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In recent years, marked point processes have found a natural application in the modeling of
ultra-high-frequency financial data since they do not require the integration of the data which
is usually needed by other modeling approaches. Among these processes, two main classes have
so far been proposed to model financial data: the class of autoregressive conditional duration
models of Engle and Russel and the broad class of doubly stochastic Poisson processes with
marks. In this paper we consider a class of marked doubly stochastic Poisson processes in
which the intensity is driven by another marked point process. In particular, we focus on an
intensity with a shot noise form that can be interpreted in terms of the effect caused by news
arriving on the market. For models in this class we study likelihood inferential procedures such
as Monte Carlo likelihood and importance sampling Monte Carlo expectation maximization
by making use of reversible jump Markov chain Monte Carlo algorithms.

Keywords: Cox process; Marked point process; Reversible jump Markov chain Monte
Carlo; Shot noise process; Ultra-high-frequency data.
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1.

Introduction

In ultra-high-frequency (UHF) databases, for each market event, such as a trade
or a quote update by a market maker, the time Ti at which it took place, together
with some relevant information Zi , which can be, for instance, the volume, the
price or the logreturn of the transaction, are recorded [1]. Such UHF financial data
can naturally be modeled as a marked point process (MPP) which can be seen as
a sequence of random times T1 , . . . , TN where each time is complemented with a
random variable, the mark, Z1 , . . . , ZN (in general we might have a random vector
associated to each time) taking value in some measurable space. Two main classes
of models based on MPPs have so far been proposed for these data: the class
of autoregressive conditional duration (ACD) models [2] and the class based on
doubly stochastic Poisson processes (DSPPs) with marks [3]. As far as these latter
processes are concerned, they are characterized by having the number of events
in any given time interval as being Poisson distributed, conditionally to another
positive stochastic process λ called intensity [4–6]. Moreover, given λ, the number
of events in disjoint time intervals are conditionally independent.
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In this paper we consider a class of marked DSPPs in which the intensity process
is a known function of another non-explosive MPP with positive jumps that we
characterize through the distributions of jump times and sizes [7, 8]. In particular,
we will study an intensity jump process with a drift given by an exponential decay,
whose times and sizes of jumps have a probability distribution which can be expressed analytically. Such an intensity process can be viewed as a generalization of
the classical shot noise process [5]. Marked DSPPs with shot noise intensity have
found applications in many fields such as quantum electronics [9], insurance [10]
and finance [3, 11]. In a financial context, the intensity process can be specified to
account for intraday seasonalities without the need to resort to ad hoc methods,
and a shot noise form, in particular, can be used to catch the effect of economic
news on the market.
A central problem faced when modeling with these processes, which are usually
only partially observed since the latent intensity is typically not observable, is the
estimation of the parameters. For the model currently present in the finantial literature, such as, among others, the model by [12] in which the intensity depends on
the level of an unobserved Markovian state process, or the model by [3] where the
unknown intensity is a non-Gaussian Ornstein-Uhlenbeck process, the estimation
of the parameters is carried out by appealing to standard Bayesian approaches or
simple ad hoc least squares techniques.
On the other hand, in this article, we propose some likelihood based inferential procedures which make use of simulation methods based on the Monte Carlo
smoothing of the unobservable intensity by means of the reversible jump Markov
chain Monte Carlo (RJMCMC) algorithm [13]. Since the (marginal) likelihood function based solely on the observation of a trajectory of the process (Ti , Zi )i=1,2,...,N is
not available in closed form and since the integration of the complete data likelihood
is not analytically feasible, neither direct maximization nor the expectation maximization (EM) algorithm [14] are practically possible. Notwithstanding, we can
resort to Monte Carlo inferential procedures, such as Monte Carlo likelihood [15]
or to Monte Carlo expectation maximization (MCEM) algorithms [16–18]. These
procedures are stochastic versions of the respective (non-stochastic) procedures in
which the analytic integration required in the computation of the marginal likelihood and in the expectation step of the EM algorithm, respectively, is replaced
by a Monte Carlo conditional simulation of the unobserved intensity, given the
observed trajectory.
Recently, a similar computational approach has been considered by [19] for their
stochastic conditional intensity process (basically, a multivariate dynamic extension of a marked DSPP), which perform statistical inference through Monte Carlo
likelihood by using an efficient importance sampling technique. Also, parametric
estimation and goodness of fit testing based on Monte Carlo likelihood have been
considered by [15] for some spatial parametric point processes. On the other hand,
in reviewing inferential methods for DSPPs, [20], although discussing Monte Carlo
likelihood for some specific parametric DSPPs, prefer, for computational reasons,
to focus on minimum contrast estimation methods. Besides, a well known account
of nonparametric inference for general point processes, and in particular for DSPPs,
is provided by [21].
The paper is organized as follows. In Section 2 we introduce our modeling framework based on DSPPs with intensity driven by MPPs. Then we consider Monte
Carlo likelihood computation in Section 3 and a computational improvement of the
MCEM based on importance sampling in Section 4. Lastly, in Section 5 we present
some simulation studies and in Section 6 we give some conclusions.
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Figure 1. The beginning of a typical trajectory of a marked point process φ = (Ti , Zi )i=0,1,2... , with
T0 = 0 and Z0 = 0. In our context, Ti and Zi could represent the time and size of the ith logreturn change
of some asset of interest.

2.

DSPPs with intensity driven by MPPs

In a financial context in which we are interested in the modeling of UHF data, let
us denote with Ti and Zi , i = 1, 2, . . ., the time and the mark, respectively, of the
ith event. In our context, Ti and Zi could be, for instance, the time and size of
the ith logreturn change, that is, Zi = ln(STi /STi−1 ), where St is the price in t of
some asset of interest. Then, for a filtered probability space (Ω, F, P, {Ft }t∈[0,T ] ),
we assume φ = (Ti , Zi )i=0,1,2,... , with T0 = 0 and Z0 = 0, to be an MPP, and in
particular a marked DSPP with intensity process λ (Figure 1 shows a simulated
partial realization of an MPP (Ti , Zi )i=0,1,2,... ). For our purposes, we just need to
recall that DSPPs are point processes in which, given a realization of the (positive)
stochastic process λ, the number of jumps Nt − Ns in any time interval (s, t] is
Poisson distributed, that is, for k = 0, 1, 2, . . .,



P N t − Ns = k λ =

Z

t

λu du
s

k!

k

exp

n

−

Z

t
s

o
λu du ,

and that, given λ, the number of jumps in disjoint time intervals are independent.
In what follows, we will also assume that the intensity λ is driven by an MPP,
that is, that λ depends itself on some other MPP. In other words, we assume
that λ is of the form λt = h(t, ψ0t ), where h is a given function and ψ0t is the
restriction to [0, t] of an MPP ψ = (τj , Xj )j=0,1,2,... , with τ0 = 0 and Xj > 0. For
this latter MPP, we assume that the conditional distributions p(τj |τ1 , . . . , τj−1 ) and
p(Xj |τ1 , . . . , τj , X1 , . . . , Xj−1 ) admit density. Of considerable interest is the case in
which the intensity λ of the marked DSPP φ has a shot noise form, that is, when
λt =

Mt
X

Xj e−k(t−τj ) ,

(1)

j=0

where Mt = #{j ∈ N : τj ≤ t}.
Example (basic model). In the modeling framework just outlined, a particularly
simple specification is given by the basic model described by Centanni and Minozzo [7, 8] in which the marks Zi are assumed independently distributed and the
parameters of the process λ, that is assumed to have the form in (1), are the mean
interarrival time ν and the mean size of ‘market perturbations’ 1/γ. In detail, for
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Figure 2. Simulated trajectory (top) of the price process St = S0 exp{ N
i=1 Zi }, with starting value
S0 = 100 and time horizon T = 2400, where Nt = #{i ∈ N : Ti ≤ t}, obtained by conditioning to
a simulated trajectory of the intensity process λ (bottom), assuming the basic model with ν = 1/150,
k = 0.0030 and γ = 45.89 (here the price is assumed constant until the next event).

the basic model hold the following assumptions:
(A1) M is a Poisson process with constant intensity ν;
(A2) Xj , j = 1, 2, . . ., are independently and identically distributed Exponential
random variables with mean 1/γ (in particular, independent from τj , j =
1, 2, . . .);
(A3) X0 has a Gamma distribution with parameters ν/k and γ (that is, with
mean E[X0 ] = ν/(kγ));
(A4) Zi , i = 1, 2, . . ., are independently and identically distributed random variables (which are, in particular, independent from the processes N and λ).
Due to the simplicity of these assumptions, this model has some nice probabilistic
properties [7, 8]. Figure 2 shows a simulated realization of the intensity and of the
‘price process’ under the basic model.
Example (variation of a model by Barndorff-Nielsen and Shephard). A more complicated model, always belonging to our modeling framework, is the following variation of a model by [22] in which the intensity process is given by λ in (1), and
where
(B1) τ1 is Exponentially distributed with mean δ1 ; (τj − τj−1 ), j = 2, 3, . . ., are
conditionally distributed, given Xj−1 , as Exponentials with means δ/Xj−1 ;
(B2) (X0 − 1) is Poisson distributed with mean η0 ; (Xj − 1), j = 1, 2, . . ., are
Poisson distributed with mean η;
and
(B3) (Ti )i∈N are the event times of a marked DSPP with intensity λ;
(B4) (Zi )i∈N are conditionally independently distributed as Gaussians with mean
R Ti
λt dt, and variance σ 2 .
µ(Ti − Ti−1 ) + α Ti−1
With respect to other modeling approaches, our modeling framework has some
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advantages as well as some nice features. First of all, data do not need to be sampled at fixed frequency, indeed the interarrival time between price changes gives us
important information that is accounted for in the model. Secondly, our modeling
framework can be useful in measuring the impact of economic news on asset prices
and volatility. This problem has been widely studied in the literature. For example, [23] using a daily data set of the S&P 500 index, find that stock prices react
to unexpected macroeconomic news. On the other hand, [24] use data obtained
by sampling every 5 minutes to investigate the effect of economic news on foreign
exchange rates. These last authors clearly show that macroeconomic news can be
linked to periods of high volatility, although they find that these news have little
lasting effects. Very recently, [25] models the 2 minute frequency prices of the future on the S&P 500 index with a diffusion with piecewise constant volatility and
gives a procedure for estimating the times at which the volatility changes. Even in
this work, a link between economic news and prices is exploited. These and other
works, however, avoid the problem of modeling UHF data, so loosing the information incorporated in the times of market events. In our modeling framework,
the form assumed by the intensity process, in particular when λ has a shot noise
form, allows a natural interpretation for the stochastic changes of the intensity in
terms of market perturbations caused by the arrival of relevant news [26]. When
the jth item of news reaches the market, a sudden increase Xj in trading activity
occurs, depending on the importance of the item, followed by a progressive normalization. The random variable τj represents the time of the arrival of the jth item
of news whereas the parameter k expresses the speed of absorption of the effect
of the news by the market. Another nice feature of our modeling approach is the
possibility to account for intraday seasonal patterns through the specification of
the model, without the need to resort to ad hoc methods. Indeed, we can incorporate in the intensity λ given by (1) some deterministic addendum accounting for
the activity that the market would have in absence of random perturbations. By
adequately choosing this addendum, it is possible to model many of the stylized
features characterizing intraday price data [1].
3.

Monte Carlo Likelihood

In a partial information setting only the pairs (Ti , Zi ) of times and marks of the
DSPP φ (the ‘logreturn’ process) observed over a time period [0, T ] are available,
whereas the intensity λ and the process ψ are not observable. With this information,
assuming that the distribution of Zi , Xj and τj depends on a parameter vector θ
taking values in some parameter space Θ, maximum likelihood inference on θ would
require the maximization of the likelihood based on the marginal distribution of the
pairs (Ti , Zi ). In our modeling framework, this likelihood does not have, in general,
a closed form, and direct analytical or numerical maximization is impossible. In
similar situations, it is often possible to perform maximum likelihood inference by
using the EM algorithm [14], casting the problem in a missing data setting. In our
case, however, the integration required in the expectation step of the EM algorithm
is analytically unfeasible, and the implementation of this algorithm is not possible.
Nevertheless, likelihood inference on the parameter θ can be carried out by Monte
Carlo likelihood methods [15, 27–29] or by appealing to some stochastic versions
of the EM algorithm like the stochastic EM (StEM) algorithm [16, 30, 31] or the
MCEM algorithm [18], in which the analytic integration required in the expectation
step of the EM algorithm is replaced by a Monte Carlo approximation based on a
(not necessarily independent) random sample from the conditional distribution of
the unobserved processes given the data.
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Before discussing the implementation of the above Monte Carlo likelihood inferential procedures for our DSPPs with intensity driven by MPPs, let us exploit
the structure of our modeling framework by identifying process trajectories with
vectors (of possibly different length). In particular, with respect to an observation
period with a fixed time horizon T , let us identify trajectories in [0, T ] of the DSPP
φ with vectors of variable dimension 1 + 2(NT + 1),

φT0 = (NT , T0 , T′ , Z0 , Z′ )′ ,
where T = (T1 , . . . , TNT )′ , Z = (Z1 , . . . , ZNT )′ , NT = #{i ∈ N : Ti ≤ T } and
( · )′ denotes transpose. Proceeding similarly for the trajectories of the MPP ψ, we
consider the vectors of variable dimension 1 + 2(MT + 1),

ψ T0 = (MT , τ0 , τ ′ , X′ )′ ,

where τ = (τ1 , . . . , τMT )′ and X = (X0 , X1 , . . . , XMT )′ are the times and marks,
from 0 to T , of the MPP ψ driving the intensity λ, and where MT = #{j ∈ N :
τj ≤ T }. Each of the vectors φT0 and ψ T0 belongs to a subset of the space

C=

[

k=1,2,...

Ck =

[

k=1,2,...

h

i
{k} × R2(k+1) ,

whereas the vector ((φT0 )′ , (ψ T0 )′ )′ belongs to the space C × C. On this space we
assume that there exists a dominating probability measure with respect to which
we will consider all densities of interest.
With this identification of process trajectories, the complete likelihood of the
observed data φT0 and of the unobserved ψ T0 can be written as

f (φT0 , ψ T0 ; θ) = f (Z, T, NT , X, τ , MT ; θ)

(2)

= f (Z|T, NT , X, τ , MT ; θ) f (T, NT |X, τ , MT ; θ) f (X, τ , MT ; θ) ,
where f (T, NT |X, τ , MT ; θ) = f (T|X, τ , MT ; θ) P(TNT +1 > T |T, X, τ , MT ; θ).
Example [basic model (continued)]. Let us consider the basic model with parameter vector θ = (γ, ν)′ (k is assumed to be known). In this case the complete data
likelihood (2) is given by L(γ, ν) = LA · LB · LC (γ, ν), where LA and LB do not
depend on θ and are given by

LA = f (Z|T, NT , X, τ , MT ) = f (Z|NT ),
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and
LB = f (T, NT |X, τ , MT )
= f (T|X, τ , MT ) P(TNT +1 > T |T, X, τ , MT )
Y

NT
=
f (Ti |Ti−1 , X, τ , MT ) · P(TNT +1 > T |TNT , X, τ , MT )
i=1

=

Y
NT

λTi exp

Y
NT



n

−

λTi · exp

n

i=1

=

i=1

=

Y
Ti
NT M
X
i=1 j=0

· exp

n

Z

−

Ti

λt dt
Ti−1

Z

o

T

λt dt
0

exp

n

−

Z

T

λt dt
TNT

o

o

Xj exp{−k(Ti − τj )}



MT
o
1X
Xj (1 − exp(−k(T − τj ))) ,
−
k
j=0

considering that λt is given by (1) and
Z

t
0

M
1 Xt
λs ds =
Xj (1 − exp{−k(t − τj )}).
k
j=0

The only part of the complete likelihood which depends on θ is
LC (γ, ν) = f (X, τ , MT ; γ, ν) = f (X|τ , MT ; γ, ν) f (τ , MT ; ν)
= f (X|MT ; γ, ν) f (τ , MT ; ν)

 Y

MT
MT
Y
= f (x0 ) ·
f (xj ) ·
f (τj |τj−1 ) · P(τMT +1 > T |τMT )
j=1

=


·

j=1

ν/k−1
γ ν/k x0
exp{−γx0 }

Y
MT

j=1

1
Γ(ν/k)




γ exp{−γxj } ν exp{−ν(τj −τj−1 )} · exp{−ν(T −τMT )}.

Example [variation of a model by Barndorff-Nielsen and Shephard (continued)].
Under assumptions B1, B2, B3 and B4 of the variation of the model by BarndorffNielsen and Shephard, and assuming as parameter vector θ = (δ1 , δ, η0 , η, µ, α, σ 2 )′
(as in the basic model we assume that the function h(t, ψ0t ) is known, that is, that
k is known), the complete data likelihood (2) is given by
L(δ1 , δ, η0 , η, µ, α, σ 2 ) = LA (µ, α, σ 2 ) · LB · LC (δ1 , δ, η0 , η) ,
where LB = f (T, NT |X, τ , MT ) does not depend on θ and is as in the basic model,
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and the other two terms on the right hand side are given by:
LA (µ, α, σ 2 ) = f (Z|T, NT , X, τ , MT ; µ, α, σ 2 ) =

NT
Y
i=1

=

NT 
Y
i=1

f (Zi |Ti , Ti−1 )


Z Ti
2 
1
1 
√
;
λt dt
exp − 2 Zi − µ(Ti −Ti−1 ) − α
2σ
2πσ 2
Ti−1

and
LC (δ1 , δ, η0 , η) = f (X, τ , MT ; δ1 , δ, η0 , η)
Y

Y

MT
MT
= f (x0 ) ·
f (xj ) · f (τ1 ) ·
f (τj |τj−1 , xj−1 ) · P(τMT +1 > T |τMT )
j=1

j=2

(x −1)

e−η0 η0 0
=
(x0 − 1)!
·

Y
MT

j=2

·

Y
MT

j=1


n
1 o
e−η η (xj −1)
1
· exp − τ1
(xj − 1)!
δ1
δ1

n x
o
n x
o
xj−1
j−1
MT
exp −
(τj − τj−1 ) · exp −
(T − τMT ) .
δ
δ
δ

Now, to carry out likelihood inference on the parameter θ we would have to obtain
the marginal likelihood based only on the data φT0 by integrating the complete data
likelihood (2) with respect to the unobserved ψ T0 which is, in general, an impossible
task. On the other hand, this marginal likelihood can effectively be simulated. For
models in our class, and for a fixed parameter point θ̃, the log-likelihood (in the
parameter θ) based on the marginal distribution of the observed trajectory, from
0 to T , of the DSPP φ can be written as
n

l(θ) = ln f (φT0 ; θ) = ln
= ln

Z

Z

f (φT0 , ψ T0 ; θ) dψ T0

f (φT0 , ψ T0 ; θ)
f (φT0 , ψ T0 ; θ̃) dψ T0
f (φT0 , ψ T0 ; θ̃)

o

(3)




f (φT0 |ψ T0 ; θ) f (ψ T0 ; θ)
T
T
T
T
f (ψ 0 |φ0 ; θ̃) f (φ0 ; θ̃) dψ 0
= ln
f (φT0 |ψ T0 ; θ̃) f (ψ T0 ; θ̃)
Z


f (φT0 |ψ T0 ; θ) f (ψ T0 ; θ)
T
T
T
T
= ln f (φ0 ; θ̃) + ln
f (ψ 0 |φ0 ; θ̃) dψ 0 ,
f (φT0 |ψ T0 ; θ̃) f (ψ T0 ; θ̃)
Z

and the log-likelihood ratio against the fixed parameter point θ̃ is given by
ln



f (φT0 ; θ)
f (φT0 ; θ̃)



f (φT0 |ψ T0 ; θ) f (ψ T0 ; θ) T
φ
= ln E ˜
θ f (φT |ψ T ; θ̃) f (ψ T ; θ̃) 0
0
0
0






,

(4)

where E ˜ [ · |φT0 ] denotes expectation with respect to f (ψ T0 |φT0 ; θ̃). Thus, assuming
θ
T (s)
that we can simulate a sample ψ 0 , s = 1, . . . , S, from the conditional distribution
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f (ψ T0 |φT0 ; θ̃), the log-likelihood ratio (4) can naturally be approximated by
ln




S
T (s)
T (s)
1 X f (φT0 |ψ 0 ; θ) f (ψ 0 ; θ)
.
T (s)
T (s)
T
S
; θ̃) f (ψ 0 ; θ̃)
s=1 f (φ0 |ψ 0

(5)

Of course, the use of this Monte Carlo approximation (as well as of the algorithm in
the following section) crucially relies on the existence of an efficient simulation algorithm to sample from f (ψ T0 |φT0 ; θ̃). In our modeling framework, a (dependent) sampler for this conditional distribution can be constructed by using trans-dimensional
Markov chain Monte Carlo (MCMC) algorithms. For a fixed time interval [0, T ],
we are interested in the conditional distribution (smoothing distribution) of the
MPP ψ in [0, T ], that is, of ψ0T = (τj , Xj )j:τj ≤T , or of the intensity λT0 , given the
observation of the DSPP φ in [0, T ], that is, of φT0 = (Ti , Zi )i:Ti ≤T . Since we do not
know in advance the number of τj arrived before T , to approximate the smoothing
distribution, in a given time interval [0, T ], of ψ0T , given φT0 , we can not use standard MCMC algorithms, but we can resort to the RJMCMC algorithm of [13].
Details on how to build a sampler giving a Monte Carlo solution to this smoothing
problem are given in [8]. This conditional sampler can also be used for predicting
future continuations of the observed trajectory of the ‘logreturn’ process. Let us
note that a somehow similar sampler has been studied by [32] to carry out fully
Bayesian inference for a class of stochastic volatility models.
As far as the goodness of the above Monte Carlo approximation is concerned, for
every fixed θ, the almost sure convergence, as S → ∞, of (5) to (4) is guaranteed
by standard ergodic theorems for Markov chains. Let us remark that ‘almost sure’
here means for almost all sample paths of the Monte Carlo sampler; the data φT0
being considered fixed. Once a simulated log-likelihood has been generated, this
can be used to carry out inference on the unknown parameters following standard
practice. We could find the maximum likelihood estimate, study and draw profiles,
and use it to carry out model selection. In this respect, [27] gives also conditions
for the convergence (as the number of conditionally simulated samples grows to
infinity) of the maximum likelihood estimate based on the simulated likelihood to
the true maximum likelihood estimate.

4.

Monte Carlo EM with importance sampling

In addition to the simulation method just described in the previous section, for
models belonging to our class, pointwise inference on the unknown parameters,
in particular, maximum likelihood inference, can also be performed through the
use of MCEM algorithms [33]. Here, we recall for simplicity the MCEM algorithm
for our modelling framework. For furhter details see [7, 8]. Considering that the
complete data likelihood can be written as in (2), if the guess for θ at the rth
iteration (r = 1, 2, . . . , R) of the MCEM is θ r , the algorithm proceeds as follows:
(S step) draw Sr samples (X, τ , MT )(s) , s = 1, . . . , Sr , from the conditional distribution f (X, τ , MT |Z, T, NT ; θ r );
(E step) approximate the expectation
Q(θ, θ r ) =

Z

ln{f (Z, T, NT , X, τ , MT ; θ)}
·f (X, τ , MT |Z, T, NT ; θ r ) dX dτ dMT ,
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with the Monte Carlo estimate
Qr (θ, θ r ) =

Sr
1 X
(s)
ln{f (Z, T, NT , X(s) , τ (s) , MT ; θ)} ;
Sr
s=1

(M step) take as the new guess θ r+1 the value of θ which maximizes Qr (θ, θ r ).
By choosing specific values for Sr , r = 1, 2, . . . , R, we get particular versions
of the algorithm. For Sr = 1 we have the StEM algorithm [34]. This algorithm
does not converge pointwise and estimates are given by some summary statistics.
For Sr fixed and greater than one we have the MCEM algorithm of [18]. If Sr is
very large, the algorithm behaves similarly to the (deterministic) EM algorithm,
whereas if Sr is increasing with r, we have a ‘simulated annealing’ MCEM (with
1/Sr playing the role of the temperature).
Note that in the above MCEM algorithm, at the S step of each iteration we need
to sample from the conditional distribution of the underlying MPP ψ, given the
observation of the ‘logreturn’ process φ. The computational burden of these simulations can considerably be reduced by considering a variation of the algorithm
that exploits ideas from importance sampling. In this variation, simulations from
the above conditional distribution need to be carried out only once. At the subsequent iterations of the MCEM algorithm the simulation in the S step is replaced by
a reweighting of (a portion of) the initial sample. A similar importance sampling
improvement of the MCEM algorithm has also been studied, in another context,
by [35].
Considering that at the rth iteration (r = 1, 2, . . . , R) of the MCEM we start
with the guess θ r , and being θ̃ a fixed parameter point, the quantity Q(θ, θ r ) which
is approximated by a Monte Carlo estimate in the E step of the MCEM algorithm
can be rewritten as
Z
Q(θ, θ r ) = ln{f (φT0 , ψ T0 ; θ)} f (ψ T0 |φT0 ; θ r ) dψ T0
=

Z

ln{f (φT0 , ψ T0 ; θ)} f (ψ T0 |φT0 ; θ r )

=

Z

ln{f (φT0 , ψ T0 ; θ)}

f (φT0 ; θ̃)
=
f (φT0 ; θ r )

Z

f (φT0 , ψ T0 ; θ̃)
dψ T0
T
T
f (φ0 , ψ 0 ; θ̃)

f (φT0 |ψ T0 ; θ r ) f (ψ T0 ; θ r ) f (ψ T0 |φT0 ; θ̃) f (φT0 ; θ̃)
dψ T0
T
T
T
T
f (φ0 ; θ r )
f (φ0 |ψ 0 ; θ̃) f (ψ 0 ; θ̃)

ln{f (φT0 , ψ T0 ; θ)}

f (φT0 |ψ T0 ; θ r ) f (ψ T0 ; θ r )
f (ψ T0 |φT0 ; θ̃) dψ T0 ,
T
T
T
f (φ0 |ψ 0 ; θ̃) f (ψ 0 ; θ̃)

where the term out of the integral is a constant that does not depend on θ and
T (s)
ψ T0 . Then, assuming a sample ψ 0 , s = 1, . . . , S, from the conditional distribution
f (ψ T0 |φT0 ; θ̃), the quantity Q(θ, θ r ) can be approximated, forgetting constants, by
S
1X
T (s)
T (s)
Q̃r (θ, θ r ) =
ln{f (φT0 , ψ 0 ; θ)} · ws (ψ 0 , θ r , θ̃) ,
S
s=1

T (s)

where the weights ws (ψ 0

, θ r , θ̃) are given by

T (s)
ws (ψ 0 , θ r , θ̃)

T (s)

=

f (φT0 |ψ 0

T (s)

; θ r ) f (ψ 0

T (s)
f (φT0 |ψ 0 ; θ̃)

; θr )
T (s)
f (ψ 0 ; θ̃)

.

(6)
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Thus, a computational improvement over the MCEM algorithm of the previous
section can be obtained with the following algorithm in which we simulate SR
samples (X, τ , MT )(s) , s = 1, . . . , SR , (typically with SR large) from the conditional
distribution f (ψ T0 |φT0 ; θ̃), that is, from f (X, τ , MT |Z, T, NT ; θ̃), at the S step of the
first iteration, and replace the sampling in the S step of subsequent iterations by a
simple reweighting of (an increasing portion of) the initial sample. In particular, if
the guess for θ at the rth iteration (r = 2, 3, . . . , R) is θ r , the algorithm proceeds
as follows:
T (s)

(S step) calculate the weights ws (ψ 0
(E step) calculate
Q̃r (θ, θ r ) =

, θ r , θ̃), s = 1, . . . , Sr , given in (6);

Sr
1 X
T (s)
T (s)
ln{f (φT0 , ψ 0 ; θ)} · ws (ψ 0 , θ r , θ̃) ;
Sr
s=1

(M step) take as the new guess θ r+1 the value of θ which maximizes Q̃r (θ, θ r ).
Let us note that here we have assumed that Sr is increasing with r, so that Sr ≤
SR , for any r < R. With respect to the algorithms of the previous section, the
replacement of the sampling with the reweighting task in the S step above allows
to save considerable computing time. In particular, since the samples are obtained
with an RJMCMC sampler, this avoids to waste computing time with a burn-in
period at each iteration of the MCEM algorithm.

5.

Simulation Studies

To give an illustration of the performances of the above simulation algorithms when
inferring on the parameters of our DSPPs, we run some simulation experiments.
We report here the results of some of these experiments performed with MATLAB
6.0.0 under the basic model (running the MATLAB procedures on an Intel(R)
Pentium(R) 4 CPU 3.00 GHz 2.99 GHz, 512 MB RAM). As far as Monte Carlo
likelihood is concerned, we considered the basic model with parameter vector θ =
(γ, ν)′ . Figure 3 shows the simulated likelihood surface for γ and ν assuming the
basic model with k = 0.01 known, relative to a data set simulated under the basic
model with γ = 1.5, ν = 0.033, k = 0.01 and time horizon T = 2400. For this
set of parameters, the expected number of times Ti is E[NT ] = νT /(kγ) = 5333
and the simulated data set contained roughly 6000 event times Ti . In a way, this
gives an indication of the information contained in the data about the unknown
parameters, which we will use for comparing different data sets. For the generation
of the pseudorandom conditional samples, we have assumed γ̃ = 0.5 and ν̃ = 0.01.
After a burn-in of 5000, we considered other 10000 RJMCMC samples, recording
a trajectory every 10, so that S = 1000. In the figure, the maximum corresponds
to a likelihood of 0.368.
Similarly, Figure 4 shows the simulated likelihood surface for γ and ν assuming
the basic model with k = 0.005 known, relative to a data set simulated under the
basic model with γ = 0.15, ν = 0.0166, k = 0.005 and time horizon T = 2400.
For this set of parameters, the expected number of times Ti is E[NT ] = νT /(kγ) =
53333 and the simulated data set contained roughly 60000 event times Ti . Here
again we have assumed γ̃ = 0.5 and ν̃ = 0.01. As before, after a burn-in of 5000,
we considered other 10000 RJMCMC samples, recording a trajectory every 10, so
that S = 1000. In this figure, the maximum of the likelihood corresponds to a value
of 89.032.
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Figure 3. Simulated likelihood surface for γ and ν assuming the basic model with k = 0.01 known, relative
to a data set simulated under the basic model with γ = 1.5, ν = 0.033, k = 0.01 and time horizon T = 2400.
The conditional samples have been generated assuming γ̃ = 0.5 and ν̃ = 0.01.
0.06

ν
0.055
0
0.05
0.045
−100
0.04
0.035
−200
0.03
0.025
−300
0.02
0.015

−400

0.01
0.005

−500
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

γ

2

Figure 4. Simulated likelihood surface for γ and ν assuming the basic model with k = 0.005 known,
relative to a data set simulated under the basic model with γ = 0.15, ν = 0.0166, k = 0.005 and time
horizon T = 2400. The conditional samples have been generated assuming γ̃ = 0.5 and ν̃ = 0.01.

To study the behavior of the likelihood when the information in the data is
increasing, we considered a time horizon T of 4800 and 9600, in addition to T =
2400 considered in the previous simulations. Figure 5 shows the likelihood surface
for γ and ν assuming the basic model with k = 0.01 known, relative to a data set
simulated under the basic model with γ = 1.5, ν = 0.033, k = 0.01 (as in Figure 3)
and time horizon T = 4800. For this set of parameters, the expected number
of times Ti is E[NT ] = νT /(kγ) = 10666. For the generation of the conditional
samples, we have assumed as before γ̃ = 0.5 and ν̃ = 0.01. After a burn-in of 5000,
we considered 10000 RJMCMC samples, recording a trajectory every 10, so that
S = 1000. In the figure, the maximum corresponds to a value of −0.4252. As we
can see, the surface of the likelihood in this case is much steeper than the surface
of the likelihood in Figure 3.
With the same settings, but simulating the data with a time horizon T = 9600,
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Figure 5. Simulated likelihood surface for γ and ν assuming the basic model with k = 0.01 known, relative
to a data set simulated under the basic model with γ = 1.5, ν = 0.033, k = 0.01 and time horizon T = 4800.
The conditional samples have been generated assuming γ̃ = 0.5 and ν̃ = 0.01.
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Figure 6. Simulated likelihood surface for γ and ν assuming the basic model with k = 0.01 known, relative
to a data set simulated under the basic model with γ = 1.5, ν = 0.033, k = 0.01 and time horizon T = 9600.
The conditional samples have been generated assuming γ̃ = 0.5 and ν̃ = 0.01.

Figure 6 shows, as we could expect, that in this case the likelihood is even steeper
than the likelihood in Figure 5. Let us remark that, as far as computing time is
concerned, each of the above four figures took approximately two minutes to be
generated.
Once a simulated likelihood surface has been obtained, it can be maximized to
obtain approximate maximum likelihood estimates of the parameters. To study
the distribution of this approximate maximum likelihood estimator, simulation experiments similar to the following have been carried out. Considering the same
parameter values used to generate Figure 3, that is, k = 0.01 (treated as a known
constant), γ = 1.5 and ν = 0.33, and a time horizon of T = 2400, we simulated 100
(m)
samples λ(m) and 100 corresponding trajectories of time points (Ti ){i=1,2,...,N2400 } ,
(m)

m = 1, . . . , 100. For each trajectory (Ti ){i=1,2,...,N2400 } , for m = 1, . . . , 100, we computed the approximate maximum likelihood estimates γ̂ (m) and ν̂ (m) of the param-
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Figure 7. Histograms of the approximated maximum likelihood estimates for γ (top) and ν (bottom)
with k = 0.01 known, relative to 100 data sets simulated under the basic model with γ = 1.5, ν = 0.033,
and time horizon T = 2400. The crosses on the horizontal axis indicate the true parameter values. The
conditional samples have been generated assuming γ̃ = 1 and ν̃ = 0.04.

eters γ and ν, by maximizing the corresponding simulated likelihood surface. The
conditional samples used to compute the simulated likelihood surface have been
generated assuming γ̃ = 1 and ν̃ = 0.04. Figure 7 shows the histograms of the approximate maximum likelihood estimates for γ (top) and ν (bottom). The crosses
on the horizontal axis indicate the true parameter values. Note that this approximate maximum likelihood estimator is somehow biased. Simulation experiments
seem to show that the bias is lower if γ̃ and ν̃ are closer to the true parameter
values.

6.

Conclusions

In this work we have considered likelihood inference for a class of marked DSPPs
with intensity driven by MPPs, that can be used in the modeling of UHF financial
data, appealing to simulation methods such as Monte Carlo likelihood and Monte
Carlo expectation maximization. Apart from theoretical considerations about the
convergence of these methods, we have shown, through simulation experiments,
that these methods can actually be implemented for our models. Indeed, with
today computing power, the algorithms considered can be implemented to tackle
considerably large data sets.
Let us finally remember that in this paper we have not been concerned with
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any consideration about asymptotic properties of the estimators considered, like
consistency or asymptotic normality, as the ‘size’ of the data increases to infinity,
that is, as the time horizon T goes to infinity. The simulation procedures above
are guaranteed just to approximate, as the size of the Monte Carlo sample goes
to infinity, the exact (and unfeasible) likelihood procedures relatively to a given
set of observations gathered over a finite and fixed time horizon T . Nevertheless,
for some of these Monte Carlo estimation procedures we have investigated their
sampling properties for T fixed (and finite) through some simulation experiments
and found that they resulted reasonably satisfactory.
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