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Abstract To improve the quality of prediction of radioactive contamination,
geostatistical methods, and in particular multivariate geostatistical models,
are increasingly being used. These methods, however, are optimal only in the
case in which the data may be assumed Gaussian and do not properly cope
with data measurements that are discrete, nonnegative or show some degree of
skewness. To deal with these situations, here we consider a hierarchical model
in which non-Gaussian variables of different kind are handled simultaneously.
We show that when observations are assumed to be conditionally distributed as
Poisson and Gamma, variograms and cross-variograms have convenient simple
forms, and estimation of the parameters of the model can be carried out by
Monte Carlo EM. This work has been inspired by radioactive contamination
data from the Maddalena Archipelago (Sardinia, Italy).
Keywords Generalized linear mixed model, linear model of coregionalization,
Markov chain Monte Carlo, Monte Carlo EM, spatial factor model
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1 Introduction
The analysis of spatially correlated data has received in recent years increasing
attention both from an applied as well as from a methodological perspective,
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and environmental studies have played in this respect a leading role with the
assessment and monitoring of air, soil and water contamination, in which measures are collected over specific geographic areas. In these studies, to improve
the accuracy of prediction, geostatistical methods, and in particular multivariate geostatistical models and techniques in which the additional information
embodied in correlated variables can be exploited, have often been used. Traditional multivariate geostatistical methods are provided by cokriging and by
the linear model of coregionalization (with its simpler counterpart, the proportional covariance model, otherwise known as intrinsic correlation model) together with the related ‘factorial kriging analysis’ (Matheron 1982; Goovaerts,
Sonnet and Navarre 1993; Wackernagel 1995; Chilès and Delfiner 1999). For
instance, recent works concerned with the use of the variogram to study the
spatial autocorrelation present in radioactive contamination data are Dubois
and De Cort (2001), Dunois and Bossew (2003), and Dewiere et al. (2004).
Works dealing with kriging prediction are instead Simon, Bouville and Beck
(2004), and O’Dea and Dowdall (1999) which consider kriging prediction of
logarithmic transformed data. Other geostatistical approaches for the analysis
of multivariate spatial data have been proposed by Ver Hoef and Barry (1998)
and Christensen and Amemiya (2001, 2002), whereas a Bayesian versions of the
linear model of coregionalization have been considered by Gelfand, Schmidt
and Sirmans (2002), Schmidt and Gelfand (2003), and Banerjee, Carlin and
Gelfand (2004). The widespread use of the classical linear model of coregionalization for the modelling of multivariate spatial data is mainly due to the
convenient characterization of the multivariate spatial autocorrelation structure, as well as to the availability of widely accepted estimation procedures
based on the (eigenvalue) principal component decomposition and on the algorithm of Goulard and Voltz (1992). An advantage of this model is that no
hypotheses are made about the distribution of the data and only variograms
and cross-variograms are needed. The drawback is that the commonly used
estimation and prediction procedures may be considered adequate only in the
case in which the data can be assumed to be multivariate Gaussian. In presence of count or skewed measurements, as in contamination data, the use of
this model can lead to misleading predictions and to erroneous conclusions
about the underlying factors representing pollution levels.
In the case of a single spatial measurement, a preferable approach to kriging in presence of non-Gaussian data, in particular contamination count data,
has been suggested by Diggle, Moyeed and Tawn (1998) which propose to
model data of this kind following a hierarchical approach (see also Alexander,
Moyeed and Stander 2000, Cressie 2000, and Christensen and Waagepetersen
2002). On the other hand, here, to cope with situations in which more spatial
variables are gathered simultaneously, we consider, following the suggestions
put forward in the univariate case, a hierarchical modeling framework (see
also Minozzo 2002; Minozzo and Fruttini 2004) based on a generalization of
the classical geostatistical proportional covariance model. In this modeling
framework, whereas the underlying (unobservable) factors are assumed to be
multivariate Gaussian, the actual data may be assumed to be (conditionally)
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distributed as, for example, Poisson, Negative Binomial, Skew-Normal, etc.,
allowing non-Gaussian variables of different kind to be dealt with simultaneously.
Interestingly, assuming for the observed data, Poisson and Gamma distributions, to cope with discrete and nonnegative measurements, in Section
2 we show that variograms and cross-variograms, even among variables of
different kind, have convenient simple forms. Adopting a non-Bayesian inferential framework, in Section 3 we show how estimates of the parameters of the
model can be obtained by employing the method of moments and standard
factor analysis techniques. Moreover, we also show how likelihood inference
can be performed by using stochastic versions of the EM algorithm, like the
stochastic EM (StEM) algorithm or the Monte Carlo EM (MCEM) algorithm
(see, for instance, Nielsen 2000, and Fort and Moulines 2003). Prediction of
the underlying factors can then be carried out by Markov chain Monte Carlo
(MCMC) algorithms. In Section 4 an application of this modeling framework
is considered in the analysis of radioactive contamination data from the Maddalena Archipelago which originally motivated our study. Lastly, in Section 5
we report some conclusions.
2 The hierarchical spatial factor model
Let yi (xk ), i = 1, . . . , m, k = 1, . . . , K, be a set of geo-referenced data measurements relative to m regionalized variables, gathered at K spatial locations
xk . These m regionalized variables are seen as a partial realization of a set of
m random functions Yi (x), i = 1, . . . , m, x ∈ D ⊆ R2 . For these functions we
assume, for any x, and for i 6= j,
Yi (x)⊥⊥Yj (x) | Zi (x),

and

Yi (x)⊥⊥Zj (x) | Zi (x),

and

Yi (x′ )⊥⊥Zj (x′′ ) | Zi (x′ ),

and, for x′ 6= x′′ , and j = 1, . . . , m,
Yi (x′ )⊥⊥Yj (x′′ ) | Zi (x′ ),

where Zi (x), i = 1, . . . , m, are mean zero joint stationary Gaussian processes.
Moreover, we assume that, for any given i and x, conditionally on Zi (x), the
random variables Yi (x) have conditional distributions fi (y;
M (x)), specified

.  i
by the values of the conditional expectations Mi (x) = E Yi (x) Zi (x) , and
that hi (Mi (x)) = βi + Zi (x), for some parameters βi and some known link
functions hi (·).
For the latent part of the model, we adopt the following structure. For the
m joint stationary Gaussian processes Zi (x), let us assume the linear factor
model
P
X
aip Fp (x) + ξi (x),
(1)
Zi (x) =
p=1

where aip are m × P coefficients, Fp (x), p = 1, . . . , P , are P ≤ m nonobservable spatial components (common factors) responsible for the cross
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correlation between the variables Zi (x), and ξi (x) are non-observable spatial components (unique factors) responsible for the residual autocorrelation
in the Zi (x) unexplained by the common factors. We assume that Fp (x) and
ξi (x) are mean zero stationary Gaussian processes with covariance functions


Cov Fp (x), Fp (x + h) = ρ(h),

and



Cov ξi (x), ξi (x + h) = ψi ρ(h),

where ρ(h) is a real spatial autocorrelation function common to all factors
such that ρ(0) = 1 and ρ(h) → 0, as ||h|| → ∞, and ψi are non-negative
real parameters. We also assume that the processes Fp (x) and ξi (x) have all
cross-covariances identically equal to zero.
As far as the latent processes Zi (x), i = 1, . . . , m, are concerned, we have
that
Cov[Zi (x), Zj (x + h)] = E[Zi (x) · Zj (x + h)] − E[Zi (x)] · E[Zj (x + h)]
X
 X

P
P
=E
aip Fp (x) + ξi (x) ·
ajp Fp (x+h) + ξj (x+h)
p=1

=E

X
P

p=1

aip ajp Fp (x)Fp (x + h) + ξi (x)ξj (x + h)

p=1

=

P
X



aip ajp E[Fp (x)Fp (x + h)] + E[ξi (x)ξj (x + h)],

p=1

that is, we have (taking i = j) the covariance functions Cov[Zi (x), Zi (x +
PP
h)] = p=1 a2ip ρ(h) + ψi ρ(h), and (taking i 6= j) the cross-covariance funcPP
tions Cov[Zi (x), Zj (x + h)] = p=1 aip ajp ρ(h). Of course, taking h = 0, we
PP
2
also have that Var[Zi (x)] =
p=1 aip + ψi , and that Cov[Zi (x), Zj (x)] =
PP
p=1 aip ajp .
2.1 Poisson distribution
To completely specify the model we need to detail the conditional distributions fi (y; Mi (x)) and the link functions hi (·). For a fixed i, that is, for a
fixed random function Yi (x), let us now assume that fi (y; Mi (x)) are Poisson
distributions with means Mi (x), that is, that
fi (y; Mi (x)) = exp(−Mi (x)) · (Mi (x))y /y!,

y = 0, 1, 2, . . . ,

(2)

and that hi (·) = ln(·). Then it is possible to show that Yi (x) is second order
.
.
.
stationary. In fact, defining ςi2 = Var[Zi (x)], τi∗ = exp{βi + ςi2 /2} and τi2 (x) =
Var[Yi (x)|Zi (x)], and considering that, for every x ∈ D, the expectations
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E[exp{Zi (x)}] = exp{ςi2 /2} and E[exp{2Zi (x)}] = exp{2ςi2 }, and also that,
for the Poisson distribution, τi2 (x) = Mi (x), with some algebra we obtain:

.
µi = E[Yi (x)] = E[E[Yi (x)|Zi (x)]] = E[exp{βi + Zi (x)}] = τi∗ ;
.
σi2 = Var[Yi (x)] = E[τi2 (x)] + Var[Mi (x)] = τi∗ + (τi∗ )2 [exp{ςi2 } − 1];
.
Cii (h) = Cov[Yi (x), Yi (x + h)] = (τi∗ )2 [exp{ςi2 ρ(h)} − 1], h 6= 0.
(3)

It is easy to check that, in the case in which ρ(h) = ρ(−h), we have Cii (−h) =
.
Cii (h). Moreover, Cii (∞) = 0 and Cii (0) = σi2 6= Cii (0+ ), that is, the covariance function Cii (h) is discontinuous at the origin.
As for the variogram of the observable Yi (x) we have, for h 6= 0,


 1 

. 1
γii (h) = Var Yi (x + h) − Yi (x) = E (Yi (x + h) − Yi (x))2
(4)
2
2

 1




1
= Var Yi (x) + Var Yi (x + h) − Cov Yi (x), Yi (x + h)
2
2
 1

 1


1  2  1  2
= E τi (x) + E τi (x + h) + Var Mi (x) + Var Mi (x + h)
2 
2
2 

 2  
−E Mi (x) · Mi (x + h) + E Mi (x) · E Mi (x + h)
(5)

 2
 2

∗
∗ 2
(6)
= τi + (τi ) exp ςi − exp ςi ρ(h) .
Let us note that in this case the variogram of Yi (x) is always equal to zero
at the origin with nugget γii (0+ ) = τi∗ that equals the mean µi and it is, in
general, strictly greater than 0. It is also easy to check that the sill of the
.
variogram satisfies γii (∞) = Cii (0) = σi2 .
Considering two random functions Yi (x) and Yj (x), with i 6= j, for which
fi (y; Mi (x)) and fj (y; Mj (x)) are Poisson distributions with means Mi (x) and
Mj (x), and hi (·) = hj (·) = ln(·), and considering that E[exp{Zi (x) + Zj (x +
.
h)}] = exp{ςi2 /2+ςj2 /2+ςij ρ(h)}, where ςij = Cov[Zi (x), Zj (x)], we have that

.
Cij (h) = Cov[Yi (x), Yj (x + h)] = τi∗ τj∗ [exp{ςij ρ(h)} − 1].

(7)

Note that Cij (h) = Cji (h) and that, if ρ(h) = ρ(−h),we have Cij (−h) =
Cij (h). From (7) it follows that the random functions Yi (x) and Yj (x) are
jointly second order stationary.
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Fig. 1 Theoretical variogram γii (h) and cross-variogram γij (h) of the observable Yi (x) and
Yj (x) assuming a conditional Poisson distribution, a logarithmic link function, and autocorrelation function ρ(h) = exp{−((α||h||)δ )}. Various shapes can be obtained by appropriately
choosing values for the parameters βi , βj , ςi2 , ςj2 , ςij , and for the parameters α, δ.

Moreover, the cross-variogram between Yi (x) and Yj (x) is given by



. 1
γij (h) = Cov (Yi (x+h)−Yi (x)), (Yj (x+h)−Yj (x))
2

1 
= E (Yi (x+h)−Yi (x))(Yj (x+h)−Yj (x))
2

 1


1
= Cov Mi (x + h), Mj (x + h) − Cov Mi (x + h), Mj (x)
2
2

 1


1
− Cov Mi (x), Mj (x + h) + Cov Mi (x), Mj (x)
2
2
 1 
 
 1 

1 
= E Mi (x)Mj (x) − E Mi (x) E Mj (x) + E Mi (x+h)Mj (x+h)
2
2
2
 
 1 

1 
− E Mi (x+h) E Mj (x+h) − E Mi (x)Mj (x+h)
2
2
 
 1 
 1 
 

1 
+ E Mi (x) E Mj (x+h) − E Mi (x+h)Mj (x) + E Mi (x+h) E Mj (x)
2 
2

 2

= τi∗ τj∗ exp ςij − exp ςij ρ(h) .
(8)
Notice that for the cross-variogram we have γij (0) = γij (0+ ) = 0 and γij (∞) =
τi∗ τj∗ [exp{ςij } − 1] = Cij (0), which can be smaller or greater than zero, depending on the sign of ςij . The theoretical variogram γii (h) and the theoretical
cross-variogram γij (h) are depicted in Fig. 1.
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2.2 Gamma distribution
Alternatively to the Poisson distribution, let us now assume that, for a given
i and for any given x, conditionally on Zi (x), the random variables Yi (x) are
Gamma distributed with conditional expectations


. 
Mi (x) = E Yi (x) Zi (x) = exp βi + Zi (x) = νb,

(here hi (·) = ln(·)) and conditional variances



Var Yi (x) Zi (x) = νb2 = ν −1 exp 2βi + 2Zi (x) = ν −1 (Mi (x))2 ,

where ν > 0 and b > 0 are parameters, that is, let us assume that, for y > 0,

ν

ν
y ν−1
yν
fi (y; Mi (x)) =
exp −
.
(9)
Γ (ν)
Mi (x)
Mi (x)
Here the ‘shape’ parameter ν is constant for x ∈ D, whereas the ‘scale’ parameter b varies over D depending on the conditional expectation Mi (x). Considering ν constant, fi (y; Mi (x)) belongs to the (one parameter) exponential
family with natural parameter −1/b.
Even in this case it is possible to show that Yi (x) is second order stationary.
.
Indeed, µi = E[Yi (x)] = τi∗ ,
1
.
σi2 = Var[Yi (x)] = e−2βi (τi∗ )4 + (τi∗ )2 [exp{ςi2 } − 1],
ν
.
and Cii (h) = Cov[Yi (x), Yi (x + h)], for h 6= 0, is the same as in (3).
Then, considering (5), the variogram of the observable Yi (x) is given by,
for h 6= 0,

1 
γii (h) = E (Yi (x + h) − Yi (x))2
2 



1 1 2βi +2Zi (x)
1 1 2βi +2Zi (x+h)
= E e
+ E e
2 ν
2 ν
i
i
h
h
1
1
+ Var eβi +Zi (x) + Var eβi +Zi (x+h)
2h
2
i
h
i h
i
−E eβi +Zi (x) · eβi +Zi (x+h) + E eβi +Zi (x) · E eβi +Zi (x+h)

=





1 −2βi ∗ 4
e
(τi ) + (τi∗ )2 exp ςi2 − exp ςi2 ρ(h) .
ν

(10)

It is immediate to see that whereas the nugget is equal to ν −1 e−2βi (τi∗ )4 , the
second addendum is the same as in (6) in the Poisson case.
For the cross-covariance Cij (h) and for the cross-variogram γij (h), when
Yi (x) and Yj (x) are both conditionally Gamma distributed, or when one is
Gamma and the other is Poisson, we obtain the same forms (7) and (8) as
in the case in which Yi (x) and Yj (x) are both Poisson, and thus Yi (x) and
Yj (x) are again jointly second order stationary. Indeed, the forms of the crosscovariance and of the cross-variogram depend on the link function which we
assumed to be ln(·) both in the Poisson and in the Gamma case.
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3 Estimation and prediction
Adopting a non-Bayesian inferential framework, a simple procedure to obtain
a set of preliminary estimates for the parameters of the model can be carried
out by implementing some version of the classical method of moments, or
by using some iterative least squares algorithm, similarly to the procedures
considered, for instance, in Wackernagel (1995) (see also Goulard and Voltz
1992) for the linear model of coregionalization. A computationally convenient
estimation procedure based on the method of moments is as follows. Let us
assume, for instance, that m = 2 and that Y1 (x), and Y2 (x) are conditionally
distributed as Poisson and Gamma, respectively, with hi (·) = ln(·). For a
specific choice of the ‘shape’ parameter ν, let us first consider the estimation
of the m + m + m(m − 1)/2 parameters βi , ςi2 and ςij . Since Yi (x), i = 1, 2, are
jointly second order stationary, we are allowed to consider the sample means
and sample variances and covariances of the observable Yi (xk )
K
. 1 X
yi (xk ),
ȳi =
K
k=1

K
2
. 1 X
s2i =
yi (xk ) − ȳi ,
K

i = 1, 2,

k=1

K


. 1 X
sij =
yi (xk ) − ȳi yj (xk ) − ȳj ,
K

i = 1, j = 2,

k=1

and estimates of the quantities µi , Cii (0) and Cij (0) can simply be obtained
as µ̂i = ȳi , Ĉii (0) = s2i and Ĉij (0) = sij . Then, by inverting the expressions
giving µi , Cii (0) and Cij (0) in terms of parameters βi , ςi2 and ςij , estimates of
the latters can be obtained by β̂i = ln(µ̂i ) − (1/2)ˆ
ςi2 , i = 1, 2, where




Ĉ22 (0) + (µ̂2 )2
Ĉ11 (0) − µ̂1
2
2
,
ςˆ2 = ln
,
ςˆ1 = ln 1 +
(µ̂1 )2
(µ̂2 )2 (1 + 1/ν)
and



Ĉij (0)
ςˆij = ln 1 +
,
µ̂i µ̂j

i = 1, j = 2.

Let us note that estimates ςˆi2 and ςˆij do not guarantee that the symmetric
matrix Σ̂Z (with elements ςˆij , where ςˆii stay for ςˆi2 ) is positive semidefinite. A
positive semidefinite matrix Σ̃Z minimizing
1/2
X
2
2 X
(˜
ςij − ςˆij )2
,
k Σ̃Z − Σ̂Z k=
i=1 j=1

can be obtained by considering Σ̃Z = QΛ0 QT , where Q is the 2 × 2 matrix
whose columns are all the eingenvectors of Σ̂Z , and Λ0 is the 2 × 2 diagonal
.
matrix Λ0 = diag(λ1 , λ2 ), where λ1 and λ2 are either the positive eingenvalues
of Σ̂Z or zero (Rao 1973).
The estimated (positive semidefinite) variance-covariance matrix of the
latent Zi (x) can then be decomposed to find estimates of the parameters aip
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and ψi , by following standard factor analysis techniques (see, for instance,
Mardia, Kent and Bibby 1979). These might involve the choice of the number
P of factors to extract, as well as of which rotation to use (varimax, etc.).
The choice of the ‘shape’ parameter ν and of the autocorrelation function
ρ(h) can be based on the empirical variograms and cross-variograms γ ij (h)
of the observable Yi (x), using, for instance, the classical unbiased estimator
of the variogram (see, for instance, Cressie 1991). The function ρ(h) can be
selected by a direct comparison of empirical variograms γ ij (h) and estimated
theoretical variograms γ̂ij (h), by a process of selection and trial. An estimate
of ν can be obtained by inverting the formula giving the (theoretical) nugget
of γ22 (h):
ν̂ =

Ĉ22 (0) + (µ̂2 )2
− 1,
γ̂22 (0+ )

where γ̂22 (0+ ) is a nugget estimate.

3.1 Estimation with the stochastic EM algorithm
Although the above estimation procedures may easily be implemented, they
lack of sufficient optimality properties and more efficient procedures, such as
likelihood based procedures, should be considered (Minozzo 2004). Assuming
that the number of factors P , the ‘shape’ parameter ν and the spatial autocorrelation function ρ(h) have already been chosen, likelihood inference on the
parameters βi , ψi and aip would require the maximization of the likelihood
based on the marginal density function of the observations yi (xk ). However,
since this marginal density is not available, and since the integration required
in the E step of the EM algorithm (Dempster, Laird and Rubin 1977) would
not be easy, we have to resort to some stochastic versions of the EM algorithm,
like the StEM algorithm or the MCEM algorithm (see, for instance, Wei and
Tanner 1990; Celeux and Diebolt 1985; Nielsen 2000; Zhang 2002; Kuhn and
Lavielle 2004).
To illustrate this estimation procedure, let us assume that m = 2 and
that Y1 (x) and Y2 (x) are conditionally distributed as Poisson and Gamma,
respectively, with hi (·) = ln(·), and assume that P = 1, that is, that there is
.
only one common factor. Moreover, for a given set of data yi = (yi1 , . . . , yiK )T ,
.
.
i = 1, 2, where yik = yi (xk ), let us define the vectors of random variables ξ i =
.
.
T
T
(ξi1 , . . . , ξiK ) , i = 1, 2, and F1 = (F11 , . . . , F1K ) , where ξik = ξi (xk ) and
.
.
F1k = F1 (xk ), for i = 1, 2, and k = 1, . . . , K. Then, by defining θ = (β, A, ψ),
.
.
.
T
T
T
where β = (β1 , β2 ) , A = (a11 , a21 ) , and ψ = (ψ1 , ψ2 ) , the full density
function of all observed and unobserved random variables is given by
f (y1 , y2 , ξ 1 , ξ 2 , F1 ) = f (y1 , y2 |ξ 1 , ξ 2 , F1 ) · f (ξ 1 , ξ 2 , F1 )
Y
 Y

K
K
f1 (y1k; M1k) ·
f2 (y2k; M2k) ·f (ξ 1)·f (ξ 2)·f (F1),
=
k=1

k=1
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.
where Mik = Mi (xk ) depend on the parameters β and A, the densities
f1 (y1k ; M1k ) and f2 (y2k ; M2k ) are given by (2) and (9), and f (ξ i ), i = 1, 2,
and f (F1 ) are k-multivariate Normals depending on ψ.
Thus, assuming that the current guess for the parameters at the sth step
is given by θ s , and that Rs is a fixed positive integer, the MCEM algorithm
can be implemented as follows:
S step – draw Rs samples (ξ 1 , ξ 2 , F1 )(r) , r = 1,. . ., Rs , from the (filtered)
conditional distribution p(ξ 1 , ξ 2 , F1 |y1 , y2 ; θ s );
E step – compute
Rs
. 1 X
(r) (r)
(r)
ln f (y1 , y2 , ξ 1 , ξ 2 , F1 ; θ)
Qs+1 (θ, θ s ) =
Rs r=1

M step – take as the new guess θ s+1 the value of θ which maximizes Qs+1 (θ, θ s ).
Choosing Rs = 1 this procedure reduces to the StEM algorithm, whereas for
Rs very large it approximates the deterministic EM algorithm. Moreover, a
simulated annealing version could be obtained by choosing a slowly increasing
sequence Rs → ∞, as s → ∞.
Although computationally intensive, the sampling involved in the S step
of the algorithm can be accomplished by MCMC simulation taking as target
distribution the conditional distribution p(ξ 1 , ξ 2 , F1 |y1 , y2 ; θ s ).
Conversely, the maximization in the M step can be carried out numerically.
In the case of the StEM algorithm, that is, with Rs = 1, we have to maximize
.
the full loglikelihood l(θ) = ln f (y1 , y2 , ξ 1 , ξ 2 , F1 ; θ) which can be written as
l(θ) = l1 (β1, a11) + l2 (β2, a21) +

2
X

ln f (ξ i ; ψi ) + ln f (F1 ),

i=1

where
l1 (β1 , a11 ) =

K
X

ln f1 (y1k ; M1k ),

(11)

K
X

ln f2 (y2k ; M2k ),

(12)

k=1

l2 (β2 , a21 ) =

k=1

1
1 T −1
K
ln(2πψi ) − ln |Pρ | −
ξ P ξ,
2
2
2ψi i ρ i
1
1
K
ln f (F1 ) = −
ln(2π) − ln |Pρ | − FT1 P−1
ρ F1 ,
2
2
2

ln f (ξ i ; ψi ) = −

(13)
(14)

and Pρ is the K × K matrix with elements ρ(xl − xk ). Proceeding in steps,
the values of the parameters βi and ai1 , for i = 1, 2, maximizing l(θ) can
be obtained numerically by considering separately the terms (11)–(12). Then,
maximization of l(θ) with respect to the parameters ψi can be accomplished
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by considering the terms ln f (ξ i ; ψi ), separately for every i = 1, 2. Equating
to zero the first derivatives of ln f (ξ i ; ψi ) with respect to ψi leads to ψi =
(1/K)ξ Ti P−1
ρ ξi .
In the case of the MCEM, that is, with Rs > 1, the M step of the algorithm
requires the maximization of the ‘average’ likelihood
Rs
X
r=1

l(r) (θ) =

Rs
X

(r)

l1 (β1 , a11 ) +

r=1

+

Rs
2 X
X
i=1 r=1

Rs
X

(r)

l2 (β2 , a21 )

r=1

(r)

ln f (ξ i ; ψi ) +

Rs
X

(r)

ln f (F1 ),

r=1

which can be accomplished by proceeding similarly to the case of the StEM
algorithm (Rs = 1). Whereas for the case in which Rs is small the algorithm
does not converge pointwise and estimates of the parameters have to be obtained by considering some summary statistic (usually the sample mean) of
the values θ s , for Rs large (or Rs increasing) the algorithm is guaranteed to
converge to a local maximum of the likelihood (see for some results Fort and
Moulines 2003). In particular, in the case in which the matrix A is known,
and the unknown parameter vector to be estimated is given by θ = (β, ψ),
the model and l(θ) satisfy the conditions of Fort and Moulines (2003) for the
almost sure convergence of their stable MCEM algorithm to one of the local maxima of the marginal log-likelihood based on the marginal density of
the data. Let us remark that this result does not imply, in particular, the
weak or strong consistency, of the likelihood estimator implicitly defined by
the MCEM algorithm, to the true parameter value, and also that it does not
give any indication on its finite sample properties (distortion, efficiency, etc.).
On the other hand, when A is unknown and we have to estimate the parameter vector θ = (β, A, ψ), it is possible to see that, though the conditions of
Fort and Moulines (2003) are not satisfied, the complete log-likelihood to be
maximized in the M-step of the MCEM algorithm is concave and so admits
just one local maximum. Although this does not guarantee by itself the convergence of the algorithm to some local maxima, it allows a straightforward
computational implementation of the M-step of the MCEM algorithm. Once
estimates of the parameters have been obtained, being the hierarchical spatial factor model non-identifiable, different rotations (just a change of sign for
P = 1) of the estimated loading matrix A may be considered to allow for
diverse interpretations of the underlying factors.
As far as prediction is concerned, assuming to know the full joint probability distribution of the model, that is, taking as true some set of parameter
estimates of the model, optimal (minimum mean square prediction error) unbiased pointwise prediction of the common factor F1 (x) at spatial location x0
is provided by the conditional expectation E[F1 (x0 )|(yi (xk ); i, k)], whereas a
measure of its precision is given by Var[F1 (x0 )|(yi (xk ); i, k)]. These can both be
numerically evaluated by MCMC simulation, implementing, for instance, the
hierarchical spatial factor model in the WinBUGS software package (Lunn et
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Fig. 3 Empirical (red points) and theoretical (solid line) variograms for the alpha track
densities Y2 (x). The theoretical variogram γ22 (h) is obtained by assuming a conditional
Gamma distribution with logarithmic link function, and autocorrelation function ρ(h) =
exp{−((α||h||)δ )}, with α = 0.0005, δ = 1.1.

and a few scattered specimens had concentrations between 2 and 6 Bq/kg. For
comparison purposes, Baltic Sea algae (which are considered contaminated)
are quoted as having an average of 3.5 Bq/kg. In the present investigation,
the average for La Maddalena resulted less than 0.5 Bq/kg, not counting the
hot spots. On the other hand, the concentrations of both alpha tracks and hot
spots along the Maddalena coastlines are very well defined. Row data shows
that both the alpha track concentrations and the occurrences of hot spots are
higher along the coastlines facing west/south west. The highest concentrations
are to be found around the northern and eastern margins of the Santo Stefano island, where all sites are looking into the wind and prevailing currents
towards the nuclear submarine base on the eastern shore of the island. In
contrast, algae from the Palau coastline are practically free of alpha tracks.
As far as the application of our hierarchical geostatistical factor model, we
thus considered m = 2 observed variables: the number Y1 (x) of hot spots, and
the alpha track densities Y2 (x). We then assumed for Y1 (x) and Y2 (x) a Poisson and a Gamma (conditional) distribution, respectively. We also assumed a
logarithmic link function for both random functions, and P = 1, that is, only
one common factor; our interest being in the extraction and in the study of
the spatial distribution of a factor representing what we might call ‘radioactive
pollution’.
The spatial autocorrelation structure in the data was studied using the
classical unbiased estimator of the variogram (see Cressie 1991). The range of
the empirical variograms resulted in general quite short, usually not greater
than 2000–2500 meters. To give an example, Fig. 3 compare the empirical variogram for the track densities Y2 (x) with the theoretical variogram (for a given
set of sensible parameter values). The theoretical variogram γ22 (h) is obtained
by using the spatial autocorrelation function ρ(h) = exp{−((α||h||)δ )}, with
α = 0.0005 and δ = 1.1.
For this specification of the model, and for a given choice of the parameter ν
and of the spatial autocorrelation function ρ(h) = exp{−((α||h||)δ )}, namely,
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Fig. 4 Traces of the MCEM algorithm for the six parameters of the model, obtained with
an incresing MCMC sample size from 100 up to 2000, after 250 MCEM iteration. The top
and the bottom graphs refer to the parameters of the observable random functions Y1 (x)
and Y2 (x), respectively.

for ν = 10, and for α = 0.0005 and δ = 1.1, the parameters to be estimated are
the intercepts β1 and β2 , the variances ψ1 and ψ2 , and the factor coefficients
a11 and a21 , that is, θ = (β1 , β2 , ψ1 , ψ2 , a11 , a21 ). In order to improve the
computational efficiency of the MCEM algorithm (see, for instance, Booth
and Hobert 1999), we have considered an increasing MCMC sample size in
the S-step; starting from a sample size of 100 up to a sample size of 2000, after
250 MCEM iterations. The traces of the MCEM algorithm (implemented with
the help of the OpenBUGS software (Lunn et al. 2009) using the R package
R2WinBUGS which provides an easy interface between R and OpenBUGS
(R Development core Team 2008)) for these parameters are given in Fig. 4.
The MCEM estimates obtained by averaging over the last 20 iterations of the
MCEM algorithm are given by β = (−0.669, 1.871)T , ψ = (0.168, 0.083)T
and A = (1.742, 1.693)T . Assuming these estimates as the true parameter
values, predictions of the common latent factor F1 (x) at sites of interest can
be obtained via MCMC. In Fig. 5 we show the map of predictions of the
factor F1 (x) obtained over a 20 × 25 regular grid covering the whole area.
The spatial distribution of the common factor, which we use to represent the
underlying contamination level, is coherent with the information coming from
the row data and basically confirms the concentration of radionuclide pollutant
around the northern and eastern margins of the Santo Stefano island.

5 Conclusions
In this paper we have proposed a modeling framework for the analysis of
multivariate spatial data, coming from radioactive contamination studies, that
cannot be assumed Gaussian. Our hierarchical geostatistical factor model can
be considered as an extension to non-Gaussian data of the classical and widely
used geostatistical proportional covariance model. Basically, we extended this
classical model, in two ways: by embedding it in a hierarchical structure, and
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Fig. 5 Map of predictions of the common factor F1 (x) representing the underlying contamination level over the studied area, obtained through MCMC simulation. Red points
indicate the location of the sampling sites.

by introducing unique factors in the latent part of the model. In this way, we
managed to obtain a model for non-Gaussian data flexible enough to account
for variables with different distributions and variability. Future generalizations
could involve the introduction of more spatial scales as in the classical linear
model of coregionalization.
About the estimation of the parameters of the model, we adopted a computationally intensive likelihood based procedure exploiting the capabilities of
the MCEM algorithm. From a computation perspective, although we showed
the feasibility of this estimation procedure for our sample size, and for a reasonably simple model, in more complex situations the computational burden
could increase considerably. To solve this problem, future work might consider
the use of importance sampling or the development of ad hoc techniques to
diminish the computational cost.
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