively it could be retained the concern for local perceptions but
requiring them of being invariant with respect to all combinations of vectors x and
x̂ exhibiting the same local perception and not necessarily to hold only for convex
combinations of these vectors.
The first direction of investigation where B is extended to hold all ε > 0 is

formalized as follows:

Axiom 9 (Extended Betweenness (EB)) Let µ �= µ̂. Given distributions x ∈
X n(µ) and x̂ ∈ X n(µ̂) if d(x, ε) = d(x̂, ε) for some ε > 0, then d(x, ε) = d(x̂, ε) =
d(x̃, ε) for all x̃ such that x̃ = βx+ (1− β)x̂, β ∈ [0, 1] .

While the second direction where attention is paid to local perceptions but in-
variance is required to hold for any combination of the vectors showing the same
perception is formalized by:

Axiom 10 (Expanded Local Equivalence (ELE)) Let δ (x) := limε→0+ [d(x,ε)/ε]
for all x ∈ X n. Given distributions x ∈ X n(µ); x̂ ∈ X n(µ̂) where µ �= µ̂, such that

26Deriving directly from (10) the value of the IIE parameter θ that makes equivalent, for a
given starting distribution, the intermediate IEDV characterized by θ ≥ 0 and the general IEDV
characterized by λ ∈ (0, 1], θ̃ ≥ 0 we get that the functional relation identifying θ should satisfy the
condition ε

n
1

µ
x
+θ
= (1 + ε

n
1

µ
x
+θ̃
)λ − 1. That is θ = ε

n
· [(1 + ε

n
· 1

µ
x
+θ̃
)λ − 1]−1 − µx for λ ∈ (0, 1],

θ̃ ≥ 0. From which it can be shown that ∂θ
∂ε
> 0 and ∂θ

∂µ
x

> 0 for given λ ∈ (0, 1), and θ̃ ≥ 0.
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δ (x) and δ (x̂) exist, if δ (x) = δ (x̂) then δ(x̃) = δ (x) = δ (x̂) for all x̃ ∈ X n such
that x̃ = αx+ βx̂, where α > 0, β > 0.

Property EB implicitly requires that all distributions located on the same ray
through an origin where all incomes are equal and non-positive exhibit the same
IEDV for a given value of the surplus. This behavior is formalized by the following
proposition.

Proposition 4 An IEDV d(x,ε) ∈ DE(x, ε) satisfies EB if and only if there exist
two continuous functions ω : R++ → [0, 1] , and θ : R++ → R+ such that for all
x ∈ X n, ε > 0 :

d(x,ε) =
ε

n

(
ω(ε) ·

x− µx1

µx + θ(ε)
+ 1

)
. (12)

The effect of ε on the sharing rule remains within the brackets, through ω(ε)
and θ(ε), but adding PI imposes that ω(ε) = 1, and θ(ε) = θ̃ for all ε > 0, which
characterizes the Intermediate IEC.

Proposition 5 An IEDV d(x,ε) ∈ DE(x, ε) satisfies PI and EB if and only if there
exist θ̃ ≥ 0 such that for all x ∈ X n, ε > 0

either d(x,ε) =
ε

n

(
x− µx1

µx + θ̃
+ 1

)
(13)

or d(x,ε) =
ε

n
. (14)

This new axiomatization of the Intermediate IEC, highlights the relevance of pay-
ing attention to local perceptions of inequality when path independent IECs are
considered. In this case a necessary implication of imposing EB is that IECs are
linear that is, except for the case of the absolute IEC all distributions exhibiting the
same IEDVs for a given ε > 0 turnout also to be inequality equivalent.
If path independency is considered an essential property for the IECs then we can

consider ELE that still places attention to local perceptions but requires invariance
to hold for all combinations of the vectors exhibiting the same perceptions. This
property essentially imposes that local perceptions are invariant for all distributions
on the same ray through the origin, i.e. depend on the income shares in each dis-
tribution. But it may not be the case that two distributions exhibiting the same
local perceptions are also inequality equivalent according to the IEC considered. As
a result we obtain a characterization of the Proportional IEC.

Proposition 6 An IEDV d(x,ε) ∈ DE(x, ε) satisfies PI and ELE if and only if there
exist constant λ ∈ [0, 1] such that for all x ∈ X n

d(x, ε) =
ε

n
1+(x− µx1)

{(
1 +

ε

nµx

)λ

− 1

}

.

To complete the analysis we consider also a further restriction obtained combining
EB and ELE thus requiring that the following property is satisfied:
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Axiom 11 (Extended Equivalence (EE)) Let µ �= µ̂. Given distributions x ∈
X n(µ) and x̂ ∈ X n(µ̂) if d(x, ε) = d(x̂, ε) for some ε > 0, then d(x, ε) = d(x̂, ε) =
d(x̃, ε) for all x̃ ∈ X n such that x̃ = αx+ βx̂, where α > 0, β > 0.

The implications of applying EE can be summarized by a corollary of the previous
propositions.

Corollary 3 An IEDV d(x,ε) ∈ DE(x, ε) satisfies PI and EE if and only if for all
x ∈ X n either d(x, ε) = ε

n
or d(x, ε) = ε

n
x

µx
.

Proof. Immediate implication of previous results: EE implies both EB when
α+ β = 1 and ELE when we let ε→ 0+, therefore only the RIE and the AIE result
as the intersection of the IIE and the PIE families of IECs.
As a result of applying PI and EE we obtain only the relative and the absolute

criteria. This result depends on the combination of the properties considered in fact
it is possible to show that if PI is dropped we obtain the IEC linked to the IEDV in
(12) where θ(ε) = 0, that is EE implies that γ (µx, ε) in (2) should be independent
from µx.

3.3 Connections with the surplus sharing literature

In this sections we highlight relationships between previous results and characteriza-
tions obtained in the surplus sharing literature, we discuss and reinterpret within our
framework results obtained in that literature and suggest further results that can be
derived.
In order to investigate these relationships we introduce further axioms. The first

axiom requires that the distributive rule applied is independent from the amount of
surplus distributed.

Axiom 12 (Linear Equivalence (LE)) For all x ∈ Xn, and for all ε, ε′ > 0;
d(x, ε)/ε = d(x, ε′)/ε′.

Since the shares of surplus distributed d(x, ε)/ε are unaffected by the size of the
surplus then the IEDVs change proportionally w.r.t. the quantity of surplus and
the associated IECs are identified by linear expansion paths. Recall that according

to (2) d(x,ε)
ε

= 1
n

[
γ(µx,ε)

x−µx1
µx

+ 1
]
for all d(x, ε) ∈ DE(x, ε). It follows that LE is

equivalent to require that γ(µ,ε) = γ(µ,ε′) for all ε, ε′ > 0.
Next axiom has been discussed in Moulin (1987), Chun (1988) and Pfingsten

(1991).

Axiom 13 (Additivity (ADD)) d(x, ε) + d(x, ε′) = d(x, ε + ε′) for all x ∈ Xn,
and for all ε, ε′ > 0.

ADD is a strong property it induces directly linear equivalence as pointed out in
Moulin (1987) Pfingsten (1991), it also implies VE when combined with LC.
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Next axiomWeak Currency Independence Consistency (WCIC) can be interpreted
as the implication of the weakening of the “Currency Independence” leading to the
relative IEC. Instead of imposing x ∼ αx for all α > 0 and all x ∈ Xn as “Currency
Independence” suggests, we require the inequality ordering to be invariant with re-
spect to changes in the common unit of measure adopted to evaluate the distributions.

Definition 8 (Weak Currency Independence (WCI)) For all x,y ∈ Xn, x �
y⇔ αx � αy for all α > 0.

WCI postulates that changes in the currency adopted to measure income do not
affect the inequality comparison between distributions of incomes measured in the
same currency. In particular the (as)symmetric part of the binary inequality relation
requires that x (≻) ∼ y⇔ αx (≻) ∼ αy for all α > 0.27

WCI is evidently weaker than “Currency Independence”, no prior assumption is
imposed on the inequality relation existing between x and αx as a result of the change
in the currency unit. What is required is that, if distribution x exhibits the same
inequality as distribution y if measured in Pounds, if we change the currency the
new income distributions αx and αy measured in Euros should remain inequality
equivalent. It may be the case that the inequality associated with αx is changed with
respect to that associated with x, the only restriction is that αx and αy have to be
considered inequality equivalent.
The WCI requirement of course has also a normative content. If income distribu-

tions are measured according to the same unit of measure, then WCI requires that if
all incomes are scaled by the same factor then the inequality ranking is not affected,
although each distribution may perceive an increase or decrease in inequality.28

WCI is a property defined over the inequality binary relation and not in terms of
the IEDVs, but it involves restrictions on the set of admissible IECs. Indeed, if we
consider x and y as obtained through a surplus sharing procedure, as we scale the
incomes the equivalence should be retained, this leads to a restriction for the IEDVs.
More precisely, consistency with WCI of an IEDV requires αd(x,ε) = d(αx,αε) for
all x ∈ Xn, and ε, α > 0.
Consider distributions x,y ∈ Xn such that x ∼ y, then according to WCI also

αx ∼ αy for all α > 0. Suppose that y = x + d(x,ε), then if we scale incomes
according to the factor α > 0 it must also be that αy = αx + d(αx,αε) for all
x ∈ Xn, and ε, α > 0. Note that because of the scaling factor the differences between
y and x are also scaled by the same factor, hence ε must also be multiplied by α in
this second case. Combining both conditions it follows that

α [x+ d(x,ε)] = αx+ d(αx,αε),

27Zheng (2002) names “Unit-consistency” an analogous property.
28The inequality indices consistent with WCI satisfy the functional equation of homotheticity
discussed in Aczél (1987), Candeal and Indurain (1993,1995), Aczél and Moszner (1994) and Bosi,
Candeal and Indurain (2000). For applications to welfare measurement consistent with relative
inequality indices see Blackorby and Donaldson (1984), Ebert (1987) and Dutta and Esteban (1992).
Zheng (2003, 2004) derives decomposable inequality indices and poverty indices satisfying WCIC.
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that is:29

Axiom 14 (WCI Consistency (WCIC)) αd(x,ε) = d(αx,αε) for all x ∈ Xn,
and all ε, α > 0.

WCIC is a necessary condition that an IEC has to satisfy if the associated in-
equality measure is required to satisfy WCI. Of course the conditions imposed on an
inequality index by WCI are more restrictive, in particular because they also apply to
distribution with the same average income exhibiting the same inequality. It is there-
fore possible to have indices that satisfy an IEC associated with WCIC but violate
WCI.

Normative implications of WCIC. Even if there is agreement on the appropriate
unit of measure of income, it is possible to disentangle the normative implications of
WCIC. Let s(x, ε) := d(x,ε)

ε
denote the vector of shares of the IEDV. One could argue

that the sharing of the surplus depends on the relative impact of ε compared to
the total amount of income in the original distribution. In particular surpluses of
the same proportion with respect to the total income of the distribution considered
should be shared according to s(x, ε) in the same way if two distributions are identical
in terms of income shares. This implies that s(αx, αε) = s(x, ε) for all x ∈ Xn, and
all ε, α > 0. This is precisely WCIC.
In other words, if the implications of an inequality neutral tax system are con-

sidered where x denotes the post-tax income distribution, ε is the tax revenue and
d(x, ε) denotes the vector of tax liabilities, WCIC requires that an inequality neutral
tax schedule collecting a fixed proportional revenue should share the tax liabilities
in the same way for all the distributions where pre-tax incomes shares are the same.
Note that it follows that also post-tax income shares should be the same for the dis-
tributions considered, moreover it is not necessary that tax liabilities shares, pre-tax
income shares and post-tax income shares have to be the same.
Differently from ADD property WCIC in order to imply VE needs to be paired

with LC but also with PI, summarizing:

Remark 4 For all IEDV’s d(x,ε) ∈ D(x, ε) :
(i) ADD ⇔ LE.
(ii) LC +ADD =⇒ V E.
(iii) LC + PI +WCIC =⇒ V E.

Characterizations of IIE and PIE. An immediate implication of the Additivity
condition of the IEDVs is the characterization of the Intermediate IEC as shown by
Pfingsten (1991).

Proposition 7 (Pfingsten (1991)) An IEC characterized by d(x, ε) ∈ D(x, ε) sat-
isfies LC, HE, PI and ADD if and only if it is the IIE.

29A similar condition has been originally suggested by Moulin (1987) in the surplus sharing liter-
ature as “Currency Independence of the surplus”.
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While following Moulin (1987) in Theorem 4 we can show that WCIC is the key
axiom leading to the characterization of the Proportional IEC.

Proposition 8 (Moulin (1987)) An IEC characterized by d(x, ε) ∈ D(x, ε) satis-
fies LC, HE, PI and WCIC if and only if it is the PIE.

Notice that VE is not necessary for both results since is implied by LC.
Comparisons with ADD and WCIC help in highlight the connections between

these results and those in the previous sections. The following proposition clarifies
the connections between the axioms.

Proposition 9 For any d(x, ε) ∈ DE(x, ε), x ∈ Xn and ε, ε′ > 0 the following
relations hold:

(1) ADD +B =⇒ EB,
(2) PI +ADD =⇒ B,
(3) PI +ADD ⇐⇒ PI + EB
(4) PI +WCIC ⇐⇒ PI + ELE
(5) PI +WCIC +ADD ⇐⇒ PI + EE.

Part 1 is important: it is evident that ADD → B for all d(x, ε) ∈ DP(x, ε),
because the IIE is a subset of the IEC in (8) .What is interesting, and can be realized
from Part 2, is that over DE(x, ε) ADD is not sufficient to satisfy B. It is therefore
possible to provide a characterization result for all d(x, ε) ∈ DE(x, ε) satisfying ADD
and B. From Part 1 we realize that even if B is a more general property than EB,
once we add ADD the restrictions imposed by this last axiom are too strong and
B+ADD are not sufficiently general as EB for all d(x, ε) ∈ DE(x, ε). The intuition
behind this result is from Remark 4 Part (i). For all d(x, ε) ∈ D(x, ε) ADD (as well
as LE) rules out any effect of ε on the sharing rule. Parts 3 and 4 trivially derive from
comparisons of the results in Propositions 7, 8 and Propositions 5, 6. And Part 5 is a
direct implication of the combination of the results in Parts 3 and 4 [see Corollaries
3 and 4].
Moreover, WCIC is stronger than B, as one can expect comparing the character-

izations in Propositions 3 and 8. More precisely:

Remark 5 If δ (x) exists for all x ∈ X n then WCIC implies B.

Proof. Recall that δ (x) := lim ε→0+ [d(x,ε)/ε] . According to WCIC αd(x,ε) =
d(αx,αε), then lim ε→0+ [αd(x,ε)/ε] = lim ε→0+ [d(αx,αε)/ε] leading to the condition
α lim ε→0+ [d(x,ε)/ε] = α lim ε→0+ [d(αx,αε)/αε] . It follows that δ (x) = δ (αx) for all
α > 0, and all x ∈ X n. This condition implies B.
Note that as shown in Proposition 9 (Part 2) for all d(x,ε) ∈ DE(x, ε) B is implied

by PI+ADD, that is it captures relevant aspects of both PI and ADD without being
implied directly by any one of them taken independently. If we strengthen B requiring
WCIC then the new property is independent from the combination of PI+ADD and
as shown in Corollary 4 selects within the set of IIE criteria just the relative and the
absolute criteria.
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As already pointed out the relative and absolute IECs are the only Intermediate
IECs consistent with the Proportional IEC. It is therefore immediate to conclude
that the relative and absolute IEDVs are the only path independent IEDVs satisfying
WCIC and ADD.

Corollary 4 An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, HE, PI, ADD and WCIC if
and only if for all x ∈ Xn, and ε > 0

either d(x, ε) =
ε

n

(
x

µx

)
or d(x, ε) =

ε

n
1. (15)

This result characterizes the two “extreme” linear IECs satisfying HE. It is con-
sistent with a similar result in Theorem 2 in Moulin (1987). It is also in line with the
impossibility result in Proposition 3.3 in Zheng (2002) implicitly pointing out that
inequality measures satisfying linear IEC and WCI necessarily have to be relative
or absolute. Within our framework an equivalent result could be stated as: proper-
ties ADD and WCIC are incompatible with any IEC strictly combining relative and
absolute views derived from IEDVs satisfying LC, HE, and PI.

3.3.1 Asymmetric distributive rules and further results

We complete the set of characterization results for IECs paying attention to IEDVs
that satisfy combinations of WCIC, B, and ADD but may violate either HE (i.e.
are non-anonymous or asymmetric) or PI (i.e. are non-transitive). We characterize
IEDVs that are combinations of some of those already presented and those associated
with the RIIE. Interesting characterizations of SIE are also derived from imposing
HE to the IEDVs derived.

Ray invariant equivalence, π sharing rules and proportional equivalence.
We provide partial characterizations of the RIIE concept suggested in Seidl and Pfin-
gsten (1997), together with complete characterizations of the “π sharing” equivalence
criterion suggested by Del Rio and Ruiz Castillo (2000). The following are partial
characterizations of RIIE and liner asymmetric sharing methods.

Proposition 10 An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC, ADD, and PI
if and only if there exist υ ∈ Rn

+, such that υi ≥ υi−1 ≥ 0,
∑n

i=1 υi = n, for any
i = 1, 2, ...n, and a constant β ≥ 0 such that for all x ∈ X n, ε > 0: either

di(x,ε) =
ε

n

[
υiβ + xi

β + µx

]
, ∀i ∈ N , (16)

or
di(x,ε) =

ε

n
υi, ∀i ∈ N . (17)

The RIIE is obtained in (17) ,30 while (16) provides the asymmetric version of
IIE if υi �= υi−1 for some i ∈ N .31 Thus, RIIE to the asymmetric equivalent to the

30The IEDVs characterized in Proposition 10, have been also characterized in Wakker (1987) in
the context of bankruptcy problems making use of an alternative set of axioms.
31Note that the IEDVs in (17) and (16) satisfy EB that has been used to characterize the IIE.
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absolute IEC specification of the IIE, it has exhibit a greater degree of generality
w.r.t. the absolute criterion but at the same time violates an intuitive criterion,
which in our opinion has a strong normative justification: it does not satisfy the HE
axiom.
It is possible to select further the RIIE adding WCIC. If in Corollary 4 we drop

HE then the class of IEDVs obtained is expanded including all the “extreme” lin-
ear criteria violating HE but satisfying VE. They are the relative IEC and the ray
invariant IECs as shown in the following proposition.

Proposition 11 An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, ADD, PI and WCIC if
and only if for all x ∈ X n, ε > 0, either

d(x,ε) =
ε

n

x

µx

, (18)

or, there exists υ ∈ Rn
+, such that υi ≥ υi−1 ≥ 0,

∑n
i=1 υi = n, for all i ∈ N , and

d(x,ε) =
ε

n
υ. (19)

Note that, as already point out the absolute IEC generalizes into the RIIE when
HE is not satisfied, while the relative criterion still remains the unique “extreme”
linear IECwhere income levels are directly considered in the sharing procedure instead
of just taking into account the positions in the income ranking. When PI is dropped,
then a general version of the SIE of Del Rio and Ruiz-Castillo (2000) that combines
it with the RIIE is obtained.
Note that after rearranging (1) SIE requires that for all x ∈ X n and a given

π ∈ [0, 1]

d(x,ε) =
ε

n

(
π
x

µx

+ (1− π)1

)
.

Proposition 12 An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, ADD and WCIC if and
only if there exist a ordered vector υ ∈ Rn

+, such that υi ≥ υi−1 ≥ 0, for all i ∈ N ,∑n
i=1 υi = n, and a constant π ∈ [0, 1] such that for all x ∈ X n, ε > 0,

d(x,ε) =
ε

n

[
π
x

µx

+ (1− π)υ

]
. (20)

Rearranging (20) we get d(x,ε) = ε
n

[
π1+ (1− π) x

µx

]
+ π ε

n
(υ − 1) that makes

evident that the IEDV can be decomposed into two components, the SIE distrib-
utive vector and the difference between the RIIE distributive vector and the equal
distribution IEDV. Note that LC requires that the vector υ should be ordered. It
should also be pointed out that differently from the SIE a lower value of π does
not necessarily implies that the surplus is shared more equally. For instance a fea-
sible vector υ can assign value n only to the richest individual and 0 to all the

others. If we let υ̂ = (0, 0, 0, 0...0, n) then di(x,ε) = πε
(

xi
nµx

)
for all i �= n and

dn(x,ε) = πε
(

xn
nµx

)
+ (1 − π)ε i.e. the share (1 − π) of the surplus is given to the
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richest individual and the remaining part of the surplus πε is shared proportionally
between the other individuals. In this case a more equal distribution of the surplus
is achieved for higher values of π.
Adding HE to the properties considered in Proposition 12 implies that all the

elements in υ ∈ Rn
+ has to be equal, that is υ = 1, leading to the following corollary.

Corollary 5 An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC, HE, ADD and
WCIC if and only if there exists a constant π ∈ [0, 1] such that for all x ∈ X n, ε > 0,

d(x,ε) =
ε

n

[
π
x

µx

+ (1− π)1

]
. (21)

This is a characterization of the SIE criterion derived also in Moulin (1987) (see
Theorem 3 p. 170).
It is clear that an essential difference between RIIE and SIE is that the former is

path independent but does not satisfy HE while the latter violates PI but satisfy HE,
both are linear criteria i.e. satisfy ADD (or equivalently LE). It is possible to weaken
the previous result of characterization result of SIE. Next proposition could be seen
as a corollary of Proposition 4. It may be found surprising the fact that axiom B is
involved together with ADD; the relevance of these two axioms is different because
the sharing rule does not satisfy PI; in this case B is not implied by ADD.

Proposition 13 An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, HE, ADD and B if and
only if there exist constants ω̃ ∈ [0, 1] , and θ̃ ∈ R+ such that for all x ∈ X n, ε > 0 :

d(x,ε) =
ε

n

(
ω̃ ·
x− µx1

µx + θ̃
+ 1

)
. (22)

This result can be obtained considering that ADD implies that γ(µ,ε) = γ̃(µ)
which is also limε→0+ γ(µ,ε), therefore ω(ε) and θ(ε) in (12) must be constants. It
becomes evident also that for all d(x,ε) ∈ DE(x, ε) ADD +B ←→ ADD + EB.32

The sharing rule in (22) is apparently more general that the one in (21) because
it considers a convex combination of the equally distributed vector and the relative
vector evaluated w.r.t. the origin −θ̃1. In practice, this is only a problem of definition
of π. Once we restrict our analysis to a pair of distributions the sharing parameter
becomes π = ω̃ µx

µx+θ̃
.

For the sake of completeness it could be proved that adding PI, the condition B
is implied by ADD, and ω̃ is restricted to be equal either to 1 or to 0, which leads

to the distributive rule either di(x,ε) = ε
n
( xi+θ̃

µx+θ̃
) or di(x,ε) = ε

n
for all i ∈ N that

identifies the Intermediate IEC.
Comparing the result in Corollary5 to the one in Proposition13, it is evident

that the only difference between the two characterizations is given by substituting
WCIC for B which is weaker, as pointed out in Remark 5. Note that as shown in
Proposition 9 (part 2) for all d(x,ε) ∈ DE(x, ε) B is implied by PI+ADD, that is it

32Given the result in Remark 4 part (i) the characterization in Proposition 13.can be obtained
substituting LE for ADD.
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captures relevant aspects of both PI and ADD without being implied directly by any
one of them taken independently. If we strengthen B requiring WCIC then the new
property is independent from the combination of PI+ADD and as shown in Corollary
4 selects within the set of IIE criteria just the relative and the absolute criteria.
Next proposition generalizes the result in Proposition 8 to IEDVs associated with

sharing rules that do not satisfy HE. As one may expect the ordered vector υ ∈ Rn
+

is substituted to the equal distribution vector 1.

Proposition 14 An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC, PI and WCIC
if and only if there exist υ ∈ Rn

+ such that υi ≥ υi−1 ≥ 0,
∑n

i=1 υi = n for all i ∈ N ,∑n
i=1 υi = n, and a constant λ ∈ [0, 1] such that for all x ∈ X n, ε > 0 :

d(x, ε) =
ε

n
υ + (x− µxυ)

[(
1 +

ε

n
·
1

µx

)λ

− 1

]

. (23)

The IEDVs characterized are a combination of those identifying the RIIE and
those leading to PIE, when λ = 0 we get the RIIE since d(x, ε) = ε

n
υ, while when

λ = 1 the proportional IEDV associated with the relative IEC is obtained, d(x, ε) =
ε
n
υ + (x− µxυ)

[
ε
n
· 1

µx

]
= ε

n
· x

µx
.

According to the result in Proposition 14 the following IEC generalizes PIE when
HE is dropped. For all x,y ∈ X n, x ∼ y if

xi − υiµx

(µx)
λ

=
yi − υiµy
(
µy

)λ for all i ∈ N , (24)

where λ ∈ [0, 1] and υ ∈ Rn
+ such that υi ≥ υi−1 ≥ 0,

∑n
i=1 υi = n.

Note that as anticipated in Remark 4(iii) axiom VE is implied by the other
properties. It may also be interesting to consider the benchmark case where υ̂ =

(0, 0, 0, 0...0, n) then di(x,ε) = xi

(
ε
n
· 1

µx

)
− xi

[(
1 + ε

n
· 1

µx

)
−
(
1 + ε

n
· 1

µx

)λ
]
for all

i �= n. That is depending on the value of λ the surplus distributed to individual i �= n is

comprised between 0 and the proportional share xi

(
ε
n
· 1

µx

)
.While for the richest in-

dividual nwe have dn(x,ε) = xn

(
ε
n
· 1

µx

)
+(nµx − xn)

[(
1 + ε

n
· 1

µx

)
−
(
1 + ε

n
· 1

µx

)λ
]
,

in this case the surplus obtained is comprised between the proportional share and the
distribution of all the surplus to the individual. The crucial coefficient is given by(
1 + ε

n
· 1

µx

)λ

.

It may also be useful to recall that when an “infinitesimal” surplus is shared the
IEDV becomes

δ̂ (x,λ,υ) =
1

n

[
λ
x

µx

+ υ (1− λ)

]
= λ · δ (x,1) + (1− λ) · δ̂ (x,0,υ) , for all x ∈ X n

where λ ∈ [0, 1], δ (x,1) = δ̂ (x,1,υ) = 1
n

[
x

µx

]
and the unit vector δ̂ (x,0,υ) = 1

n
υ

identifies the coordinates of the ordered vector υ. Any infinitesimal surpluses is shared
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as a proportion of the relative rule and the ray invariant vector. For case of vector

υ̂ we get δ̂i (x,λ, υ̂) = λ xi
nµx
for all i �= n and δ̂n (x,λ, υ̂) = 1

n

[
n (1− λ) + λxn

µx

]
=

(1− λ) + λ xn
nµx

.

Comment The results obtained in this section complete the one in Proposition 8
and those presented in Moulin (1987). They reinforce the relevance of the charac-
terization in Proposition 3. While dropping HE may make available a larger set of
possible IECs, it is not clear what are the normative justifications for treating differ-
ently individuals in the same economic position. If HE in introduced all the results
obtained has to be modified substituting the equal distribution vector 1 to υ. If we
are interested in extending the set of admissible IECs beyond the relative and the
absolute criterion then, as shown in Corollary 4, a choice has to be made between PI,
ADD and WCIC. In our opinion PI is an essential property for an IEC, while both
ADD and WCIC present some interesting aspects but they do not seem essentials.
If both properties are applied then we are left only with the relative and absolute
criteria, while if only one of them is applied we get either the IIE or the PIE. The
Betweenness property combines the essential features of both of them: for all IEDV
in D(x, ε) satisfying LC, HE, VE and PI we have ADD ⇒ B and WCIC ⇒ B. The
fact that Betweenness in addition to its intuitive appealing combines the relevant
features of both ADD and WCIC is an additional strong argument in favor of it.

3.4 Inequality Equivalence Criteria with negative incomes

So far we have considered comparisons between non-negative income vectors. This is
the most common domain used in inequality analysis, for instance this is the case for
all the works considering relative inequality measures33. However empirical income
distributions may exhibit some negative incomes whose presence may modify some
classical results34. The results of Hardy, Littlewood and Polya (1934), Berge (1963)
and Marshall and Olkin (1979) are derived for larger domains allowing for negative
incomes provided the total income is fixed. When distributions of different total
incomes are compared Lorenz curves have to be modified in order to accommodate
negative incomes, and the relative criterion looses part of its normative interest. For
instance the two distributions (−1, 1) and (−10, 10) are obtained through a relative
(scale invariant) transformation but they can hardly be considered inequality equiv-
alent. Moreover, when distributions of utilities are compared requiring that utilities
are positive corresponds to introduce a common reference level for their measurement.
Considering utility vectors defined over the set of all real numbers then corresponds
to eliminating the informational requirement associated with common reference level.
The set of admissible IECs will be drastically reduced as the effect of this modifica-
tion.
Some results presented in related literature (Ebert, 2000, and Ebert and Moyes,

2002) as well as results on characterization of IECs (Ebert, 2001) show that once

33See Sen (1973), Eichhorn and Gehrig (1982), Foster (1985), Moyes (1999) and Cowell (2001).
34Chen, Tsaur and Rhai (1982) and Berrebi and Silber (1985) present modifications of the Lorenz
curve and the Gini index due to the presence of negative incomes.
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incomes are allowed to be negative, then the only consistent IEC is the absolute one.
These results are derived using a different setting, and the characterization of the IEC
is obtained following an approach different from our. We show that if unbounded neg-
ative incomes are added to the domain and at least three individuals are considered
then the weak requirements of “consistency with the principle of transfers” and “con-
sistency with anonymity” of the IEDVs are sufficient to select the absolute IEC as
the unique admissible rule.35

We consider IEDVs d(x,ε) defined over distributions x ∈ R
n, the set of these

IEDVs is denoted by DR(x,ε).
The following proposition will clarify the restrictions deriving from imposing LC

on the IEDVs in DR(x,ε). The associated IEC does not depend on the income of the
individuals but only on the amount of the surplus shared, on the average income of
the distribution and on the identity of each individual.

Proposition 15 An IEDV d(x,ε) ∈ DR(x,ε) satisfies condition LC if and only if
there exists a sequence of continuous functions ai(µ,ε) : R× R++→ R+, satisfying
ε =

∑n
i=1 ai(µ,ε), such that for all x ∈ Rn and ε > 0 :

di(x, ε) = ai(µ,ε) ∀i = 1, 2, ..n (25)

where ai(µ,ε) ≥ aj(µ,ε) if xi > xj .

Together with the absolute inequality equivalence criterion, also the “ray invari-
ant” criterion suggested by Pfingsten and Seidl (1997) satisfies (25), indeed it is more
restrictive, in that it is independent from µ and linear in ε. An essential role for the
final characterization is given by the non-negativity of the IEDV. If di(x, ε) is allowed
to be negative, then property LC will require that

di(x, ε) = ai(µ,ε) + b(µ,ε)xi (26)

for all µ,ε > 0, xi ∈ R. Once di(x, ε) ≥ 0 is imposed then the proportional component
b(µ,ε) is ruled out. It is reasonable to require that as the total income of the society
increases at least the incomes of the poorest individual should not decrease in order
to keep inequality unchanged. Otherwise the gap between the poor and the richer
individuals would be widened thus leading (at least intuitively) to an increase in
inequality.
Note that according to Proposition 15 LC implies VE given that xi > xj implies

that ai(µ,ε) ≥ aj(µ,ε) for all µ ∈ R, ε > 0. Once HE is combined with LC and applied
to distributions with arbitrary negative incomes, then only the IEDV associated with
the absolute criterion survives.

Proposition 16 An IEDV d(x,ε) ∈ DR(x,ε) satisfies conditions LC and HE if and
only if for all x ∈ Rn and ε > 0 :

di(x, ε) = ε/n ∀i = 1, 2, ..n.

35If only two individuals are considered then the set of possible IECs is substantially enlarged.
For a detailed discussion see Zoli (2002 ch.7).
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Proof. HE requires that if xi = xj then di(x,ε) = dj(x,ε), therefore ai(µ,ε) =
a(µ,ε) for all i. Substituting into ε =

∑n
i=1 ai(µ,ε) we get a(µ,ε) = ε/n.

This proposition clarifies the tremendous impact on the characterization of IECs
associated with the specification of the income domain, in particular when the do-
main is unbounded from below. Here the absolute equivalence criterion has been
characterized adopting a different framework than the one presented in Ebert (2001).
The absolute sharing rule is obtained because of the combination of the basic

properties LC and HE and the non-negativity of the elements of the IEDV. A crucial
role is played by the assumption that negative incomes can be unbounded. If the
domain is modified in order to consider bounded negative incomes, for instance setting
x > x0 then plenty of IECs can be derived.
For instance the Flexible Inequality Equivalence criterion can be specified in order

to be applied to income distributions where all x > x0 and x0 < 0 setting θ̃ ≥ −x0.
The IEC obtained will require that x and y exhibit the same inequality if for all
individuals i = 1, 2, ...n

yi − µy

(µy + θ̃)λ
=

xi − µx

(µx + θ̃)λ
where 1 ≥ λ ≥ 0, θ̃ ≥ −x0 (27)

The associated IEDVs are as in (7) where θ̃ ≥ −x0. They are non-negative and satisfy
LC, HE and VE as well as PI. For λ = 1 the IEDVs satisfy also ADD. They are

d(x, ε) = ε
n

[
x+θ̃1
µx+θ̃

]
for θ̃ ≥ −x0 and are associated with the extension of Bossert and

Pfingsten’s (1990) intermediate inequality equivalence criterion characterized in Ebert
(2001) when income distributions with bounded negative incomes are considered.

4 Conclusions

We discuss an axiomatic framework for the analysis of IECs. A general character-
ization of a new two parameters, flexible IEC is provided, the Flexible Inequality
Equivalence (FIE). The FIE is consistent with questionnaire evidence on the per-
ception of inequality over distributions with different total income suggesting that
attitudes toward inequality move from relative to absolute positions as incomes in-
crease. FIE is a two parameters IEC. If the effect of one parameter is eliminated
we get the Intermediate Inequality Equivalence (IIE) while if the effect of the other
parameter associated with the IIE is eliminated we get a new IEC the Proportional
Inequality Equivalence (PIE). This criterion provides a formalization of inequality
attitudes included in between the relative and the absolute that is alternative to that
suggested by the IIE. A complete characterization of PIE is also presented requiring
consistency with a weak version of the “currency independence” property.
New characterizations of known IECs are also provided including IIE, Ray In-

variant Inequality Equivalence and Sharing Inequality Equivalence. The implications
deriving from combinations of the suggested axioms are explored and a variety of ad-
ditional IECs are characterized and analyzed in order to complete the analysis. We
believe that the approach proposed, is helpful in analyzing the different merits of var-
ious IECs. In particular it allows to highlight the normative relevance of non-linear
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IECs, like FIE (and its special case PIE) that have been neglected in the literature
on inequality measurement.
It is important to recall that except for the PIE and the IECs satisfying “weak

currency independence consistency” property, all the discussed IECs can be applied
only if there is consensus on the unit in which income is measured.

5 Appendix

Example highlighting the relevance of the Regularity axiom.

Example 2 The following IEDV

d(x,ε) =

{ ε
nµx
x if 0 < ε ≤ ε̄

(ε+ε̄)
2

x

nµx
+ (ε−ε̄)

2

[
1

n
+ sin

(
1

ε−ε̄

) µx1−x
nµx

]
if ε > ε̄

satisfies both SC and C. For ε > ε̄ , the marginal impact of an increase in surplus is

∂(x,ε+) =
1

2

x

nµx

+
1

2

[
1

n
+ sin

(
1

ε− ε̄

)
µx1− x

nµx

]
−

1

2 (ε− ε̄)

[
cos

(
1

ε− ε̄

)
µx1− x

nµx

]

=
1

2

x+ µx1

nµx

+
1

2

(
µx1− x

nµx

)[
sin

(
1

ε− ε̄

)
−

1

(ε− ε̄)
cos

(
1

ε− ε̄

)]

As ε approaches ε̄ then ∂(x,ε+) is not defined given that (i) both the limits of sin and
cos functions are not defined for ε→ ε̄, and (ii) 1

(ε−ε̄)
is unbounded. These two types

of situations are avoided imposing R. Note that as ε → ε̄ the period of sin
(
1

ε−ε̄

)

tends to 0, and the frequency of the jumps between the values 1 and −1 tends to
infinite: the marginal increase in the surplus (ε− ε̄) is shared in a proportional way
(for sin = −1) and in an egalitarian way (for sin = 1) with “infinite” frequency.

5.1 Proofs:

5.1.1 Proposition 1

An IEDV d(x,ε) ∈ D(x,ε) satisfies conditions HE, LC, VE if and only if there exists
a continuous function γ : R++ × R++ → [0, 1] such that for all x ∈ Xn, and ε > 0

di(x,ε) =
ε

n

[
γ (µx, ε)

xi

µx

+ [1− γ (µx, ε)]

]
∀i∈N . (28)

Proof of Proposition 1:
Sufficiency: Check that (28) satisfies conditions VE, HE, LC.
Necessity: In order to provide the necessity part we will make use of the following

result:

Lemma 1 An IEDV d(x,ε) ∈ D(x,ε) satisfies LC if and only if there exists a set of
continuous functions ai(µ,ε) : R++×R++ → R+ for all i ∈ N satisfying (i) aj(µ,ε) ≥

33



ai(µ,ε) ≥ 0 for all µ,ε > 0, if xj ≥ xi, (ii) ε + mini {ai(µ,ε) · (n− i+ 1) : i ∈ N} ≥∑n
h=1 ah(µ,ε) for all µ,ε > 0, where xi+1 ≥ xi, and (iii) ε + nµ ≥

∑n
h=1 ah(µ,ε), for

all µ,ε > 0, such that for all x ∈ Xn and all ε > 0 :

di(x, ε) = ai(µ,ε) +
ε−

∑n
j=1 aj(µ,ε)

nµ
xi ∀i ∈ N . (29)

Proof of Lemma 1:
Consider two distributions x,x′ ∈ Xn where x′ is obtained from x through a pro-

gressive transfer of the amount δ from the individual at position j to the individual at
position i < j.Denoting by δj,i the vector (01, 02, 0i−1,+δi, 0i+1, ..0j−1,−δj , 0j+1, ..0n)

T ,
then x′ = x+PT

x
δj,i, where Px is the permutation matrix which ranks incomes in x in

increasing order, thus Pxx ∈ X n. Let ρ(i) denote the rank on Pxx of individual i in
the original distribution x, therefore ρ−1(j) = j′ identifies the individual in the origi-
nal distribution to whom is associated the jth position in the ordered distribution. In
order to satisfy condition LC we need that dk(x,ε) = dk(x

′,ε) ∀k ∈ N , k �= i′, j′; and
di′(x

′,ε) ≥ di′(x,ε) − δ, dj′(x
′,ε) ≤ dj′(x,ε) + δ. It is also necessary that if xj′ > xi′

then also xj′ + dj′(x,ε) > xi′ + di′(x,ε) for all i
′, j′ ∈ N , all x ∈ Xn, and all ε > 0.

That is, the relative position in the income ranking of i′, j′ ∈ N has to be preserved
after the IEDV is added. Because this condition is satisfied for all x ∈ Xn then it is
implicitly satisfied also xj′ − δ + dj′(x

′,ε) > xi′ + δ + di′(x
′,ε) if xj′ − δ > xi′ + δ.

Apply now a regressive transfer δl,m where l < m, to the distribution x′, we
obtain x′′ = x′ + PT

x
δl,m. The result of this procedure is exactly the same as that

obtainable applying a progressive transfer δm,l to x
′′; this implies together with LC

that dk(x
′′,ε) = dk(x

′,ε) ∀k ∈ N , k �= l′,m′. Fix now the income (xh) of individual
h; applying a sequence of progressive and regressive transfers of the kind described
above we can obtain all possible distributions belonging to X n(µ) such that xρ(h) is
fixed, xj−1 ≤ xj ≤ xρ(h) ∀j = 2, 3, ..n − 1, where ρ(h) > j ≥ 2; and xρ(h) ≤ xi−1 ≤
xi ≤ xn ∀i = 3, 4, ..n, where ρ(h) < i ≤ n. Denote with X n

h (µ) the set of all such
distributions. Condition LC implies that dh(x,ε) = dh(x

′,ε) for all x,x′ ∈ Xn such
that Pxx,Pxx

′ ∈ X n
h (µ), for all h ∈ N , for all xh such that x,x

′ ∈ Xn(µ), and for all
µ > 0. This implies that dh(x,ε) does not depend on the distribution of the incomes
but only on the level of income of the hth individual, possibly on his/her position
ρ(h), on the average income, and obviously on ε, for all h ∈ N . That is

dh(x,ε) = fh(xh, µ,ε),

where the function fh(.), which is continuous, implicitly takes into account ρ(h),
therefore could be different for each individual, and

∑
h fh(.) = ε. According to this

representation, given LC, we have fi(xi+δ, µ,ε) ≥ fi(xi, µ,ε)−δ, and fj(xj−δ, µ,ε) ≤
fj(xj , µ,ε) + δ. Recalling the condition

∑
h fh(.) = ε we obtain36:

fi(xi + δ, µ,ε) + fj(xj − δ, µ,ε) = fj(xj, µ,ε) + fi(xi, µ,ε)

for any i, j ∈ N ; xi, xj ≥ 0 such that xj > xi and δ > 0 chosen in a way such that
the transfer does not alter the position of the individuals involved. Denoting with

36This is the condition of Non Advantageous Reallocation suggested in Moulin (1987).
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gi(xi, δ, µ,ε) := fi(xi + δ, µ,ε)− fi(xi, µ,ε), then

gi(xi, δ, µ,ε) = gj(xj − δ, δ, µ,ε)

for any i, j ∈ N ; for xi, xj such that 0 ≤ xi < xj ≤ nµ and δ > 0 chosen in a way
such that the transfer does not alter the position of the individuals involved.
This implies that gi(xi, δ, µ,ε) = g(δ, µ,ε), that is gi(xi, δ, µ,ε) does not depend on

i and xi for all i ∈ N , xi ≥ 0. Suppose that this is not the case, consider what happens
if xi = α ≥ 0 and xj = α + δ, 37 then gi(α, δ, µ,ε) = gj(α, δ, µ,ε) for every α ≥ 0,
which implies that gi(α, δ, µ,ε) = g(α, δ, µ,ε). If this is the case then g(xi, δ, µ,ε) =
g(xj− δ, δ, µ,ε). Letting xi = α and xj = β+ δ, then g(α, δ, µ,ε) = g(β, δ, µ,ε) for any
α, β ≥ 0 which makes evident that g(xi, δ, µ,ε) does not depend on xi. Thus,

fi(xi, µ,ε) + g(δ, µ,ε) = fi(xi + δ, µ,ε)

for any δ > 0, and for all µ,ε > 0, xi ≥ 0, i ∈ N , where g(0, µ,ε) = 0. The solution of
this functional equation is obtained as

fi(xi, µ,ε) = ai(µ,ε) + b(µ,ε)xi for all µ,ε > 0, xi ≥ 0, i ∈ N ,

see Aczél (1966, Th. 1 p.142 and th.1 p.34, see also p.85) and Eichhorn (1978) Ch.1
for discussion of domain restrictions.
Consider condition

∑
h fh(.) = ε. Specifying

∑
i [ai(µ,ε) + b(µ,ε)xi] = ε, that is

n∑

i=1

ai(µ,ε) + b(µ,ε)nµ = ε↔ b(µ,ε) =
ε−

∑n
i=1 ai(µ,ε)

nµ
,

thus:

di(x,ε) = fi(xi, µ,ε) = ai(µ,ε) +
ε−

∑n
j=1 aj(µ,ε)

nµ
xi ∀i ∈ N . (30)

Consider the condition fi(xi + δ, µ,ε) ≥ fi(xi, µ,ε)− δ, which could be rewritten as:

ai(µ,ε)+
ε−

∑n
j=1 aj(µ,ε)

nµ
(xi + δ) ≥ ai(µ,ε)+

ε−
∑n

j=1 aj(µ,ε)

nµ
xi−δ ∀i ∈ N , (31)

that is
ε−

∑n
j=1 aj(µ,ε)

nµ
+ 1 ≥ 0 ∀i ∈ N , (32)

which is satisfied if and only if ε−
∑n

j=1 aj(µ,ε) + nµ ≥ 0.
If we let x = (0, 0, ...,nµ), in order to satisfy di(x,ε) ≥ 0 for all i = 1, 2..n where

xn ≥ xi for all i ∈ N it must be that ai(µ,ε) ≥ 0 for all i = 1, 2..n − 1 and
ε ≥

∑n−1
i=1 ai(µ,ε) ≥ 0 for all µ,ε > 0. Finally the condition requiring that if xj > xi

37Notice that it is not necessary that xi, xj belong to the same distribution; the functions
fj(xj , µ,ε) apply to all distributions belonging to Xn(µ) for any income xj , position j and sur-
plus ε, otherwise this example is not consistent with the condition that δ is chosen in a way such
that the transfer does not alter the position of the individuals involved.
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then also xj + dj(x,ε) > xi + di(x,ε) for all i, j ∈ N , all x ∈ Xn, and all ε > 0 can be
restated as

aj(µ,ε) +

[
ε−

∑n
j=1 aj(µ,ε)

nµ
+ 1

]

xj > ai(µ,ε) +

[
ε−

∑n
j=1 aj(µ,ε)

nµ
+ 1

]

xi (33)

for all i, j ∈ N , ε, µ > 0 if xj > xi ≥ 0. Let xj − xi = kij where nµ ≥ kij > 0,
rearranging the previous condition we get

aj(µ,ε)− ai(µ,ε) > −

[
ε−

∑n
j=1 aj(µ,ε)

nµ
+ 1

]

kij ∀i, j ∈ N , ε, µ, kij > 0 (34)

where the term into square brackets is non-negative given (32) . Taking the limit for

kij → 0+ we obtain aj(µ,ε)−ai(µ,ε) ≥ 0 > limkij→0+ −
[
ε−

∑n
j=1 aj(µ,ε) + nµ

]
kij/nµ.

Thus aj(µ,ε) ≥ ai(µ,ε) for all i, j ∈ N , ε, µ > 0 if xj > xi ≥ 0. This condition implies
also that an(µ,ε) ≥ 0 given that ai(µ,ε) ≥ 0 for all i = 1, 2, ..n− 1.
From considering the distribution x = (0, 0, ...,nµ), and imposing di(x,ε) ≥ 0 for

all i ∈ N we derived the condition ε + an(µ,ε) ≥
∑n

h=1 ah(µ,ε) ≥ 0 for all µ,ε > 0.
Knowing that ai(µ,ε) ≥ 0 for all i ∈ N we can derive the more general condition im-
plying di(x,ε) ≥ 0 for all i ∈ N . If ε ≥

∑n
h=1 ah(µ,ε) the non-negativity of the IEDV

is always satisfied, when ε <
∑n

h=1 ah(µ,ε) it is not anymore the case that di(x,ε) ≥ 0
for all ai(µ,ε) ≥ 0. From (30) it is clear that as the income share xi

nµ
of an individual in

position i increases, for a given function ai(µ,ε) ≥ 0 the IEDV may become negative.
The higher possible income share consistent with the individual being in position i rep-
resents the upper bound of the condition requiring that di(x,ε) ≥ 0 for all i ∈ N . For
an individual in position i the higher income share is obtained where all the i−1 poorer
individuals have income 0, and the richer n−i individuals have the same income xi as
individual i. It follows that for this distribution xi =

nµ
n−i+1

, for individual i the condi-
tion di(x,ε) ≥ 0 implied by (30) becomes ai(µ,ε)+[ε−

∑n
h=1 ah(µ,ε)] / (n− i+ 1) ≥ 0

that is ε + ai(µ,ε) · (n− i+ 1) ≥
∑n

h=1 ah(µ,ε). Since the term on the r.h.s. is in-
dependent from i then the condition is satisfied for all i ∈ N if it is satisfied for
the individual i∗ whose function ai∗(µ,ε) · (n− i∗ + 1) gives the minimum value for a
given pair ε, µ > 0, that is the condition becomes for given ε, µ > 0:

ε+min i {ai(µ,ε) · (n− i+ 1) : i ∈ N} ≥
∑n

h=1
ah(µ,ε).

Note that if ai(µ,ε) = a(µ,ε) for all i ∈ N , then min i {a(µ,ε) · (n− i+ 1) : i ∈ N} is
obtained for i = n, that is the relevant distribution to consider is (0, 0, ..., nµ).
Proof of Proposition 1 (continued):
Note that according to (30) HE is not in general satisfied if ai(µ,ε) �= 0 for

some i ∈ N . Thus if d(x,ε) satisfies condition LC, then ai(µ,ε) = a(µ,ε) ∀i ∈ N is a
necessary and sufficient condition for satisfying HE.We obtain: di(x,ε) = fi(xi, µ,ε) =

a(µ,ε) + ε−na(µ,ε)
nµ

xi, that is

di(x,ε) = a(µ,ε)

(
1−

xi

µx

)
+

xi

µx

ε

n
. (35)
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Note that since di(x,ε) is differentiable w.r.t. ε, then also a(µ,ε) is differentiable w.r.t.
ε. Note also that di(x,ε) ≥ 0 implies that a(µ,ε) ≥ 0, moreover since we required

d(x,ε) ≥ 0 ∀x ∈ X n, then from (30) it must be that ai(µ,ε)+
[
ε−

∑n
j=1 aj(µ,ε)

]
xi
nµ
≥

0, this condition has to be satisfied even for the extreme distribution (0, 0, ...nµ)
implying that ε ≥ (n − 1)a(µ,ε) for xn = nµ, that is (ε/n) [1 + 1/(n− 1)] ≥ a(µ,ε).
Furthermore the restriction in (32) requires that ε/n+ µ ≥ a(µ,ε). We can therefore
summarize that

Lemma 2 An IEDV d(x,ε) ∈ D(x,ε) satisfies LC and HE if and only if there exists
a set of continuous functions a(µ,ε) : R++ × R++ → R+ satisfying

(I) (ε/n) [1 + 1/(n− 1)] ≥ a(µ,ε) ≥ 0 for all µ,ε > 0, and
(II) ε/n+ µ ≥ a(µ,ε) ≥ 0 for all µ,ε > 0, such that for all x ∈ Xn and all ε > 0

the elements di(x,ε) are given in (35) for all i ∈ N .

Considering now condition VE, the only additional restriction imposed on (30)
is that b(µ,ε) = [ε −

∑n
j=1 aj(µ,ε)]

1
nµ
≥ 0, i.e. ε/n ≥ a(µ,ε) for all µ,ε > 0. Since

conditions HE and VE require that ε/n ≥ a(µ,ε) ≥ 0, we can rewrite a(µ,ε) as a share
of ε/n, that is a(µ,ε) = [1− γ(µ,ε)] ε/n, where 1 ≥ γ(µ,ε) ≥ 0 for all µ,ε > 0 i.e.

γ(µ,ε) :=
ε
n
−a(µ,ε)

ε
n

. Given continuity of a(µ,ε) the function γ(µ,ε) is also continuous.

Rearranging (35) we obtain:

di(x,ε) = fi(xi, µ,ε) = ε

{
γ(µ,ε)

xi

nµx

+ [1− γ(µ,ε)]
1

n

}
∀i ∈ N .

5.1.2 Proposition 2

An IEDV d(x,ε) ∈ DE(x, ε) satisfies PI if and only if for γ(µ,ε) in (2) a continuous
(or piecewise continuous) function η : R++ → [0, 1] exists and such that η(µ) :=
limε→0+ γ(µ,ε) and such that for all x ∈ Xn, and ε > 0

d(x, ε) = (x− µx1)





exp[

µx+
ε
n∫

µx

η(µ)

µ
dµ]− 1





+

ε

n
1. (36)

In order to prove Proposition 2 we first prove that limε→0+ γ(µ,ε) exists for all
IEDVs d(x,ε) ∈ DE(x, ε) satisfying PI.

Lemma 3 If an IEDV d(x, ε) ∈ DE(x, ε) satisfies PI, then limε→0+ γ(µ,ε) exists and
can be represented by a continuous (or piecewise continuous) function η(µ) where
η : R++ → [0, 1] .

Proof of Lemma 3: We first prove that if d(x, ε) ∈ DE(x, ε) then the r.h.s. partial
derivative of γ(µ,ε) w.r.t. ε is defined, finite and (piecewise) continuous in ε for all

37



ε, µ > 0, then we will use this result to prove the lemma. Consider (2) , denoting
with α the vector whose elements are αi =

xi−µx
µx

, and rearranging, we obtain,

d(x,ε) =
ε

n
[γ (µ, ε)α+ 1] . (37)

By property R we have that ∂(x,ε+) is defined, finite and (piecewise) continuous in
ε, from (37) we obtain

∂(x,ε+) =
1

n
[γ (µ, ε)α+ 1] +

∂γ (µ, ε)

∂ε+
ε

n
α

where ∂γ(µ,ε)
∂ε+

denotes the r.h.s. partial derivative of γ(µ,ε) w.r.t. ε. Since γ (µ, ε) is

continuous in µ, ε > 0, given the properties of ∂(x,ε+) then also ∂γ(µ,ε)
∂ε+

is defined,
finite and (piecewise) continuous in ε for all ε, µ > 0. Rewriting PI making use of this
representation of the distributive rule in (37), we have:

ε

n
[γ (µ, ε)α+ 1] +

ε′

n

[
γ
(
µ+

ε

n
, ε′
)
β + 1

]
=

ε+ ε′

n
[γ (µ, ε+ ε′)α+ 1] (38)

where, y = x+ d(x, ε) therefore µy = µx + ε
n
, and β is the vector of elements βi =

yi−µy
µy

. Then rewriting β in terms of α,

β =
x+ d(x, ε)− µ1− ε

n
1

µ+ ε
n

=
x+ ε

n
[γ (µ, ε)α+ 1]− µ1− ε

n
1

µ+ ε
n

=
x−µ1+ ε

n
γ (µ, ε)α

µ+ ε
n

= α
µ+ ε

n
γ (µ, ε)

µ+ ε
n

. (39)

Substituting into (38) and simplifying we get

εγ (µ, ε)α+ ε′γ
(
µ+

ε

n
, ε′
)
α
µ+ ε

n
γ (µ, ε)

µ+ ε
n

= (ε+ ε′) γ (µ, ε+ ε′)α

that is for a generic αi �= 0,

εγ (µ, ε) + ε′γ
(
µ+

ε

n
, ε′
)
k = (ε+ ε′) γ (µ, ε+ ε′) (40)

where k =
µ+ ε

n
γ(µ,ε)

µ+ ε
n

> 0 since µ > 0, ε > 0. Rearranging we obtain:

γ
(
µ+

ε

n
, ε′
) k

ε
=

γ (µ, ε+ ε′)

ε
+

[γ (µ, ε+ ε′)− γ (µ, ε)]

ε′
. (41)

Consider now the limit for ε′ > 0 approaching 0 of both sides of (41) that is:

k

ε
lim

ε′→0+
γ(µ̃, ε′) =

γ (µ, ε)

ε
+

∂γ (µ,κ)

∂κ+

∣∣∣∣
κ=ε
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where µ̃ = µ + ε
n

> 0. Then, since ε > 0, γ(µ,ε)
ε
is defined and finite, and ∂γ(µ,κ)

∂κ+

has been shown to be defined and finite for all ε, µ > 0, therefore, since k > 0, then
limε′→0+ γ(µ̃, ε′) must be defined for all ε, µ̃ > 0. We define η (µ) := limε→0+ γ(µ, ε).

It follows that η (µ̃) = γ(µ,ε)
k

+ ε
k
· ∂γ(µ,κ)

∂κ+

∣∣∣
κ=ε

, that is

η (µ̃) = A (µ, ε) +B (µ, ε) ·
∂γ (µ,κ)

∂κ+

∣∣∣∣
κ=ε

where A (µ, ε) =
γ(µ,ε)µ+γ(µ,ε) ε

n

µ+ ε
n
γ(µ,ε)

and B (µ, ε) =
ε[µ+ ε

n ]
µ+ ε

n
γ(µ,ε)

. Given continuity of γ (µ, ε) ∈

[0, 1], then also A (µ, ε) and B (µ, ε) are continuous in ε, µ > 0.38 Since ∂γ(µ,κ)
∂κ+

∣∣∣
κ=ε

is (piecewise) continuous in ε for all ε, µ > 0 and µ̃ = µ + ε/n then also η (µ) is
(piecewise) continuous in µ̃ for all µ̃ > 0.
Furthermore, by the definition of η (µ) , given that γ (µ, ε) is bounded also η (µ)

is bounded between [0, 1] .
We can now prove Proposition 2.
Proof of Proposition 2:
Necessity: From Lemma 3 we know that PI is sufficient to ensure the existence of

η(µ) := limε→0+ γ(µ,ε).
PI requires that, given two inequality equivalent distributions x,y ∈ Xn, there

exists a unique sequence of distributions, whose average income is between µx and
µy, that are inequality equivalent to these two distributions. Furthermore, the set of
these distributions is independent from the starting distribution. Given that d(x, ε)
is assumed to be continuous, then the sequence of inequality equivalent distributions
should form a continuous path. We will try first to characterize this path considering
the case in which PI is satisfied for “infinitesimal” and positive ε, ε′, then we will
check that the solution applies for all ε, ε′ > 0.
According to Proposition 1 we have that for all d(x, ε) ∈ DE(x, ε)

di(x, ε) = ε

{
[1− γ(µ,ε)]

1

n
+ γ(µ,ε)

xi

nµx

}
∀i ∈ N , (42)

which is the change in xi associated with the sharing of surplus ε > 0. Thus, as
ε→ 0+, we obtain the infinitesimal increment in x which leaves inequality unchanged.
Denote with e = ε/n the equi-division of the surplus, let dn(x, e) := d(x, ε), and

γn(µ,e) := γ(µ,ε) for all x ∈ Xn all µ,ε > 0, then dn(x,e)
e

= [1− γn(µ,e)]1+γn(µ,e)
x

µx

38Notice that continuity of γ (µ, ε) ∈ [0, 1] for ε, µ > 0 is not sufficient to guarantee continuity of
η (µ) := limε→0+ γ(µ, ε) for all µ > 0. Here is an example:

γ (µ, ε) =






0 if 0 < µ < µ̄
(µ− µ̄) /ε if µ̄ ≤ µ < µ̄+ ε
1 if µ ≥ µ̄+ ε

.

Note that γ (µ, ε) is continuous but η (µ) := limε→0+ γ(µ, ε) =

{
0 if 0 < µ < µ̄
1 if µ ≥ µ̄

is discontinuous

at µ = µ̄ > 0.
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for all x ∈ Xn. Notice that µy = µx + e, where the distribution y is obtained from x
by sharing the surplus ε according to (42) , that is dµ = e.
Considering

n· lim
ε→0+

d(x, ε)

ε
= lim

dµ→0+

dn(x, dµ)

dµ
= ẋ; where lim

ε→0+
γ(µ,ε) = lim

e→0+
γn(µ,e) = η(µ) (43)

we can rearrange all possible equivalence relations as a system of dynamic equations.
The system specifies the set of “infinitesimal” inequality equivalent changes in the
distributions as the average income (or equivalently the amount of surplus to divide)
increases. Thus, rearranging (42) we obtain

ẋ = η(µx)
x− µx1

µx

+ 1 (44)

or equivalently

ẋi = η(µx)
xi − µx

µx

+ 1 ∀i ∈ N . (45)

Note that if we consider two distributions x0 ∈ X n(µ0), x1 ∈ X
n(µ1), where µ1 >

µ0, then according to this new representation d(x0, ε) =
∫ µ0+e

µ0
ẋdµ, and d(x1, ε

′) =
∫ µ1+e′

µ1
ẋdµ, therefore, if µ0 + e = µ1 then d(x0, ε + ε′) =

∫ µ0+e+e′

µ0
ẋdµ =

∫ µ0+e

µ0
ẋdµ +

∫ µ1+e′

µ1
ẋdµ = d(x0, ε) + d(x1, ε

′), which is exactly the Path Independence condition.
Note that the integral symbol applied denotes the sum of all integrals defined over
all disjoint sub-intervals of [µx, µx + e] where η(µ) is continuous.
In order to make explicit the equivalence criterion, implicitly defined in (44) , we

need to solve the system of differential, non-autonomous, equations in (45) in terms of
µ. All the equations are independent, thus they can be solved independently. Denote
zi = xi − µx; noticing that żi = ẋi − 1 we can rewrite (45) as

żi(µ) = η(µ)
zi(µ)

µ
. (46)

Define η(µ)
µ

= g(µ)→ żi = g(µ)zi,multiply both sides of this equation by exp(−
∫ µ

µ0
g(τ)dτ),

and let exp(−
∫ µ

µ0
g(τ)dτ) · zi(µ) = hi(µ). It follows that :

ḣi(µ) = −g(µ) exp

(
−

∫ µ

µ0

g(τ)dτ

)
· zi(µ) + exp

(
−

∫ µ

µ0

g(τ)dτ

)
· żi(µ). (47)

Since żi = g(µ)zi, ḣi(µ) = 0, thus

exp

(
−

∫ µ

µ0

g(τ)dτ

)
· zi(µ) = k. (48)

That is, in terms of the distances of xi from the mean income:

xi − µx = k exp

(∫ µx

µ0

g(τ)dτ

)
for all i ∈ N . (49)
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Comparing with distribution y, for which yi − µy = k exp(
∫ µy
µ0

g(τ)dτ) we obtain:

(yi − µy)

(xi − µx)
= exp

(∫ µy

µx

η(µ)

µ
dµ

)
for all i ∈ N . (50)

Which could be rearranged as in Corollary 1

xi − µx =
(
yi − µy

)
exp

(
−

∫ µy

µx

η(µ)

µ
dµ

)
for all i ∈ N . (51)

Which is the distributive rule d(x, ε) associated with the equivalence criterion
represented by (5)? Considering the relations µy = µx + ε

n
and x + d(x, ε) = y and

rearranging (2) , we can obtain

d(x, ε) =
ε

n

{
γ(µ,ε)

x− µx1

µx

+ 1

}
(52)

that is y − x = d(x, ε) =
(
µy − µx

) {
γ(µ,ε)x−µx1

µx
+ 1

}
, which could be rearranged

as
(
y−µy1

)
= (x− µx1)

{
1 + γ(µ,ε)

µy − µx

µx

}
. (53)

Comparing this equation with (5) we obtain exp(
∫ µy
µx

η(τ)
τ

dτ)) = 1+γ(µ,ε)
µy−µx

µx
which

allows us to specify the equation for γ(µ,ε) :





exp[

µx+
ε
n∫

µx

η(τ )

τ
dτ ]− 1





µx

n

ε
= γ(µ,ε) (54)

thus, equivalently the associated IEDVs are:

d(x, ε) = (x− µx1)





exp[

µx+
ε
n∫

µx

η(τ )

τ
dτ ]− 1





+

ε

n
1. (55)

Sufficiency: Check that (36) satisfies conditions VE, HE, LC and PI.

5.1.3 Proposition 3

An IEDV d(x,ε) ∈ DP(x, ε) satisfies B if and only if either there exist constants
λ ∈ (0, 1] and θ̃ ≥ 0 such that for all x ∈ X n either

d(x, ε) = (x− µx1)









exp(

µx+
ε
n∫

µx

λ

µ+ θ̃
dµ)




− 1





+

ε

n
1. (56)

or d(x, ε) = ε
n
1.
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Proof of Proposition 3:
This proof is divided into 3 steps. We first prove that the set of all possible

distributions such that B applies for all d(x,ε) ∈ DP(x, ε) lies on the rays w.r.t. an
appropriate origin −θ̃1. Then we show what are the restrictions on η(µ) implied by
this property, and that −θ̃1 ≤ 0. Finally we apply this characterization of η(µ) to the
result of Proposition 2 in order to characterize the equivalence criterion in Corollary
2. Then, according to this result, we characterize the IEDV.

Step 1:
Define by D′E(x, ε) := {d(x, ε) ∈ DE(x, ε) such that lim

ε→0+
γ(µ,ε) = η(µ) exists}.

Lemma 4 Consider a distributive rule d(x, ε) ∈ D′
E
(x, ε) satisfying B. If lim

ε→0+
γ(µ,ε) =

η(µ) = 0 for some distribution x ∈ X n, then η(µ̂) = η̂ = 0 for all x̂ ∈X n.

Proof of Lemma 4: According to (43) and (44) it follows that

δ (x) =
1

n

[
η(µx)

x− µx1

µx

+ 1

]
, (57)

where, given Lemma 3 η(µx) ∈ [0, 1] exists. If η(µx) = 0, then δ (x) = 1
n
1. Notice

that all distributions y = µy1 satisfy the condition δ (y) =
1
n
1. Then, according to

axiom B, it must be true that δ (x̃) = 1
n
1 for all distributions x̃ = βx + (1 − β)y

∀β ∈ [0, 1] . Therefore, since x could be different from µx1, then, if β ∈ (0, 1], also
x̃ �= µ̃1 where µ̃ = βµx + (1 − β)µy. Thus in order to satisfy δ (x̃) =

1
n
1 it must be

that η(µ̃x) = 0; in other words η(µ) = 0 for all µ > 0.
For µ, µ̄, µ̂ > 0, let η := η(µ), η̂ := η(µ̂) and η̄ := η(µ̄).

Lemma 5 Suppose d(x, ε) ∈ D′E(x, ε) for all x ∈ Xn. Consider two distributions
x ∈X n(µ) and x̂ ∈X n(µ̂), where µ ≤ µ̂, and d(x, ε) satisfies B, such that δ (x) =
δ (x̂) . Then, either (a) the distribution x̄ ∈X n(µ̄) such that δ (x) = δ (x̄) and either
µ̄ ≤ µ or µ̂ ≤ µ̄ lies on the same ray in which x and x̂ lie, or (b) η = η̂ = η̄ = 0.

Proof of Lemma 5: Consider (57) , then δ (x) = δ (x̂) is equivalent to

η
x− µ1

µ
= η̂

x̂− µ̂1

µ̂
. (58)

Suppose that there exists an x̄ ∈ X n(µ̄) such that η x−µ1
µ

= η̄ x̄−µ̄1
µ̄
and w.l.o.g. suppose

µ̄ ≤ µ, then by axiom B, for all distributions x̃ ∈ X n such that x̃ = βx̄ + (1− β)x̂,
β ∈ [0, 1] it must be δ (x̃) = δ (x) . Thus if x̃ and x do not lie on the same ray it is
the case that there exists a distribution x̃, such that µ̃ = µ and x̃ �= x. Then since
δ (x̃) = δ (x) it must be that η = η̃ = 0. Thus, from Lemma 4 we know that η = 0
for every x ∈ Xn.

Lemma 6 Suppose d(x, ε) ∈ D′E(x, ε) for all x ∈ Xn. Consider two distributions
x ∈ X n(µ) and x̂ ∈ X n(µ̂), where µ < µ̂ and δ (x) = δ (x̂) . If η �= 0 all possible
distributions such that B applies lie on the rays w.r.t. the origin −θ̃1, for

θ̃ =
η̂ − η
η
µ
− η̂

µ̂

. (59)
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Proof of Lemma 6: From Lemmata 4 and 5 we know that if η �= 0, also η̂ �= 0, and
that all distributions x̃ such that δ (x̃) = δ (x) = δ (x̂) lie on the ray identified by
x, x̂. Given x, x̂, there always exists an origin −θ̃1, such that these two distributions
lie on a ray through this point. We need to show which is the value of θ̃. The two
distributions must satisfy the following relations:

{
η x−µ1

µ
= η̂ x̂−µ̂1

µ̂
x−µ1

µ+θ̃
= x̂−µ̂1

µ̂+θ̃

(60)

that is, substituting,
η

µ
(µ+ θ̃) =

η̂

µ̂
(µ̂+ θ̃). (61)

Rearranging we obtain θ̃ = η̂−η
η

µ
−
η̂

µ̂

. Since the value of θ̃ does not depend explicitly on

the two distributions, but only on their means and sharing parameters, this means
that once we identify two distributions satisfying B, this is enough to characterize all
the relationships between all the other distributions in Xn.
Proof of Proposition 3 (continued)
Step 2:

Lemma 7 For all d(x, ε) ∈ D′E(x, ε) satisfying B, if η(µ) �= 0 then η(µ) = λ µ

µ+θ̃

where θ̃ ≥ 0 is defined by (59) , and 1 ≥ λ > 0.

Proof of Lemma 7: From (61) we know that once we are able to define a value
for θ̃, then it must be the case that at different values of average income the function
η(µ) satisfies the following functional relation

η(µ)

µ
(µ+ θ̃) =

η(µ̂)

µ̂
(µ̂+ θ̃) ∀µ, µ̂ > 0.

Let φ(µ) = η(µ)
µ

(
µ+ θ̃

)
�= 0. Then it must be that:

φ(µ) = φ(µ̂) ∀µ, µ̂ > 0.

Thus φ(µ) must be constant, that is, there exists a real number λ �= 0 such that
φ(µ) = λ for all µ > 0. Substituting and rearranging we obtain:

η(µ) = λ
µ

(µ+ θ̃)
.

Since η(µ) is supposed to be bounded between (0, 1] for every µ > 0, then it must
be that θ ≥ 0, and λ ∈ (0, 1]. Suppose θ̃ < 0, then in order to have η(µ) > 0 it has
to be λ > 0 if µ + θ̃ > 0, and λ < 0 if µ + θ̃ < 0, that contradicts the fact that λ is
independent from µ. Consider θ̃ ≥ 0, then since we supposed η(µ) > 0 we get λ > 0,

and in order to satisfy η(µ) ≤ 1 it should be λ ≤ µ+θ̃
µ

, ∀µ > 0, θ̃ ≥ 0; which is satisfied
only if λ ≤ 1.
Proof of Proposition 3 (continued).
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Once we consider the case of η(µ) = 0 for some µ > 0 then, from Lemma 4 for
all d(x, ε) ∈ D′E(x, ε) satisfying B we have that η(µ) = 0 ∀µ > 0. This condition
together with the result of Lemma 6 allows to define:

η(µ) = λ
µ

(µ+ θ̃)
∀µ > 0, θ̃ ≥ 0, λ ∈ [0, 1] . (62)

Step 3:
This last part of the proof consists in simply realizing that from Lemma 3, adding

PI restricts the class of admissible d(x, ε) from DE(x, ε) to D′E(x, ε). Adding B we
characterize η(µ) = λ µ

(µ+θ̃)
, then substituting it into (5) we obtain

xi − µx =
(
yi − µy

)
exp(−

µy∫

µx

λ

(µ+ θ̃)
dµ), (63)

that could be solved noticing that
∫ µy
µx

−λ
(µ+θ̃)

dµ = λ
[
ln(µx + θ̃)− ln(µy + θ̃)

]
leading

to:
yi − µy

(µy + θ̃)λ
=

xi − µx

(µx + θ̃)λ

as in Corollary 2. According to the same line of reasoning it is possible to characterize
the IEDVs substituting from (62) in (36) .

5.1.4 Proposition 4

An IEDV d(x,ε) ∈ DE(x, ε) satisfies EB if and only if there exist two continuous
functions ω : R++ → [0, 1] , θ : R++ → R+ such that for all x ∈ X n, ε > 0 :

d(x,ε) =
ε

n

(
ω(ε) ·

x− µx1

µx + θ(ε)
+ 1

)
. (64)

Proof of Proposition 4:
Sufficiency: Check that (64) satisfies conditions LC, HE, VE, EB.
Necessity: Consider the characterization of the IEDVs d(x,ε) ∈ DE(x, ε) in (2)

d(x, ε) =
ε

n

{
γ(µx,ε) ·

x− µx1

µx

+ 1

}
.

satisfying EB. Following the same line of reasoning as in Lemma 6, given two distribu-
tions such that d(x, ε) = d(x̂, ε) for some ε > 0, then also all distributions exhibiting
the same distributive rule for a given ε > 0 must lie on the ray through the origin θ̃
which may depend on ε. This means

{
γ(µx,ε)

x−µx1
µx

= γ(µy,ε)
x−µy1

µy
x−µx1
µx+θ(ε)

=
x−µy1

µy+θ(ε)
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that is

γ(µx,ε)
µx + θ(ε)

µx

= γ(µy,ε)
µy + θ(ε)

µy

. (65)

Letting ̟(µ,ε) = γ(µ,ε)µ+θ(ε)
µ

, it becomes evident that

̟(µx,ε) = ̟(µy,ε) ∀µx, µy > 0,∀ε > 0.

This means that ̟(µ,ε) does not depend on µ, therefore there exists a function
ω : R++ → [0, 1] such that ̟(µ,ε) = ω(ε) ∀µ > 0, ε > 0. Substituting into (65) we
obtain:

γ(µ,ε) = ω(ε)
µ

µ+ θ(ε)
∀µ, ε > 0. (66)

Given the restrictions imposed on γ(µ,ε), then ω(ε) and θ(ε) are continuous in ε,
furthermore θ(ε) ≥ 0, and 1 ≥ ω(ε) ≥ 0. Then we obtain (64) .

5.1.5 Proposition 5

An IEDV d(x,ε) ∈ DE(x, ε) satisfies PI and EB if and only if there exist θ̃ ≥ 0 such
that for all x ∈ X n, ε > 0

either d(x,ε) =
ε

n

(
x− µx1

µx + θ̃
+ 1

)
(67)

or d(x,ε) =
ε

n
. (68)

Proof of Proposition 5:
Sufficiency: Check that the obtained IEDVs satisfy conditions LC, HE, VE, PI,

EB.
Necessity: We identify the restrictions imposed by PI on the characterization in

Proposition 4.
We can express PI for all d(x, ε) ∈ DE(x, ε) as in (40) . Denoting with e := ε/n,

γn(µ,e) := γ(µ,ε), ωn(e) := ω(ε), and θn(e) := θ(ε) for all ε > 0, where ωn(e) ∈ [0, 1]
and θn(e) ≥ 0 for all e > 0, we have

eγn (µ, e) + e′γn (µ+ e, e′)
µ+ eγn (µ, e)

µ+ e
= (e+ e′) γn (µ, e+ e′) .

Substituting for γn(µ,e) = ωn(e)
µ

µ+θn(e)
, and simplifying we obtain:

eωn(e)

µ+ θn(e)
+

e′ωn(e
′)

µ+ e+ θn(e′)

[
1 + e

ωn(e)

µ+ θn(e)

]
=

(e+ e′)ωn(e+ e′)

µ+ θn(e+ e′)
(69)

which is a functional equation for θn(e) and ωn(e) that is satisfied for all µ, e, e
′ > 0.

Note that if we swap e and e′ then the r.h.s. of (69) is not affected while the l.h.s.
changes. Equating it with the l.h.s. of (69) gives a new condition implied by (69) :

eωn(e)

µ+ θn(e)
+

e′ωn(e
′)

µ+ e+ θn(e′)

[
1 +

eωn(e)

µ+ θn(e)

]

=
e′ωn(e

′)

µ+ θn(e′)
+

eωn(e)

µ+ e′ + θn(e)

[
1 +

e′ωn(e
′)

µ+ θn(e′)

]
(70)
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that is satisfied for all µ, e, e′ > 0. We solve now (70) for θn(e) and ωn(e) and then
check whether the solutions obtained satisfy (69) . Rearranging (70) we get

[
eωn(e)

µ+ θn(e)
−

eωn(e)

µ+ e′ + θn(e)

]
−

[
e′ωn(e

′)

µ+ θn(e′)
−

e′ωn(e
′)

µ+ e+ θn(e′)

]
(71)

= [e′ωn(e
′) · eωn(e)]

[
1

[µ+ e′ + θn(e)] [µ+ θn(e′)]
−

1

[µ+ e+ θn(e′)] [µ+ θn(e)]

]
,

after solving within the brackets and dividing for e′, e > 0 we obtain

ωn(e)

[µ+ θn(e)] [µ+ e′ + θn(e)]
−

ωn(e
′)

[µ+ θn(e′)] [µ+ e+ θn(e′)]
(72)

= [ωn(e
′) · ωn(e)]

[
eµ+ eθn(e)− e′µ− e′θn(e

′)

[µ+ e′ + θn(e)] [µ+ θn(e′)] [µ+ e+ θn(e′)] [µ+ θn(e)]

]
.

After multiplying both sides by the denominator of the r.h.s. we have

ωn(e) [µ+ θn(e
′)] [µ+ e+ θn(e

′)]− ωn(e
′) [µ+ e′ + θn(e)] [µ+ θn(e)]

= [ωn(e
′) · ωn(e)] [eµ+ eθn(e)− e′µ− e′θn(e

′)] (73)

that can be rewritten as a second degree (functional) equation in terms of µ :

µ2f(e, e′) + µg(e, e′) + k(e, e′) = 0 for all µ, e, e′ > 0

where

f(e, e′) : = ωn(e)− ωn(e
′) (74)

g(e, e′) : = ωn(e) [2θn(e
′) + e]− ωn(e

′) [2θn(e) + e′] (75)

− [ωn(e
′) · ωn(e)] [e− e′]

k(e, e′) : = ωn(e)θn(e
′) [e+ θn(e

′)]− ωn(e
′)θn(e) [e

′ + θn(e)] (76)

− [ωn(e
′) · ωn(e)] [eθn(e)− e′θn(e

′)] .

Since f(e, e′), g(e, e′), and k(e, e′) do not depend on µ, the functional equation is
satisfied if and only if f(e, e′) = g(e, e′) = k(e, e′) = 0 for all e, e′ > 0. The first two
functions must be equal to 0 for all e, e′ > 0 because otherwise it is impossible to
eliminate µ from the quadratic equation, therefore also k(e, e′) must be equal to 0 for
all e, e′ > 0.
From f(e, e′) = 0 for all e, e′ > 0 we know that ωn(e) = ωn(e

′) for all e, e′ > 0.
That is ωn(e) must be constant, i.e. there exists a real number ω̃ ∈ [0, 1] such that

ωn(e) = ω̃ ∈ [0, 1] ∀e > 0. (77)

Thus, after substituting from (77) into (75) we obtain for the condition g(e, e′) = 0
for all e, e′ > 0:

g(e, e′) = 0↔ ω̃ [2θn(e
′) + e]− ω̃ [2θn(e) + e′] = (ω̃)2 [e− e′]

↔ ω̃2 [θn(e
′)− θn(e)] + ω̃ [e− e′] = (ω̃)2 [e− e′]

↔ ω̃2 [θn(e)− θn(e
′)] = ω̃ · (1− ω̃) [e− e′] for all e, e′ > 0.
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That is either ω̃ = 0 or, if ω̃ ∈ (0, 1], the functional equation g(e, e′) = 0 for all
e, e′ > 0 can be simplified as

θn(e)− θn(e
′) = (1− ω̃)

e− e′

2
for all e, e′ > 0,

that is

θn(e)− (1− ω̃)
e

2
= θn(e

′)− (1− ω̃)
e′

2
for all e, e′ > 0.

It follows that θn(e)− (1− ω̃) e
2
is constant for all e > 0, that is

θn(e) = θ + (1− ω̃)
e

2
for all e > 0 (78)

where θ ≥ 0, and ω̃ ∈ (0, 1]. The restriction on the arbitrary constant θ is introduced
in order to satisfy the initial condition θn(e) ≥ 0 for all e > 0. Given (77) the solution
of (75) is:

either θn(e) = θ + (1− ω̃)
e

2
, where θ ≥ 0, for all e > 0 if ω̃ ∈ (0, 1], (79)

or ω̃ = 0.

Note that ω̃ = 0 is a solution also for the functional equation k(e, e′) = 0 for all
e, e′ > 0. While if ω̃ ∈ (0, 1] (76) imposes additional restrictions on (78) . After
substituting from (77) into the condition requiring k(e, e′) = 0 for all e, e′ > 0 we
obtain

[θn(e)]
2 + e′θn(e)− [θn(e

′)]
2 − eθn(e

′) = −ω̃ [eθn(e)− e′θn(e
′)] for all e, e′ > 0.

Adding on both sides e′θn(e
′)− eθn(e) and simplifying we get

[θn(e)− θn(e
′)] [θn(e) + θn(e

′)] + [θn(e) + θn(e
′)] [e′ − e] = (1 + ω̃) [e′θn(e

′)− eθn(e)]

for all e, e′ > 0, that is

[θn(e)− θn(e
′)− e+ e′] [θn(e) + θn(e

′)] = (1 + ω̃) [e′θn(e
′)− eθn(e)] for all e, e′ > 0.

Substituting from (78) we obtain

ω̃

[(
1− ω̃

2
− 1

)
(e− e′)

]
·

[
2θ + (1− ω̃)

e+ e′

2

]

= (1 + ω̃)

[

e′θ + (1− ω̃)
(e′)2

2
− eθ − (1− ω̃)

e2

2

]

for all e, e′ > 0,

that is

−ω̃

[(
1 + ω̃

2

)
(e− e′)

]
·

[
2θ + (1− ω̃)

e+ e′

2

]

= (1 + ω̃)

[
(e′ − e) θ + (1− ω̃)

(e′ − e) (e′ + e)

2

]
for all e, e′ > 0.
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This functional equation can be simplified giving

ω̃ (1− ω̃)
e+ e′

4
= (1− ω̃)

[
θ +

e′ + e

2

]
for all e, e′ > 0. (80)

The condition ω̃ = 1 is a solution for (80) . If ω̃ ∈ (0, 1) we can simplify (80) as
(
ω̃

4
−

1

2

)
(e+ e′) = θ for all e, e′ > 0. (81)

Since the r.h.s. is independent from e, e′ > 0 then also the l.h.s. has to be independent,
this is only possible if ω̃ = 2 but we have supposed that ω̃ ∈ (0, 1) . As a result the
general solution of (80) is ω̃ = 1, and θ ≥ 0. Substituting ω̃ = 1 into (78) we
get θn(e) = θ ≥ 0. Notice that the solutions (i) ωn(e) = 0 for all e > 0, and (ii)
θn(e) = θ ≥ 0 and ωn(e) = 1 for all e > 0 satisfy (69) . We can therefore conclude
that the general solution of (69) is:

either (i) ωn(e) = 0 for all e > 0,

or (ii) θn(e) = θ ≥ 0 and ωn(e) = 1 for all e > 0

Thus it must be that

either γn(µ,e) = 0 or γn(µ,e) =
µ

µ+ θ
for all µ, e > 0,

for all of all d(x, ε) ∈ DE(x, ε) satisfying PI+EB.

5.1.6 Proposition 6

An IEDV d(x,ε) ∈ DP(x, ε) satisfies ELE if and only if there exist constant λ ∈ [0, 1]
such that for all x ∈ X n

d(x, ε) =
ε

n
1+(x− µx1)

{(
1 +

ε

nµx

)λ

− 1

}

. (82)

Proof. Necessity: ELE implies B for α + β = 1. Therefore Lemma 7 holds

implying that δ (x) = 1
n

[
λx−µx1

µx+θ̃
+ 1

]
for λ ∈ [0, 1] . It follows that δ(x̃) = δ (x) =

δ (x̂) is equivalent to either λ = 0, or for λ ∈ (0, 1] requires that:

x̂− µ̂1

µ̂+ θ̃
=
x− µ1

µ+ θ̃
=
x̃− µ̃1

µ̃+ θ̃
. (83)

Since x̃ = αx+ βx̂, then µ̃ = αµ+ βµ̂, it follows that

x̃− µ̃1 = α [x− µ1] + β [x̂− µ̂1] . (84)

Recalling that from the first part of (83) x̂ − µ̂1 = µ̂+θ̃

µ+θ̃
[x− µ1] , after substituting

into (84) and dividing by µ̃+ θ̃ > 0 we get

x̃− µ̃1

µ̃+ θ̃
=

(
α(µ+ θ̃) + β(µ̂+ θ̃)

µ̃+ θ̃

)
x− µ1

µ+ θ̃
.
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Comparing with the second part of (83) we obtain the restriction α(µ+ θ̃)+β(µ̂+θ̃) =
µ̃+θ̃ for all α > 0, β > 0, and all µ �= µ̂. Recalling that µ̃ = αµ+βµ̂ we get αθ̃+βθ̃ = θ̃
for all α > 0, β > 0 implying θ̃ = 0. Substituting into the result in Proposition 3 gives
the solution.

Sufficiency: Check that (82) is in DP(x, ε) and given that the associated δ (x) is

δ (x) = 1
n

[
λx−µx1

µx
+ 1

]
satisfies ELE.
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Annex
Detailed derivation of proofs in §3.3 and §3.4.

We first characterize IEDVs satisfying LC and VE.

Lemma 8 An IEDV d(x,ε) ∈ D(x,ε) satisfies LC and VE if and only if it is the
same as obtained in Lemma 1 and in addition satisfies the condition:

[
ε−

∑n

h=1
ah(µ,ε)

]
≥ −min j {[aj(µ,ε)− aj−1(µ,ε)] · (n− j + 1) : j ∈ N} (85)

for all µ,ε > 0, where xi ≥ xi−1 for all i ∈ N and a0(µ,ε) = 0.

Proof of Lemma 8:
Given Lemma 1, applying VE: dj(x, ε) ≥ di(x, ε) for all x ∈ Xn and all µ,ε > 0 if

xj > xi, we get

aj(µ,ε) +
ε−

∑n
h=1 ah(µ,ε)

nµ
xj ≥ ai(µ,ε) +

ε−
∑n

h=1 ah(µ,ε)

nµ
xi

for all j, i ∈ N such that xj > xi, all x ∈ Xn and all µ,ε > 0. Rearranging we get

[
ε−

∑n

h=1
ah(µ,ε)

]
≥ − [aj(µ,ε)− ai(µ,ε)]

nµ

(xj − xi)
. (86)

Note that, since aj(µ,ε) ≥ ai(µ,ε), then the r.h.s. of (86) is non-positive. Consider
the set of ordered distributions X n where xi ≥ xi−1 for all i ∈ N . Since (86)
has to be satisfied for all x ∈ Xn and the l.h.s. is the same for all distributions
x ∈ X n, then it will be sufficient to check that the condition is satisfied given the
smallest value of [aj(µ,ε)− ai(µ,ε)] / (xj − xi) . We first consider the largest value of
(xj − xi) . This value can be obtained for the ordered distribution x ∈ X n(µ) such
that xj = xj+1 = ... = xn = nµ

n−j+1
and x1 = x2 = .. = xi = xj−1 = 0. It follows

that max (xj − xi) =
nµ

n−j+1
. Since the largest value of (xj − xi) is independent from

i we can also consider taking the minimum value of aj(µ,ε) − ai(µ,ε). Given that
aj(µ,ε) ≥ ai(µ,ε) for all xj ≥ xi, then min [aj(µ,ε)− ai(µ,ε)] = aj(µ,ε) − aj−1(µ,ε)
for all j ∈ N where by definition is set a0(µ,ε) = 0 in order to include the value of
j = 1.
After substituting and recalling that if (86) is satisfied for the highest value on

the r.h.s. it is satisfied for all the possible values obtained on the r.h.s. we get:

[
ε−

∑n

h=1
ah(µ,ε)

]
≥ −min j {[aj(µ,ε)− aj−1(µ,ε)] (n− j + 1) : j ∈ N}

for all µ,ε > 0.
It follows that ε ≥

∑n
h=1 ah(µ,ε) is sufficient to guarantee VE, but in general we

may also have ε+ nµ ≥
∑n

h=1 ah(µ,ε) > ε.
Note that if HE is added then aj(µ,ε) = ai(µ,ε) for all j, i ∈ N , and all µ,ε >

0. It follows that −minj {[aj(µ,ε)− ai(µ,ε)] (n− j + 1) : j, i ∈ N , j > i} = 0 giving
ε ≥

∑n
h=1 ah(µ,ε).
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5.1.7 Proposition 7

First we prove the following Lemma and Remark 4.

Lemma 9 An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC and ADD if and only
if there exists a set of continuous functions ψi : R++ → [0, 1] such that (i’) ψi(µ) ≥
ψi−1(µ) for all µ > 0, i ∈ N , (ii’) 1 ≥

∑n
i=1 ψi(µ) ≥ 0 for all µ > 0, and for all

x ∈ X n

di(x,ε) =
ε

n

[
nψi(µx) + (1−Ψ(µx))

xi

µx

]
∀i ∈ N , (87)

where Ψ(µx) =
∑n

i=1 ψi(µx).

Proof of Lemma 9:
Consider ADD: d(x, ε) + d(x, ε′) = d(x, ε+ ε′) for all ε, ε′ > 0, all x ∈ Xn. After

repeated application of ADD we get
∑λ

j=1 d(x, εi) = d(x,
∑λ

j=1 εj) for all λ ∈ N, εj >
0 all x ∈ Xn. Suppose εj = ε ∀j = 1, 2, .., λ, then we obtain λd(x, ε) = d(x, λε) for all
λ ∈ N, ε > 0 all x ∈ Xn. From Lemma 1 we know that for all IEDV d(x,ε) ∈ D(x, ε)

satisfying condition LC : di(x, ε) = ai(µ,ε)+
ε−
∑n
j=1 aj(µ,ε)

nµ
xi ∀i ∈ N . Substituting into

λd(x, ε) = d(x, λε) for all λ ∈ N we obtain:

λai(µ,ε) +
λε− λ

∑n
j=1 aj(µ,ε)

nµ
xi = ai(µ,λε) +

λε−
∑n

j=1 aj(µ,λε)

nµ
xi

that is

λai(µ,ε)−
[∑n

j=1
λaj(µ,ε)

] xi

nµ
= ai(µ,λε)−

[∑n

j=1
aj(µ,λε)

] xi

nµ
∀i ∈ N (88)

and for all λ ∈ N, ε, µ > 0. The functional equation in (88) is satisfied if and only if:

λai(µ,ε) = ai(µ,λε) ∀µ > 0, ε > 0, i ∈ N , λ ∈ N. (89)

Consider ε, ε′ > 0 and λ, λ′ ∈ N such that λε = λ′ε′ = k. From (89) follows that
λai(µ,ε) = ai(µ,k) = λ′ai(µ,ε

′) for all i ∈ N all µ > 0. Letting ρ := λ/λ′ and noting
that ε′ = λε/λ′ = ρε it follows that (89) is equivalent to

ρai(µ,ε) = ai(µ,ρε) ∀µ > 0, ε > 0, i ∈ N , ρ ∈ Z++, (90)

where Z++ is the set of positive rational numbers. The general solution of (90) where
ai(µ,ε) is continuous, is obtained letting ε = 1, it follows that letting ψi(µ) := ai(µ,1)
for all µ > 0

ai(µ,ρ) = ρ · ai(µ,1) = ψi(µ) · ρ ∀µ > 0, i ∈ N , ρ ∈ Z++. (91)

Given continuity of ai(µ,ε) w.r.t. ε, since the set of positive rational numbers is dense,
then the result can be extended to the closure of the set i.e. ai(µ,ε) = ψi(µ) · ε for
all µ, ε > 0, all i ∈ N .
Following Lemma 1 we have: (i’) ψj(µ) ≥ ψi(µ) ≥ 0 if xj ≥ xi, (ii) 1 +

mini {ψi(µ) · (n− i+ 1) : i ∈ N} ≥
∑n

i=1 ψi(µ) ≥ 0 if xn ≥ xi for all i ∈ N , and
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(iii) ε+nµ ≥ ε ·
∑n

i=1 ψi(µ), for all µ,ε > 0. Rearranging condition (iii) dividing both
sides by ε we get 1 + nµ

ε
≥
∑n

i=1 ψi(µ). Since the condition has to hold for all ε > 0,
then letting ε→∞ we obtain 1 ≥

∑n
i=1 ψi(µ) that also implies that condition (ii) is

satisfied given that ψi(µ) ≥ 0.
As a result the functions ψi(µ) has to satisfy the conditions (i’) ψj(µ) ≥ ψi(µ) ≥

0 if xj ≥ xi, and (ii’) 1 ≥
∑n

i=1 ψi(µ) ≥ 0. Letting Ψ(µx) =
∑n

i=1 ψi(µx), and
substituting into (29) we get (87) .

Remark 4:For all IEDV’s d(x,ε) ∈ D(x, ε) :

(i) ADD ⇔ LE.

(ii) LC +ADD =⇒ V E.

(iii) LC + PI +WCIC =⇒ V E.

Proof of Remark 4:
Part (i) Let ε′ = ε in ADD. After repeated application of ADD we get that for

all r, t ∈ N, rd(x, ε) = d(x, rε) = td(x, rε/t) ⇔ rε [d(x, ε)/ε] = rε [d(x, kε)/kε]
where k = r/t. That is d(x, ε)/ε = d(x, kε)/kε for all ε > 0, all k ∈ Z++ (i.e. all
positive rational numbers k). Given continuity of d(x, ε) w.r.t. ε, the last condition
is equivalent to LE i.e. d(x, ε)/ε = d(x, ε′)/ε′ for all ε, ε′ > 0.
Part (ii) From (87) in Lemma 9 is clear that the IEDVs satisfy VE di(x,ε) ≥

di−1(x,ε) for all i ∈ N , all ε > 0 all x ∈ Xn, i.e. n
[
ψi(µx)− ψi−1(µx)

]
+ (1 −

Ψ(µx))
xi−xi−1

µx
≥ 0 for all µx > 0.

Recall that, as shown in the proof of Proposition 1 HE is not sufficient together
with LC to imply VE.
Part (iii): We first show that WCIC is not sufficient together with LC to imply

VE, from Lemma 10 for instance if φi (t) = φ(t) ∈ (1/n; min{ 1
n−1

; t+ 1
n
}] then VE is

not satisfied. In Proposition 14: we show that LC, PI and WCIC imply VE proving
the remark.

Proposition 7 (Pfingsten, 1991): An IEC is characterized by IEDVs satis-
fying LC, HE, VE, PI, ADD if and only if it is: for all x,y ∈ Xn if either

yi − µy

µy + θ
=

xi − µx

µx + θ
∀i ∈ N (92)

where θ ≥ 0, or
yi − µy = xi − µx ∀i ∈ N

then x ∼E y.

Proof of Proposition 7:
Necessity: Recall that for all d(x, ε) ∈ DE(x, ε) ADD is equivalent to LE that

in turns is equivalent to γ(µ,ε) = γ̃(µ) for all µ, ε > 0, and that VE is implied by
ADD+LC. Comparing the definitions of PI and ADD then we can redefine PI+ADD
for all d(x, ε) ∈ DE(x, ε) as equivalent to γ(µ,ε) = γ̃(µ) and d(x, ε′) = d [x+ d(x, ε), ε′]
for all x ∈ Xn, ∀ε, ε′ > 0 for all d(x, ε) ∈ DE(x, ε). Making use of the same notation
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as in Lemma 3 we can express this condition as γ̃(µ)α = γ̃(µ + e)β where e := ε/n.
Rearranging (40) we get eγ̃(µ) + e′γ̃(µ + e) [µ+ eγ̃(µ)] / (µ+ e) = (e+ e′) γ̃(µ) that
is, after simplifications,

γ̃(µ) = γ̃(µ+ e)
µ+ eγ̃(µ)

µ+ e
for all µ, e > 0, (93)

which can be rewritten as:

µγ̃(µ) + eγ̃(µ) = µγ̃(µ+ e) + eγ̃(µ)γ̃(µ+ e).

Subtracting from both sides µγ̃(µ)γ̃(µ+ e) and rearranging we get:

(µ+ e)γ̃(µ) [1− γ̃(µ+ e)] = µγ̃(µ+ e) [1− γ̃(µ)] for all µ, e > 0. (94)

A solution for this functional equation is γ̃(µ) = 0 ∀µ > 0. If γ̃(µ̂) = 0 for some
µ̂ > 0, then according to (94) letting µ = µ̂ we get 0 = µ̂γ̃(µ̂+ e) for all e > 0, that is
γ̃(µ) = 0 for all µ > µ̂, while letting µ+ e = µ̂ we get µ̂γ̃(µ̂− e) = 0 for all µ̂ > e > 0
that is γ̃(µ) = 0 for all positive µ < µ̂. It follows that according to (94) γ̃(µ) = 0 for
some µ > 0 implies that γ̃(µ) = 0 ∀µ > 0.
On the other hand if γ̃(µ) �= 0 ∀µ > 0, then we can rewrite (94) as:

(µ+ e)
1− γ̃(µ+ e)

γ̃(µ+ e)
= µ

1− γ̃(µ)

γ̃(µ)
∀µ, e > 0.

Letting ϕ(µ) = µ1−γ̃(µ)
γ̃(µ)

, the previous functional equation can be rewritten as:

ϕ(µ) = ϕ(µ+ e) ∀µ, e > 0

where, since γ̃(µ) ∈ (0, 1], then ϕ(µ) > 0 ∀µ > 0. The previous functional equation is
equivalent to ϕ(µ) being constant, that is there exists some real number θ̃ > 0 such
that ϕ(µ) = θ̃ for all µ > 0. Substituting we get γ̃(µ) = µ

µ+θ̃
for all µ > 0. Thus, the

solution of (93) is

either γ̃(µ) = 0 or γ̃(µ) =
µ

µ+ θ̃
for all µ > 0. (95)

giving the IIE criterion. Just substitute for either η(µ) = γ̃(µ) = 0 or η(µ) = γ̃(µ) =
µ

µ+θ
respectively from (95) into (5) and solve.
Sufficiency: Check that LC,HE, ADD and PI are satisfied.

5.1.8 Proposition 8

An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, HE, PI and WCIC if and only if there exists
a constant λ ∈ [0, 1] such that for all x ∈ Xn, and ε, ε′ > 0 :

d(x, ε) =
ε

n
1+(x− µx1)

{(
1 +

ε

n
·
1

µx

)λ

− 1

}

λ ∈ [0, 1] . (96)
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Proof of Proposition 8:
Necessity: We apply HE to the result in Proposition 14. According to (126) if

xi = xi−1 we get

di(x, ε)− di−1(x, ε) = (υi − υi−1) · µx ·

[(
1 +

ε

n
·
1

µx

)
−

(
1 +

ε

n
·
1

µx

)λ
]

.

HE is therefore satisfied iff di(x, ε) − di−1(x, ε) = 0 implying that either λ = 1, or
υi = 1 for all i ∈ N . Thereby transforming (126) into (96) .

Sufficiency: Check that (96) satisfies HE, LC, PI and WCIC.

5.1.9 Proposition 9

For any IEDV d(x, ε) ∈ DE(x, ε) the following relations hold:

1. ADD +B → EB,

2. PI +ADD → B,

3. PI +ADD ←→ PI + EB.

4. PI +WCIC ←→ PI + ELE

5. PI +WCIC +ADD ←→ PI + EE.

Proof of Proposition 9:
We need just to prove the first 2 statements:
Part 1: The result in Proposition 13 derived considering ADD+B (in addition to

LC, HE, VE) can be obtained letting ω(ε) = ω̃ and θ(ε) = θ̃ in Proposition 4 where
EB is considered.

Part 2: This solution is the same as that which could be obtained from the
characterization of η(µ) associated with ADD+B, that is η(µ) = λ µ

µ+θ̃
when either

λ = 1, θ̃ ≥ 0, or λ = 0. On the other hand it is possible to show that conditions
PI+ADD imply PI+B simply recalling that the restriction in (95) could be obtained
from those shown in Proposition 3 for all d(x, ε) ∈ DE(x, ε) satisfying conditions
PI+B, again letting either λ = 1, θ̃ ≥ 0, or λ = 0.

5.1.10 Proposition 10

An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC, ADD, PI if and only if there exist
υ ∈ Rn

+, such that υi ≥ υi−1 ≥ 0 for any i = 1, 2, ...n,
∑n

i=1 υi = n, and a constant
β ≥ 0 such that for all x ∈ X n, ε > 0 : either

di(x,ε) =
ε

n

[
υiβ + xi

β + µx

]
, ∀i ∈ N , (97)

or
di(x,ε) =

ε

n
υi, ∀i ∈ N . (98)
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Proof of Proposition 10:
Sufficiency: Check that (97) and (98) satisfy conditions VE, ADD, PI, LC.
Necessity: Add PI to the result in Lemma 9. We know from Proposition 7 that

(ADD + PI)←→ d(x+ d(x,ε),ε′) = d(x,ε′) +ADD. Applying to (87) in Lemma 9,
letting e := ε/n, denoting with y = x+ d(x,ε) and recalling that µy = µx + e we
obtain:

e′
[
nψi(µx) + (1−Ψ(µx))

xi

µx

]
= e′

[
nψi(µx + e) + (1−Ψ(µx + e))

yi

µx + e

]
∀i ∈ N

(99)
and for all e′, e, µx > 0. According to the definition of y :

yi = xi + e

[
nψi(µx) + (1−Ψ(µx))

xi

µx

]
∀i ∈ N .

Note that yi
µx+e

= xi
µx

µx+e(1−Ψ(µx))
µx+e

+ n e
µx+e

ψi(µx), substituting into (99) and rearrang-
ing we get:

n [ψi(µx)− ψi(µx + e)] + [1−Ψ(µx)]
xi

µx

=

{
[1−Ψ(µx + e)]

[
1−

eΨ(µx)

µx + e

]}
xi

µx

+n [1−Ψ(µx + e)]
eψi(µx)

µx + e
∀i ∈ N , ∀µx > 0, e > 0. (100)

Both sides of the equation could be split into two parts, the first which does not
depend on xi, given a µx, and the second which does. In order to satisfy the previous
equation for all x ∈ X n both parts on the two sides of the equation should equate.
Suppose that ψ̃i(µx,ε) satisfies (100) for a given distribution x̃, it is always possible
to find another distribution x̃′ �= x̃ with the same average income as x̃, such that the
solution ψ̃i(µx,ε) is no longer valid except in the case in which the two multiplicative
terms of xi in both sides of (100) are satisfied for Ψ̃(µx,ε) =

∑
i ψ̃i(µx,ε). On the

other hand, consider xi = 0 for some i ∈ N , in this case the first parts of each sides
of (100) should equate. Thus:

{
1−Ψ(µx) = [1−Ψ(µx + e)]

[
1− eΨ(µx)

µx+e

]

ψi(µx)− ψi(µx + e) = [1−Ψ(µx + e)] eψi(µx)
µx+e

∀i ∈ N , ∀µx > 0, e > 0. (101)

If we consider w.l.o.g. e = (λ− 1)µx, λ > 1, the previous conditions become:

{
1−Ψ(µx) = [1−Ψ(λµx)]

[
1− (λ−1)

λ
Ψ(µx)

]

ψi(µx)− ψi(λµx) = [1−Ψ(λµx)]
(λ−1)

λ
ψi(µx)

∀i ∈ N , µx > 0, λ > 1. (102)

Rearranging the first condition we obtain:

1−Ψ(µx) =
1

λ
[1−Ψ(λµx)] [λ (1−Ψ(µx)) + Ψ(µx)] ∀µx > 0, λ > 1 (103)

that is
λ [1−Ψ(µx)] Ψ(λµx) = [1−Ψ(λµx)] Ψ(µx) ∀µx > 0, λ > 1. (104)
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A solution of this functional equation is obtained for Ψ(µx) = 1 for all µx > 0. If
Ψ(µx) = 1 for some µx = µ̂ > 0 then according to (104) letting µx = µ̂ we get
0 = 1 − Ψ(λµ̂x) for all λ > 1, that is Ψ(µ) = 1 for all µ > µ̂, while letting λµx = µ̂
we get λ [1−Ψ(µ̂/λ)] = 0 for all λ > 1 that is Ψ(µ) = 1 for all positive µ < µ̂. It
follows that according to (104) Ψ(µx) = 1 for some µx > 0 implies that Ψ(µx) = 1
for all µx > 0.
On the other hand if Ψ(µx) �= 1 for all µx > 0 the previous condition could be

rewritten as
Ψ(µx)

1−Ψ(µx)
=

Ψ(λµx)

1−Ψ(λµx)
λ ∀µx > 0, λ > 1. (105)

Denoting with ω(µx) =
Ψ(µx)
1−Ψ(µx)

, we obtain:

ω(µx) = ω(λµx)λ ∀µx > 0, λ > 1, (106)

where, given the definition of Ψ(µx), ω(µx) ≥ 0. The solution of this functional
equation is:

ω(µx) =
β

µx

, where β ≥ 0. (107)

In order to prove this result, fix µx = 1 in (106) , then for all λ > 1 we obtain

ω(λ) = ω(1)
λ

. Let ω(1) = β ≥ 0, then ω(µ) = β
µ
for all µ ≥ 1. The solution for all

1 > µ > 0 could be obtained fixing λµx = 1, substituting for µx = 1
λ
, as λ > 1, we

can obtain all values of µ ∈ (0, 1) , that is ω( 1
λ
) = ω(1)

(1/λ)
= β

(1/λ)
which gives ω(µ) = β

µ

for all µ ∈ (0, 1) .

Substituting for the definition of ω(µx) we obtain
Ψ(µx)
1−Ψ(µx)

= β
µx

, that is:

either Ψ(µx) =
β

µx + β
, or Ψ(µx) = 1, ∀µx > 0 (108)

where β ≥ 0. Consider now the second functional relation in (102) . Substituting for
Ψ(µx) =

β
µx+β

we obtain

ψi(µx)− ψi(λµx) =

[
λµx

λµx + β

]
(λ− 1)

λ
ψi(µx), ∀µx > 0, λ > 1, i ∈ N , (109)

rearranging, the condition becomes, ψi(µx)
[
1− µx(λ−1)

λµx+β

]
= ψi(λµx), that is:

ψi(µx) (µx + β) = (λµx + β)ψi(λµx) ∀µx > 0, λ > 1, i ∈ N . (110)

The solution for this family of functional equations is:

ψi(µx) =
ς i

µx + β
, where ς i ≥ 0 and β ≥ 0, ∀µx > 0, i ∈ N .

Let κi(µx, β) := (µx + β)ψi(µx) where κi(µx, β) is a parametrized function for β,
given its definition it is κi(µx, β) ≥ 0 for all µx > 0, β ≥ 0. Then the functional
equation could be rewritten as κi(µx, β) = κi(λµx, β) for any λ > 1, µx > 0. That is
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κi(µx, β) does not depends on µx. Thus it could be written as κ̃i(β) := κi(µx, β) which
is a constant given a value of β, that is κ̃i(β) = ς i ≥ 0. The definitions of ψi(µx) and
Ψ(µx) impose additional constraints on ς i, namely ς i ≥ ς i−1 and

∑n
i=1 ς i = β.

Conversely if Ψ(µx) = 1, then from (102) we obtain ψi(µx)− ψi(λµx) = 0 for all
λ > 1, that is ψi(µx) is constant, i.e. ψi(µx) = υ̃i for all µx > 0.
Denoting with υ̃i :=

ςi
β
≥ 0 and substituting for ψi(µx) and Ψ(µx) into (87) we

obtain:

either di(x,ε) =
ε

n

[
nυ̃iβ + xi

µx + β

]
or di(x,ε) = ευ̃i ∀i ∈ N,x ∈X

n. (111)

Letting nυ̃i = υi we obtain the representation in (97) and (98) .

5.1.11 Proposition 11

An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, ADD, PI and WCIC if and only if for all
x ∈ X n, ε > 0 : either

d(x,ε) =
ε

n

x

µx

, (112)

or, there exists υ ∈ Rn
+, such that υi ≥ υi−1 ≥ 0,

∑n
i=1 υi = n, for any i = 1, 2, ...n,

and
d(x,ε) =

ε

n
υ. (113)

Proof of Proposition 11:
Necessity: Consider Proposition 10. Adding WCIC implies that αdi(x,ε) =

di(αx,αε) for all x ∈ X n, ε > 0, and all i ∈ N . That is from (97) and (98) we
get

α
ε

n

[
υiβ + xi

β + µx

]
=

αε

n

[
υiβ + αxi

β + αµx

]
, and α

ε

n
υi =

αε

n
υi ∀i ∈ N (114)

and for all xi ≥ 0, µx, ε, α > 0. Note that di(x,ε) = ε
n
υi satisfies WCIC, therefore

it is a solution. While the remaining solution requires to identify restrictions on the
vector υ and the constant β ≥ 0 satisfying

υiβ + xi

β + µx

=
υiβ + αxi

β + αµx

for all xi ≥ 0, µx, α > 0, all i ∈ N . (115)

After simplifying we get

αµxυiβ + βxi = αβxi + µxυiβ for all xi ≥ 0, µx, α > 0, all i ∈ N . (116)

A solution is obtained for β = 0. If β �= 0 then

αυi + si = αsi + υi for all xi ≥ 0, µx, α > 0, all i ∈ N , (117)

where si = xi/µx ≥ 0. There is no vector υ ∈ Rn
+ such that the functional equation

is satisfied. Therefore the general solution of (114) is obtained for β = 0.
Sufficiency: Check that (112) and (113) satisfy properties LC, ADD, PI and

WCIC.
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In order to show that LC, ADD, PI andWCIC are independent we show that if one
of the axioms is dropped then a larger set of solutions is obtained. In Proposition 10
we have the characterization obtained dropping WCIC, where the cases where β �= 0
are considered. If ADD is dropped then we obtain a class of solutions that includes
those in Proposition 8. Clearly the solutions in Proposition 8 where λ �= 0, 1, are
different from those obtained in Proposition 11. If LC is dropped then d(x,ε) = ε

n
w

is a possible solution, where w ∈ Rn
+ is a non-ordered vector, such that

∑n
i=1wi = n.

This solution is not considered in Proposition 11. If finally PI is dropped then, as

shown in Proposition 12, we obtain d(x,ε) = ε
n

[
π x

µx
+ (1− π)υ

]
where υ ∈ Rn

+, is

an ordered vector such that υi ≥ υi−1 ≥ 0,
∑n

i=1 υi = n. For π �= 0, 1 these solutions
differ from those obtained in Proposition 11.

5.1.12 Proposition 12

An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, ADD and WCIC if and only if there exist a
ordered vector υ ∈ Rn

+, s.t. υi ≥ υi−1 ≥ 0 for all i ∈ N ,
∑n

i=1 υi = n, and a constant
π ∈ [0, 1] s.t. for all x ∈ X n, ε > 0 :

d(x,ε) =
ε

n

[
π
x

µx

+ (1− π)υ

]
. (118)

Proof of Proposition 12:
Necessity: Consider Lemma 9. Adding WCIC requires that αdi(x,ε) = di(αx,αε)

for all x ∈ X n, ε > 0, all i ∈ N . From (87) in Lemma 9 we get

α
ε

n

[
nψi(µx) + (1−Ψ(µx))

xi

µx

]
=

αε

n

[
nψi(αµx) + (1−Ψ(αµx))

αxi

αµx

]
∀i ∈ N

(119)
and for all xi ≥ 0, µx, ε, α > 0 where Ψ(µx) :=

∑n
i=1 ψi(µx). After simplifying we get

nψi(µx) + (1−Ψ(µx))
xi

µx

= nψi(αµx) + (1−Ψ(αµx))
xi

µx

∀i ∈ N (120)

and for all xi ≥ 0, µx, α > 0. Suppose that for the individual in position j < n we
have xj = 0 then the functional equation is satisfied only if

ψj(µx) = ψj(αµx) for all µx, α > 0.

If this is the case then suppose that xj > 0 it follows that (120) is satisfied only if

Ψ(µx) = Ψ(αµx) for all µx, α > 0. (121)

Now suppose this is the case it follows that (120) is satisfied only if

ψi(µx) = ψi(αµx) for all i ∈ N all µx, α > 0. (122)

that implies (121) . The functional equation in (122) is the necessary and sufficient
condition for the solution of (120) .
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The general solution of (122) is obtained for ψi(µx) = ci for all µx > 0, where
ci ≥ ci−1 ≥ 0 and 1 ≥

∑n
i=1 ci ≥ 0. We obtain

di(x,ε) =
ε

n

[
nci +

(
1−

∑n

i=1
ci

) xi

µx

]
∀i ∈ N . (123)

Letting nci = υ̂i, then
∑n

i=1 ci =
∑n

i=1 υ̂i/n. We now consider a vector υ ∈ Rn
+, such

that υi ≥ υi−1 ≥ 0, and
∑n

i=1 υi = n. For any vector υ̂ there always exist a vector
υ and a constant π ∈ [0, 1] where (1− π)

∑n
i=1 υi =

∑n
i=1 v̂i i.e. 1− π =

∑n
i=1 υ̂i/n,

such that υ̂ = (1− π)υ. It follows that υ̂i = (1− π) υi. Substituting into (123) gives

di(x,ε) =
ε

n

[
π
xi

µx

+ (1− π) υi

]
∀i ∈ N . (124)

Sufficiency: Check that (118) satisfies properties LC, ADD and WCIC.

5.1.13 Proposition 13

An IEDV d(x,ε) ∈ D(x, ε) satisfies LC, HE, ADD and B if and only if there exist
two constants ω̃ ∈ [0, 1] , θ̃ ∈ R+ such that for all x ∈ X n, ε > 0 :

d(x,ε) =
ε

n

(
ω̃
x− µx1

µx + θ̃
+ 1

)
. (125)

Proof of Proposition 13:
Sufficiency: Check that (125) satisfies conditions LC, HE, ADD, B. Note that

also VE is satisfied.
Necessity: Since for all d(x, ε) ∈ DE(x, ε) ADD is equivalent to γ(µ,ε) = γ̃(µ)

for all µ, ε > 0, then limε→0+ γ(µ,ε) exists and is γ̃(µ). In order to be consistent with
the notation introduced in Proposition 2 we let η(µ) := γ̃(µ). From Lemma 7 we
know that if η(µ) exists then, for all d(x, ε) ∈ DE(x, ε) satisfying B, it corresponds
to η(µ) = ω̃ µ

µ+θ̃
where θ̃ ≥ 0, ω̃ ∈ [0, 1] . Therefore for all d(x, ε) ∈ DE(x, ε) satisfying

ADD+B we have γ(µ,ε) = ω̃ µ

µ+θ̃
for all µ, ε > 0. From Remark 4 property VE can be

dropped since it is implied by LC+ADD.

5.1.14 Proposition 14

First we prove the following lemma:

Lemma 10 An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC and WCIC for all
x ∈ X n, ε > 0, if and only if there exist a set of continuous functions φi : R++ → R+

such that (i) φj(µ/ε) ≥ φi(µ/ε) ≥ 0 if xj ≥ xi for all µ,ε > 0, i, j ∈ N , (ii)
1 −

∑n
h=1 φh(µ/ε) ≥ −mini {φi (µ/ε) · (n− i+ 1) : i ∈ N} where xi+1 ≥ xi, for all

µ, ε > 0, (iii) 1−
∑n

h=1 φh(µ/ε) ≥ −n(µ/ε) for all µ, ε > 0 and

di(x, ε) =
ε

n

[
nφi (µx/ε) + [1− Φ (µx/ε)]

xi

µx

]
∀i ∈ N

where Φ (µ/ε) :=
∑n

i=1 φi (µ/ε) .
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Proof. Necessity: Letting ai(µ,ε) = gi(µ,ε)ε in Lemma 1, we derive the IEDVs
d(x,ε) ∈ D(x, ε) satisfying LC:

di(x, ε) =
ε

n

[

ngi(µ,ε) +
1−

∑n
j=1 gj(µ,ε)

µ
xi

]

where (i) gj(µ,ε) ≥ gi(µ,ε) ≥ 0 if xj > xi for all µ,ε > 0, (ii) 1+mini {gi(µ,ε) · (n− i+ 1) : i ∈ N} ≥∑n
h=1 gh(µ,ε) for all µ,ε > 0, where xi+1 ≥ xi, and (iii) 1 + nµ/ε ≥

∑n
h=1 gh(µ,ε), for

all µ,ε > 0.
Applying WCIC we get

α
ε

n

[
ngi(µ,ε) +

[
1−

∑n

j=1
gi(µ,ε)

] xi

µ

]
= αdi(x, ε) =

αε

n

[
ngi(αµ,αε) +

[
1−

∑n

j=1
gi(αµ,αε)

] αxi

αµ

]
= di(αx, αε)

that is

ngi(µ,ε) +
[
1−

∑n

j=1
gi(µ,ε)

] xi

µ
= ngi(αµ,αε) +

[
1−

∑n

j=1
gi(αµ,αε)

] xi

µ

for all x ∈ Xn, all α, ε > 0.
Considering the two distributions x′ = (0, 0, 0, 0, ..., 0, nµ), and x′′ = µ1 it is

possible to show that the previous functional equations boils down to:

gi(µ,ε) = gi(αµ,αε)

for all α, ε, µ > 0.Whose solution is obtained letting α = 1/ε and defining φi (µ/ε) :=
gi(µ/ε,1) for all ε, µ > 0.
Note that for all t > 0 the previous conditions become (i) φj(t) ≥ φi(t) ≥ 0 if

xj > xi, (ii) 1 −
∑n

h=1 φh(t) ≥ −mini {φi (t) · (n− i+ 1) : i ∈ N} where xi+1 ≥ xi,
and (iii) 1−

∑n
h=1 φh(t) ≥ −nt.

Sufficiency: Check that properties LC and WCIC are satisfied.
Adding HE we get:
(i) φi(µ/ε) = φ(µ/ε) ≥ 0 for all i ∈ N , (ii) 1

n−1
≥ φ (µ/ε) , for all µ, ε > 0, (iii)

1
n
+ (µ/ε) ≥ φ(µ/ε) for all µ, ε > 0 and

di(x, ε) =
ε

n

[
nφ (µx/ε) + [1− nφ (µx/ε)]

xi

µx

]
∀i ∈ N .

Proposition 14: An IEDV d(x,ε) ∈ D(x, ε) satisfies conditions LC, PI and
WCIC if and only if there exist υ ∈ Rn

+ such that υi ≥ υi−1 ≥ 0 for all i ∈ N ,∑n
i=1 υi = n, and a constant λ ∈ [0, 1] such that for all x ∈ X n, ε > 0 :

d(x, ε) =
ε

n
υ + (x− µxυ)

[(
1 +

ε

n
·
1

µx

)λ

− 1

]

. (126)
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Proof of Proposition 14:
Necessity: In order to simplify the calculations, let hi(t) := 1 − nφi (1/t) for all

t > 0 i.e. φi (t) =
1
n
[1− hi(1/t)] . Applying Lemma 3 if d(x,ε) ∈ D(x, ε) satisfies LC

and PI then lim ε→0+hi(ε/µ) exists implying that lim ε→0+
di(x,ε)

ε
= δi(x) ≥ 0 exists

and is:

δi(x) = lim
ε→0+

1

n

[
[1− hi(ε/µ)] +

1

n

[∑n

j=1
hj(ε/µ)

] xi

µx

]

=
1

n

[[
1− lim

ε→0+
hi(ε/µ)

]
+

1

n

[∑n

j=1
lim

ε→0+
hj(ε/µ)

]
xi

µx

]

=
1

n

[
[1− η̄i] +

1

n

[∑n

j=1
η̄j

] xi

µx

]

where η̄i := limε→0+ hi(ε/µ) for all µ > 0. We get

nδi(x) = [1− η̄i] +
[∑n

j=1
η̄i

] xi

nµ

where 1 ≥ η̄i ≥ η̄i+1 and
∑n

j=1 η̄i ≥ 0. Let
∑n

j=1 η̄i = λn ≥ 0, where λ ≥ 0, and denote

υi :=
1−η̄i
(1−λ)

, notice that 1− η̄i = υi (1− λ) , that is
∑n

i=1 (1− η̄i) =
∑n

i=1 υi (1− λ)n,

giving n− nλ = (1− λ)
∑n

i=1 υi, it follows that
∑n

i=1 υi = n, and from 1 ≥ η̄i ≥ η̄i+1

follows that υi ≥ υi−1 ≥ 0. Substituting we get

nδi(x) = υi (1− λ) + [λn]
xi

nµ
= υi (1− λ) + λ

xi

µ
.

Recalling from the proof of Proposition 2 that n · δ(x) = ẋ then we obtain

ẋ = υ (1− λ) + λ
x

µx

(127)

where υ ∈ Rn
+ is the vector of components υi ≥ υi−1 ≥ 0, such that

∑n
i=1 υi = n.

Equivalently we have

ẋi(µ) =

[
υi +

(
xi(µ)− viµ

µ

)
λ

]
∀i ∈ N . (128)

For the solution of the system of differential equations we follow the same logic as
applied in the proof of Proposition 2. Denote zi(µ) = xi(µ) − υiµ; noticing that
żi = ẋi − υi we can rewrite (128) as

żi(µ) = λ
zi(µ)

µ
(129)

multiply both sides of this equation by exp(−
∫ µ

µ0

λ
τ
dτ ), and let exp(−

∫ µ

µ0

λ
τ
dτ)·zi(µ) =

hi(µ). It follows that :

ḣi(µ) = −
λ

µ
exp

(
−

∫ µ

µ0

λ

τ
dτ

)
· zi(µ) + exp

(
−

∫ µ

µ0

λ

τ
dτ

)
· żi(µ). (130)
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Since żi =
λ
µ
zi, then ḣi(µ) = 0, thus

exp

(
−

∫ µ

µ0

λ

τ
dτ

)
· zi(µ) = K (131)

where K is an arbitrary constant. That is, in terms of the distances of xi from the
weighted mean income υiµx we have:

xi − υiµx = K · exp

(∫ µx

µ0

λ

τ
dτ

)
for all i ∈ N . (132)

It follows that

xi − υiµx = K · exp
{[

ln
(
µλ
)]µx

µ0

}
for all i ∈ N (133)

that is

xi − υiµx = K ·

[
µx

µ0

]λ

= (µx)
λ ·

K

(µ0)
λ
for all i ∈ N . (134)

Thus, for all distributions x ∈ X n

xi − υiµx

(µx)
λ

= K̄ =
K

(µ0)
λ
for all i ∈ N , (135)

that is
xi − υiµx

(µx)
λ

=
yi − υiµy
(
µy

)λ for all i ∈ N , all x,y ∈ X n (136)

where λ ≥ 0. Rearranging supposing that µy > µx i.e. µy = µx +
ε
n
we get

di(x, ε) = (yi − xi) = υiµy +

(
µy

µx

)λ

(xi − υiµx)− xi

= υi

(
µx +

ε

n

)
+

(
µx +

ε
n

µx

)λ

(xi − υiµx)− xi

= υi
ε

n
+

[(
1 +

ε

n
·
1

µx

)λ

− 1

]

(xi − υiµx) ,

for all i ∈ N , that is

d(x, ε) =
ε

n
υ + (x− µxυ)

[(
1 +

ε

n
·
1

µx

)λ

− 1

]

where λ ≥ 0. (137)

Note that d(x, ε) ≥ 0 for all x,y ∈ X n requires that λ ≤ 1. Suppose that xi = 0, then

di(x, ε) = υi

[
ε
n
− µx

[(
1 + ε

n
· 1

µx

)λ

− 1

]]
where υi ≥ 0, it follows that di(x, ε) ≥ 0

implies that 1 + ε
n
· 1

µx
≥
(
1 + ε

n
· 1

µx

)λ

that is λ ≤ 1.

Sufficiency: Check that (126) satisfies properties LC, PI and WCIC.
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To complete we check that (126) satisfies VE i.e. di(x, ε) ≥ di−1(x, ε) for all
i ∈ N , all x ∈ X n, all ε > 0. We check this condition when xi = xi−1, if VE is
satisfied in this case then it will be also satisfied in all the cases where xi > xi−1.
According to (126) if xi = xi−1 we get

di(x, ε)− di−1(x, ε) = (υi − υi−1)

{
ε

n
− µx

[(
1 +

ε

n
·
1

µx

)λ

− 1

]}

= (υi − υi−1) · µx ·

[(
1 +

ε

n
·
1

µx

)
−

(
1 +

ε

n
·
1

µx

)λ
]

where the last term on the r.h.s. is non-negative if λ ≤ 1. It follows that di(x, ε) −
di−1(x, ε) ≥ 0, that is VE is implied by the properties applied.

5.1.15 Proposition 15

An IEDV d(x,ε) ∈ DR(x,ε) satisfies LC if and only if there exists a sequence of
continuous functions ai(µ,ε) : R×R++→ R+, satisfying ε =

∑n
i=1 ai(µ,ε), such that

for all x ∈ Rn and ε > 0 :

di(x, ε) = ai(µ,ε) ∀i = 1, 2, ..n

where ai(µ,ε) ≥ aj(µ,ε) if xi > xj.
Proof. The sufficiency party is checked noticing that all distributions in P(x)

have the same average thus when the same surplus is distributed we have di(x, ε) =
ai(µ,ε) = di(y, ε) for all y ∈ P(x). It follows that y′ − x′ = y − x where y′ ∈ P(x′),
and xi + di(x, ε) ≥ xj + dj(x, ε) if xi ≥ xj. Therefore LC is satisfied. Moreover the
vector of elements ai(µ,ε) belongs to DR(x,ε) since they are continuous, non negative
and satisfy ε =

∑n
i=1 ai(µ,ε).

The proof of the necessity part follows from Lemma 1, here we have substituted
x ∈ Rn for x ∈ Xn. Some results derived there still hold for the more general case
where x ∈ Rn. As in the proof of Lemma 1, applying LC to the IEDVs in DR(x,ε)
we derive the restriction

dh(x,ε) = fh(xh, µ,ε),

where xh ∈ R is the income of agent h, µ ∈ R is average income of distribution
x ∈ Rn, and the function fh(.) is continuous, and satisfies

∑
h fh(.) = ε. As discussed

in the proof of Lemma 1, given the definition of LC, for any rank-preserving transfer
δ ≥ 0 we have fi(xi + δ, µ,ε) ≥ fi(xi, µ,ε)− δ, and fj(xj− δ, µ,ε) ≤ fj(xj, µ,ε)+ δ and
if xi > xj then xi + di(x, ε) > xj + dj(x, ε). Recalling that

∑
h fh(.) = ε we obtain

fi(xi + δ, µ,ε) + fj(xj − δ, µ,ε) = fj(xj, µ,ε) + fi(xi, µ,ε)

for any i, j; for all xi, xj ∈ R and any rank-preserving transfer of the amount δ ≥ 0.
Letting gi(xi, δ, µ,ε) = fi(xi + δ, µ,ε)− fi(xi, µ,ε), then

gi(xi, δ, µ,ε) = gj(xj − δ, δ, µ,ε)
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for any i, j; xi < xj and any rank-preserving transfer of amount δ ≥ 0. Following the
same line of reasoning as in the proof of Lemma 1 it turns out that gi(xi, δ, µ,ε) =
g(δ, µ,ε). Thus,

fi(xi, µ,ε) + g(δ, µ,ε) = fi(xi + δ, µ,ε) (138)

for any δ ≥ 0, where g(0, µ,ε) = 0, but differently from what supposed in Lemma 1
here we have x ∈ R. The functional equation associated with (138) can be rewritten
as

F (x) +G(δ) = F (x+ δ) for all δ ∈ R+, all x ∈ R,

where F (x) := fi(xi, µ,ε), and G(δ) := g(δ, µ,ε). Letting x = 0, then

α+G(δ) = F (δ), for all δ ∈ R+, where α = F (0),

therefore G(δ) = F (δ)− α for all δ ∈ R+, leading to

F (x) + F+(δ)− α = F (x+ δ)

where F+(.) is the restriction of F (.) defined over the domain of non negative real
numbers. Letting H(x) = F (x)− α, then we can write

H(x) +H+(δ) = H(x+ δ) for all δ ∈ R+, all x ∈ R. (139)

This is a general version of the Cauchy functional equation, since H+(.) is defined
over a more restricted domain compared to H(.). Eichhorn (1978) (Th. 2.6.3 p.39)
provides a solution for the general version of Cauchy functional equation considering
functions defined over possibly different arbitrary non degenerate intervals of R . The
result for the case of functions defined on two intervals is:

Theorem 1 (Eichhorn, 1978 Th. 2.6.3) The general solution of the functional
equation φ(x+ y) = ψ1(x) + ψ2(y) for all x ∈ I1, y ∈ I2, and (x+ y) ∈ I1 + I2 where
I1, I2 are arbitrary non degenerate intervals of R and the functions φ(.), ψ1(.) and
ψ2(.) are continuous is given by

φ(x+ y) = β(x+ y) + γ1 + γ2
ψ1(x) = βx+ γ1, ψ2(y) = βy + γ2

for β, γ1, γ2 real constants.

Proof of Proposition 15 (Continued): In our case ψ2(y) = H(y) = φ(y) therefore
γ1 = 0, moreover ψ1(x) = H+(x) = φ(x) whenever x ∈ R+, from which follows that
also γ2 = 0. As a result the general solution of (139) is the same as that for the Cauchy
equation defined over real numbers or non negative real numbers. Substituting for

H(y) = βy, H+(x) = βx, β ∈ R, y ∈ R, x ∈ R+

we get

F (y) = βy + α, F+(x)− α = G(x) = βx, β, α ∈ R, y ∈ R, x ∈ R+.
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That is, since G(δ) := g(δ, µ,ε) and F (x) := fi(xi, µ,ε), we have that β := b(µ,ε)
while α := ai(µ,ε) getting

G(x) = b(µ,ε)x, F (x) = b(µ,ε)x+ ai(µ,ε),

where b(µ,ε) and ai(µ,ε) are continuous real functions.

The general solution of (138) is therefore the same as obtained in Lemma 1:

fi(xi, µ,ε) = ai(µ,ε) + b(µ,ε)xi for all µ,ε > 0, xi ∈ R. (140)

Consider now condition fh(.) ≥ 0. Setting xi = 0, it follows that ai(µ,ε) ≥ 0.
Moreover, it must be b(µ,ε) = 0, since otherwise, for every ai(µ,ε) ≥ 0 there will al-
ways exists a value x∗i of xi such that fh(.) < 0. This is the case if x∗i < −ai(µ,ε)/b(µ,ε)
when b(µ,ε) > 0, and x∗i > −ai(µ,ε)/b(µ,ε) when b(µ,ε) < 0.
Considering the requirement

∑
h fh(.) = ε we get

∑n
i=1 ai(µ,ε) = ε, thus:

di(x,ε) = ai(µ,ε) where
∑n

i=1
ai(µ,ε) = ε , (141)

for all i = 1, 2, ..n, and all µ ∈ R, ε > 0.
Finally the requirement that if xi > xj then xi + di(x, ε) > xj + dj(x, ε) implies

that ai(µ,ε) ≥ aj(µ,ε) if xi ≥ xj.
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